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Ways to introduce (homotopy) type theory
-Asda natural
v f math language

[ inference rules



Prerequisites
• Basic examples of types

• Universe(s)

• Function types

• Dependent function types

• Binary products (pairs) and coproducts (sums)

• Dependent pairs

• Inductive types

Nat Bool Unit Empty
Type A. B : Type
A- →B

if C. A-→ Type .
then

ca :A)→ a

AXB AWB Taba ITcaiAF.CAT
Eca:D.ca
see above



Program = Proof
Exercise: Formulate a type which says that there are infinitely many primes

(or simply: arbitrarily large primes)!

isPrime :

isPrime n :⌘

bigPrimes :

bigPrimes :⌘

Nat → Type
" ¥nk; → cnn.k-D-snl-thtne.nl)
in :Nat)→Ecp :Nat). isprimecp)
(exercise) xp>n



Caveat: judgments (meta-theoretic)

• A type

• a : A

• a ⌘ b

• a :⌘ b

We cannot ask or prove these statements in the language.

Exercise: Which of the following can we ask internally?
(1) Is 8 a natural number?
(2) Is 8 a prime number?
(3) Is “hello” a prime number?

"

A is a valid type
"

"
a is term of type A

"

"

a and b are the same
" Hx

. y

same
, by definition = fy

no , bella 8:Nat is judgment
yes, ble isPrime 18)
no, isPrime C "hello

")
is not a type



(Identity a.k.a. equality a.k.a. identification a.k.a. path) types
• if a, b : A then a = b type

• given a : A we have refl : a = a

• given C : (a b : A) ! (a = b) ! Type
and C a a refl (for all a)
we get C a b p (for all a, b, p)

• applying this rule and asking for the refl case gives back the assumption

"formation
"

"introduction "

"elimination "
:A) J aka

y
:a=b)

path induction

"computation"
sym : lab : A) → a--Pb → b=a here :

Sym aka Refl :E refl cab p : ⇐a)
computation : Sym a a reflZ refl



Model: types as spaces
The homotopical interpretation of dependent type theory works roughly like this:

judgment interpretation

A type “A is a space”

a : A “a is a point in space A”

c ⌘ d “c and d are the same point”

p : a = b “p is a path between a and b”

h : p = q if p and q are equalities a = b:
“h is a homotopy between p and q”

÷.

Hana



Types as spaces, examples: symmetry, transitivity
sym : (a b : A) ! a = b ! b = a trans : (a b c : A) !

a = b ! b = c ! a = csym aka ftp.roefltamsabae/.q9:=9

a÷÷÷:
gym is

"path reversal" concatenation "



Types as spaces, example: uniqueness of identity proofs
Can we prove this for all types A?

(a b : A) ! (p q : a = b) ! p = q
T.pe

"

Ii:p a
boggy : = ?



A quiz

Given A : Type with x, y : A

B : (a b : A) ! (p : a = b) ! Type

C : (p : x = y) ! Type

D : (a : A) ! (p : a = y) ! Type

Below are three statements which we may want to prove. Which is (probably)

the most difficult and which the easiest?

exercise1 : (a b : A) ! (p : a = b) ! B a b p

exercise2 : (p : x = y) ! C p

exercise3 : (a : A) ! (p : a = y) ! Dap

given in addition :

e. : ca :A) → B a a refLa

es : D refly

after path induction, we
need to show :

ca :A) → Be a a oeffa
(nothing we can do)
D refly .



A quiz (2)

Given A : Type with x, y : A

B : (a b : A) ! (p : a = b) ! Type

exercise1 : (a b : A) ! (p : a = b) ! B a b p

%9dsh.co p:p
'

tassi
: →

÷:*:p,
""

÷÷÷i÷÷÷÷÷:
O



Types as spaces, examples: map on paths

Given f : A ! B, we have:

apf : (a b : A) ! a = b ! f a = f b (a.k.a. congf )

apf aka ¥ : E refit. B

:⇐÷÷



Types as spaces, example: substitution (a.k.a. transport)

Given a type A and P : A ! Type, we have:

substP : (a b : A) ! a = b ! P a ! P b
""

÷:÷÷÷¥÷i÷
""

--A



Isomorphisms and Equivalences

When is f : A ! B an isomorphism?

islsoff) : -= E g :B
→A

E x : ca :A) → g #a) = a
p : do :B) →ffgb)=b

question : given a :A
,

how do you slow fCgCfaD=§.
solution : P Cfa) or apple a)

⇒ ambiguity ! eg : ↳Estwwhihine.un.mx/iIfhiYYhoCgof) = 4. g)of



Isomorphisms and Equivalences (2)
Recall from yesterday: For f : A ! B, we write isIso(f) [HoTT book: qinv(f)] if

we have:

• g : B ! A

• ↵ : (a : A) ! g(f a) = a

• � : (b : B) ! f(g b) = b.

We say that f is an equivalence and write isEqv(f) [HoTT book: isequiv(f)] if,

in addition, we have

• h : (a : A) ! �(f a) = apf (↵ a)

how to prove f-CgCfa)) = fa ?
two solutions: apf ka)

B (fa)

sometimes: p g : is Iso Cf)

isEgil → islsoff) St
. ptg

Facts:
islgocf) → isEprlf) ( always:(pg :isEqwHD→p=qhi:(b:A⑦→ a ↳ b) = apglpbllfirg : a not anigqg.ggzgj.sn,

isEarlf){
↳



Characterisation of path spaces: binary products
Lemma: Given a1, a2 : A and b1, b2 : B,

(a1, b1) = (a2, b2) ' (a1 = a2)⇥ (b1 = b2)
-

9g:L.it?.nAxBYinApkinB
refl ← (refl , refl)

(x y : A.B)→ day) E Cfstx - ftp.skdx-sady)



Characterisation of path spaces: ⌃-types
Lemma: Given a1, a2 : A and b1 : B(a1) and b2 : B(a2),

(a1, b1) = (a2, b2) ' ⌃(p : a1 = a2).(subst
B p b1 = b2)

(Looks more complicated but is essentially the same as for ⇥.

After path induction, the subst disappears.)

I 7

It can happen that la, b.p)
-
- laid
,g)

but p #p
'



Characterisation of path spaces: function- and ⇧-types
Given f, g : (a : A) ! B a, the principle of

function extensionality
says that the map

happlyf,g : (f = g) ! ((a : A) ! f a = g a)

is an equivalence.

harriet . . .
÷

happily f f refl a i. E refla
f-unext : (Ca :A)→ tangled → fag



On function extensionality
Why happlyf,g : (f = g) ! ((a : A) ! f a = g a) ? Compare:

• strFunext : isEqv(happlyf,g)

• funext : ((a : A) ! f a = g a) ! f = g

← only one
← couldbe malf.pk

µABfg§a :A) →fa=ga)→f=g)) is Eqvlhappkf.gg)
cvoevodsky)

say you have : h : Ca :A)→ foe =ga
Et p : f --g
hires

q : fo =go



Characterisation of path spaces: universe
Given A,B : Type, the principle of

univalence

says that the map

id2eqvA,B : (A = B) ! (A ' B)

is an equivalence.

CA -B) :EElf:ASB).
isEqvlf)

id2eqv AB¥ :I id . . . . .
A A refl

un : CA ←B)→ CA 'B)



Consequence of univalence
Univalence implies function extensionality (Voevodsky).

Some types have non-trivial higher paths. Example: Universe via Bool = Bool

example : swap : Bool → Boot

swap tease :-< ¥!.ee
can show : e : isEgvcswap) I
⇒get: ualswap,e) : Book Boot

"nott
" X→$

Lemma : ualewapce) # refl
""me -_

' itdhzenq.fuacswap.D-ideeg.net#
⇒ (ward = Cd , -)
⇒ swap true = idfrue ⇒ fake -_ touch



Another example
7L integers leg IN+ IN)
Sue : Z →z
pred : 2<-72
⇒ e : isEgvlsuc)
⇒ ua(suck) : 2=72



Higher inductive types
Simple examples: circle, torus, interval

data S1 where
base : S1

loop : base = base

Moebius:
& br

interval : FIE,
circle : date I where

→ N : I 0point constr
. S : I

pathconstr
.

p:N=s 1¥
in
'

Space model
" data nowhere

b :
mo

Nsa

base
loop Pdg 91747g'

result: I- Unit → in

a nbgst. symq



Properties of the circle
data S1 where
base : S1

loop : base = base

lemma : loop # refl...
Proof:
f : S
'
→ Type

non- deep dim . principle: base '→Boot
loop '→ Uacswape)

elin :(A -Type) → Cao :A) → Cp:aE%) fie f : elimtype Bod
→S' →A @acswap.eD]

computation : tf loop -_refl
elim Aa

. p base I do ⇒apflloopkapfckflapecimaa.plloop) P ⇒⇒YdE%TEe3IF¥¥,
⇒ swap = id



Loop space / fundamental group of the circle

↳mma : (base >base) ← zendofk.tw#
base

:D
"fundamentalgroup

"

This is called "synthetic homotopy Hari
(axiomatic)

proof: Licata- Shulman (also Hatt
book Seo 8.1)


