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Abstract

We provide an algorithmic formalization of ordi-
nary differential equations in the framework of do-
main theory. Given a Scott continuous, interval-valued
and time-dependent scalar field and a Scott continu-
ous initial function consistent with the scalar field, the
domain-theoretic analogue of the classical Picard op-
erator, whose fix-points give the solutions of the dif-
ferential equation, acts on the domain of continuously
differentiable functions by successively updating the in-
formation about the solution and the information about
its derivative. We present a linear and a quadratic al-
gorithm respectively for updating the function informa-
tion and the derivative information on the basis ele-
ments of the domain. In the generic case of a classi-
cal initial value problem with a continuous scalar field,
which is Lipschitz in the space component, this provides
a novel technique for computing the unique solution of
the differential equation up to any desired accuracy,
such that at each stage of computation one obtains two
continuous piecewise linear maps which bound the solu-
tion from below and above, thus giving the precise error.
When the scalar field is continuous and computable but
not Lipschitz, it is known that no computable classi-
cal solution may exist. We show that in this case the
interval-valued domain-theoretic solution is computable
and contains all classical solutions. This framework
also allows us to compute an interval-valued solution
to a differential equation when the initial value and/or
the scalar field are interval-valued, i.e. imprecise.

1. Introduction

We use domain theory [17, 2] and in particular the
domain-theoretic model for differential calculus pre-

sented in [7], to synthesize Differential Equations, in-
troduced by Newton and Leibnitz in the 17th century,
and the modern science of Computability and the The-
ory of Algorithms and Data Structures developed in the
20th century.

The question of computability of the solutions of
differential equations has been generally studied in
the school of computable analysis pioneered by Grze-
gorczyk [9, 10, 1, 5, 12, 16]. As far as the general
theoretical issues of computability are concerned, the
domain-theoretic approach is equivalent to this tra-
ditional one [18]. We will however use the domain-
theoretic model to develop an algorithmic formaliza-
tion of differential equations, i.e. to provide proper data
structures which support tractable and robust algo-
rithms for solving differential equations. The estab-
lished numerical techniques for solving ordinary dif-
ferential equations, such as the Euler and the Runge-
Kutta methods, all suffer from the major problem that
their error estimation is too conservative to be of any
practical use [13, Section 3.5 and page 127] and [11,
page 7]. We show in this paper that, based on the
domain-theoretic model, we can get realistic lower and
upper bounds for the solution at each stage of compu-
tation.

The classical initial value problem for a scalar field
is of the form,

z=wv(t,x), z(to) = zo,
where & = ‘Uil—gt” and v : O — R is a continuous, time-

dependent scalar field in a neighbourhood O C R? with
(to, o) € O. If v is Lipschitz in its second argument
uniformly in the first argument, then Picard’s theorem
establishes that there exists a unique solution h : T" —
R to the initial value problem, satisfying h(tp) = xo, in
a neighbourhood T' = [ty — 4, to+ 9] of to for some § > 0.
The unique solution will be the unique fixed point of



the Picard functional P : C%(T) — C°(T) ! defined
by P : f — M.xo + ftto v(u, f(u))du. The operator
P was reformulated in [7] as the composition of two
operators U, A, : (C°(T))? — (C°(T))? on pairs (f,g),
where f gives approximation to the solution and g gives
approximation to the derivative of the solution:

U(f,9) = (\.(z0 + / o(u) du),g) ,

to

Au(fr9) = (f, Ato(t, f(2)))-

The map A, updates the information on the derivative
using the information on the function and U updates
the information on the function itself using the deriva-
tive information. We have P(f) = mo(U o A,(f,9)),
for any g, where 7y is projection to the first compo-
nent. The unique fix-point (h,g) of U o A, will satisfy:
h' =g = M.v(t, h(t)), where h' is the derivative of h.

We consider Scott continuous, interval-valued and
time dependent scalar fields of the form v : [0,1] X
IR — IR, where IR is the domain of non-empty com-
pact intervals of R, ordered by reverse inclusion and
equipped with a bottom element 2. Such set-valued
scalar fields have also been studied under the name of
upper semi-continuous, compact and convex set-valued
vector fields in the theory of differential inclusions and
viability theory [3], which have become an established
subject in the past decades with applications in control
theory [4]. Our work also aims to bridge differential
equations and computer science by connecting differ-
ential inclusions with domain theory. It can also be
considered as a new direction in interval analysis [14].

In [7], three ingredients that are fundamental bases
of this paper were presented: (i) a domain for contin-
uously differentiable functions, (ii) a Picard-like oper-
ator acting on the domain for continuously differen-
tiable functions, which is composed of two operators
as in the classical case above one for function updat-
ing and one for derivative updating, and finally (iii) a
domain-theoretic version of Picard’s theorem.

Here, a complete algorithmic framework for solving
general initial value problems will be constructed. We
will develop explicit domain-theoretic operations and
algorithms for function updating and derivative updat-
ing and seek the least fixed point of the composition
of these two operations, which refines a given Scott
continuous initial function consistent with the vector
field. We show that this least fixed point is computable
when the initial function is computable. The classical

lHere, CO(T) = T — R is the set of real-value continuous
functions on T' with the sup norm.

2This problem is equivalent to the case when the scalar field
is of type v : [0,1] x IO — IR.

initial value problem can be solved in this framework
by working with the canonical extension of the scalar
field to the domain of intervals and a canonical domain-
theoretic initial value. This gives a novel technique for
solving the classical initial value problem. It is distin-
guished by the property that, at each stage of iteration,
the approximation is bounded from below and above
by continuous piecewise linear functions, which gives a
precise error estimate. The framework also enables us
to solve differential equations with imprecise (partial)
initial condition or scalar field.

When the scalar field is continuous and computable
but not Lipschitz, no computable classical solution may
exist [15]. We show that in this case the interval-valued
domain-theoretic solution is computable and contains
all classical solutions.

2. Background

We will first outline the main results from [7] that
we require in this paper. Consider the function space
D°[0,1] = ([0,1] — IR) of interval-valued function on
[0, 1] that are continuous with respect to the Euclidean
topology on [0,1] and the Scott topology of IR. > We
often write D° for D°[0, 1]. With the ordering induced
by IR, D° is a continuous Scott domain. For f € D°
the lower semi-continuous function f~ : [0,1] - R and
the upper semi-continuous function f* : [0,1] — R
are given by f(z) = [f~(z), fT(x)] for all z € [0,1].
We denote the set of real-valued continuous function
on [0,1] with the sup norm by C°[0,1] or simply C°.
The topological embedding T° : C° — DY given by
L(f)(x) = {f(x)} allows us to identify the map f € C°
with the map = — {f(z)} in D°. For an open subset
O C [0,1] and a non-empty compact interval b € IR,
the single-step function O \,b : [0,1] — IR is given
by:

b x €0

<0\b>(m>={l b g0

Given two constant (respectively, linear) functions
f.fta— R with f~ < f* on a, the standard (re-
spectively, linear) single-step function a \, [f~, fT] :
[0,1] — IR is defined by
[f~ (), fT ()] =z€a
(0 \ 17, ) = { o
1 ré¢a
The collection of lubs of finite and consistent stan-
dard (respectively, linear) single-step functions as such,
when a is a rational compact interval and f~ and f*

3Note that in [7], the following different notations were used
DO[0,1] :=1[0,1] — IR and D?[0,1] := [0,1] — IR.



are rational constant (respectively, linear) maps, forms
a basis for D°, which we call the standard (respectively,
the linear) basis. Sometimes, we work with the semi-
rational polynomial basis which is obtained as above
when f~, fT are polynomials with rational coefficients
except possibly the constant term which is assumed to
be algebraic. We denote the number of single-step func-
tions in a step function f by Ny. Each standard (re-
spectively, linear or polynomial) step function g € D°
induces a partition of [0, 1] such that g is constant (re-
spectively, linear or polynomial) in the interior of each
subinterval of the partition; we call it the partition in-
duced by ¢g. If g; and g, are step functions then we call
the common refinement of the partitions induced by g,
and go simply the partition induced by g; and go.
The indefinite integral map [ : D* — (P(D"), D),
where P(D?) is the power set of DY, is defined on a
single-step function by [a \, b= d(a,b) where

d(a,b) =

{feD®|Va,yea® blz—y)C f(z)— f(y)}

and is extended by continuity to any Scott continuous
function given as the lub of a bounded set of single-step
functions:

/l_lal\b —ﬂ(Sal, i)

el i€l

The derivative of f € D° is the Scott continuous func-
tion % € D° defined as

d
é: ] e b:[0,1]-1IR

f€d(a,d)

The indefinite integral and the derivative are related
by the relation

dh
h e / g <= gC —
dx’

The consistency relation Cons C D° x DO is defined
by (f,g) € Consif tf N [ g # 0. We have (f,g) € Cons
iff Ihe D°. f ChandgC %. The continuous Scott
domain D'[0, 1] of continuously differentiable functions
is now defined as the subdomain of the consistent pairs
in D° x DO:

={(f,9) € D" x D° | (f,g) € Cons} .

3. Function Updating

In analogy with the map U presented in Section 1
for the classical reformulation of the Picard’s technique,

we have a domain-theoretic, function updating map as
introduced in [7].

Let L[0,1] := [0,1] = R, with R = RU {—00, +0},
be the collection of partial extended real-valued func-
tions on [0, 1]. The functions s : D x D — (L[0,1], <)
and ¢ : D° x D — (L[0,1],>) are defined as

s(f,9) = int{h dom(g) > R e [g.h>f)

((f.9) = sup{h: dom(g) > Bh e [ g, h< [},

If s(f,g) is real-valued then it is continuous and
s(f,g) € [g; similarly for #(f,g). We have
(f.g) € Cons iff s(f,9) < t(f,g9); see [7]. Fig-
ure 1 shows a consistent pair of functions. The func-
tion updating map Up : D' — D' is defined by
Up(f,9) = ([s(f,9),t(f,9)],9) and we put Up,(f,g) =

[s(f,9),t(f,9)] as in [7].
f
t(f,9)
/
17/ //
0 S (f7 g) appf:“lol;l((;:rll(:);;ion
1
g
]
2 j e
1
0 o
| — der1v_at1ve§
approximation

Figure 1. A pair of consistent step functions

We here derive explicit expressions for s(f,g) and
t(f, g) on the one hand and the function updating map
on the other. Let K+~ : D° — ([0, 1]*> — R, <) with

fg u) du
—[Ygt(u)du z<y

T2y

K= (g)(z,y) = {

and put S : D° x D° — ([0,
S(f,9)(=,y) = f(y) + K*(g9)(=

we here use the convention that h

1> —» R,<) with
z. y). For h € D°
(u) = 400 when

h(u) = L. Similarly, let K—* : D° — ([0,1]*> = R, <)
with
S, gt (u x>y
Kt T,
(9)(z,y) = { fy_ Qi v <y

and put T : D° x D° — ([0,1]> — R,>) with
T(f,9)(z,y) = f*(y) + K (9)(z,p).



Then K™, KT, S and T are Scott continuous. In
words, for a given y € dom(g), the map Az.S(f, g)(z,y)
is the least function A : [0,1] — R such that h € [g
and h(y) > f~(y). It follows that

s(f,g) =Ax. sup S(f,9)(z,y)- (1)

yedomy(y)
Similarly,

t(f,g) = Ax. inf
yedom(g)

T(f,9)(z,y). (2)
Theorem 3.1 Let f = [f~,f*] : [0,1] — IR be a
linear step function and g = [g~,9%] : [0,1] = IR a
standard step function. Then [s(f, g),t(f,g)] is a linear
step function, which can be computed in finite time.

We first need a lemma; assume the conditions of The-
orem 3.1.

Lemma 3.2 Let O be a connected component of
dom(g) and J = {y;|0 < i < n} be the partition of O
induced by f and g with O = yo < y1 < - < yp = O.
Then, for every x € O the following hold:

s(f,9)(zx) = o

max  {f ()} U {lim,_,, S(f,9)(z,y)},
yreJndom(f)
t(f,9)(x) =

min + im .
ye€INdOm(f) {f (@)} U {lim,_,,, T(f, g)(w,y)}

Proof For convenience in this proof, we will write
S(f,9)(z,y) simply as S(z,y). Let y € O N dom(f)
and 0 < k < n such that yp—1 < y < yi.
We claim that for any x € O we have S(z,y) <
max {f_(a:), limy_y,, , S(z,y),lim,_,, S(z, y)}, from
which the result follows. Let f., g, g,j denote, re-
spectively, the restrictions of f=, g=, gt to the in-
terval (yr—1,yr). As yr—1,yr are successive elements
of the partition J, the maps g, and g,j are con-
stant say with values e;’ and e;l' respectively, while for
some a; € R we have f, (y) = f (yi_,) + ar(y —
Yr—1), where f‘(y,j_l) = limZ)Hy’:l1 f~(y). Note that

lim f~(yk—1) > f~(y;_,). Thus our claim is certainly
valid for y = z or y € J. Otherwise, we have four cases
to consider:

Case 1. (yp—1 <y < yr <z) We have:

S(x,y) = fi ) + K (9)(,9) = f~ (i )+

ar(y — ye—1) + /
23

g (u)du+ e (yr —y),

and thus:
my—ﬂ/kﬂ S(a:,zy) 2
FuE0+ [ o du e - o),
y

my%yk S(l‘,y) Z
F i) + ar(ye — yr—1) + / 9~ (u) du.

Yk

If ar, < e, then

ar(y —yr—1) +e, (e —y) < ey Yk — Yr—1),

ie., S(z,y) <limyy,_, S(z,y). On the other hand, if
e, < ag, then

ar(y —yr—1) e, Wk —¥) < ap(Yr — Yr—1),

ie., S(z,y) <limy_,,, S(z,y).

Case 2. (¢ < yr—1 < y < yr) Similarly as
in the previous case, but this time comparing ay
with e/, we get the following: if a; < e then
S(z,y) < limy_y, , S(z,y). If e} < ay, then S(z,y) <

limy .y, S(z,y).
Case 3. (yp—1 <y <z <yi) We have:

S(z,y) = F~(yl 1) +arly — yr—1) + e, (z — ),

my—wk,l S(ﬂ?,y) Z fi(yljfl) + 6]:(51j - yk—l):
@) =F (yi_y) + a(e —yr1) -

If ar, < e, then

ap(y —yr—1) te,(x—y) <e (T —yr1),

ie., S(z,y) <limyy,,_, S(z,y). If, on the other hand,
e, < aj then

ar(y —yr—1) tep (r—y) <ap(z —yr—1),

which implies S(z,y) < f~ ().
Case 4. (yp—1 <z <y < yi) Finally, in this case we
have:

S(z,y) = f (Wi_,) +ar(y —yr—1) +ef (z —y),

limy .y, S(z,y) > f~(y_ ) +ar(yr—yr—1)+ei (x—yr) ,
f (@) =yl )) + arle — ye—1) -

If ap, < e;l', then ag(y — yr—1) + e;l'(a: —y) = ap(z —
ykfl) + (ak - e:)(y - l‘) < ak('r _ykfl)a i'e'a S(l’,y) <
f~(z). However, if e} < aj then (y — z)(ar —€)) <
(yx — z)(ar, — €;), which after rewriting and addition
of ax(x —yx—1) implies S(z,y) < lim,_,,, S(z,y). This
concludes the proof for s(f,g). The proof for t(f,g) is
similar. O



Proof of Theorem 3.1. We note that, for each fixed
y € dom(g), the map = — S(f,g)(z,y) is a piece-
wise linear map since g is a step function. Thus,
by Lemma 3.2, s(f,g) is the maximum of at most
(n 4+ 2) piecewise linear functions, namely, f~ and
Az limy ., S(f, 9)(z,y) for yi € dom(f). Finally, note
that the maximum of a finite number of piecewise lin-
ear functions is piecewise linear and can be computed
in finite time. O

We present a linear time algorithm for computing the
function update s(f,g) of a pair (f,g) € D', where
f is a linear basis element and ¢ is a standard basis
element. A similar algorithm computes ¢(f, g).

Algorithm 3.3 The function updating algorithm will
consist of an initialisation and two main steps; see
Figure 2. The initialisation process is used to get
the induced partition points {yo, -,yn} of (f,9)-
Recall that on each interval (yx—1,yr), the functions
g~ and gt are constant, with 9 i) = Ateey,
and 9+|(yk71,yk) = )\t.e:, where e,;,e}l' € R. Further-
more, on each interval (yx—1,yr), the map f~ has a
constant slope, ap say, i.e., f7|( y = fi, with
fi (x) = apx + by

Input: f,g : [0,1] — IR where f is a linear step
function and g is a step function.

Output: Continuous function s(f,g) : [0,1] — IR
which represents the least function consistent with the
information from f and g.

Ye—1,Yk

# INITIALISATION

{y0, - ,Yn} := induced-partition-of (f,g)

# PART 1: LEFT TO RIGHT

u(yo) == f~(yg)

for k=1...n and VYV € [yr_1,Yk)
u(z) == max{ f~(z), w(yr—1)+ (r —yr-1)ey }
u(ye) = max{lim f~(yr), u(yre—1)+We—ye-1)eg }

# PART 2: RIGHT TO LEFT

$(yn) 1= u(yn)

for k=n...1 and Vz € [yr—1,yx)

s(f,9)(z) = max{u(z), s(yr) + (z —yr)e; }

Correctness: In the first stage, we compute:
u(z) = maxy, <.{f (z), imS(z,yx) }. Let v(z) =
maxy,>.{ f~(z), im S(z,yx) }. By Lemma 3.2, it fol-
lows that: s(f,g)(z) = max{u(z),v(z)}, which is pre-
cisely the output of the second stage.

Complexity: Computing lim f~(yi) consists of cal-
culating linear functions fr_1 and fr at yg. De-
termining max{ f~(x), u(yp—1) + (x — yr—1)e, } and
max{ u(z), s(yx) + (x — yr)e)}, is simply finding the
mazimum of two linear functions. Therefore, the algo-
rithm is linear in the number of induced partition points

of (f,g), thus linear in O(Ny + Njy).

function
approximation

1] S -
o _——— 1
Left to right stage: broken lines give the output
f .
funct
appFoI;((;nlq(Z;ion S(fa\g)
1] =2 |
0 - 1
Right to left stage: solid line is the final output
Yo Yy Y2 Yz Ya4 Ys Ye
_————————— |—— = —————— " ——————
g
2 |
0 1
derivative
approximation ]
Figure 2. The function updating algorithm
4. Derivative Updating
We now consider a Scott continuous, time-
dependent and interval-valued scalar field v : [0, 1] x

IR — IR. In analogy with the classical map A, pre-
sented in Section 1 for the classical reformulation of
the Picard’s technique, we define the Scott continu-
ous map 4 : ([0,1] x IR — IR) x D° — D° with
A(v, f) = At.v(t, f(t)) and put 4, : D° — D% with
A, (f) := A(v, f). The derivative updating map for v is
now defined as the Scott continuous function

Ap: ([0,1] x IR — IR) x D° x D® — D" x D°
with Ap(v, (£,9)) = (f, A(v, f)) and we put
Ap,: D° x D* — D° x D°

with Ap, (f,g) = Ap(v, (f,g)). The map Ap applies the
vector field to the function approximation in order to
update the derivative approximation.



Note that for a step function (f,g) € D!, the func-
tion update Up,(f,g) is a linear step function. Thus,
in order to compute Ap, o Up(f,g) we need to com-
pute A, on linear step functions. We obtain an ex-
plicit expression for A,(f) when v is given as the
lub of a collection of single-step functions and f is
the lub of a collection of linear single-step functions,
which includes the case of standard step functions as
well. Given g = [g~,¢7] € D° and b = [b,b] € IR,
we write b < g if there exists z € [0,1] such that
b < g(x), ie., if g7 (Th) # 0. In that case, b < g(z)
for 7 € ((g7)1(5,00)) N ((9") " (=00,b)). Let v =
Llier @i x bi ¢ and assume f = | |;c;d; [g;,g;f]
is the lub of linear step functions. If b; < gj,
then we denote by d;; C d; the closed interval with
&2 = ((g7) " (bs>50)) N ((g) (=00, by)). Thus, by <
gj(z) <= =z € dj;. The following result follows im-
mediately. We write a1b if @ and b are bounded above
with respect to the way-below relation.

Proposition 4.1
At.o(t, f(t) = |_|{Gi Udji \oci|bi < gj,add;} . O

Corollary 4.2 If for g; = [g;,g;-L] the maps g; and
g;-L are constant for all j € J, then denoting the
constants by ej_,e;-" € R, we have: At.v(t,f(t)) =
|_|{ai U dj N\ G | b; < ej,ai’[“dj}, with e; = [ej_,ej']. O
Corollary 4.3 If v is a step function and f a linear
step function then A,(f) = At.v(t, f(t)) is step func-
tion with Ny, 5y < NyNy. O

The following derivative updating algorithm follows di-
rectly from Proposition 4.1.

Algorithm 4.4 We assume that f and v are given in
terms of linear and standard step functions respectively.
The algorithm finds the collection of single-step func-
tions whose lub is the derivative update At.v(t, f(t)) in
ON, 7).
Input: A = {a; xb; \y¢;|1 <i<n} withv=]]A,
and B = {d;j \[9;, 9111 <j <m} with f =||B.
Output: C = {(J,i (] dji \[ Ci | b; < g; &af[‘dﬂ} with
Ato(t, f() =]C.
# INITIALISATION
C:=10
fori=1...n and j=1...m

if b; < gj obtain dji

if adeji put C:=CU {ai LJ dji Ny Ci}.

Suppose f € DY is the initial function, which gives the
initial approximation to the function component of the
solution (fs,gs) € D! of the fix-point equation Up o

Apv(fs;gs) = (fsags) that we Seek7 ie. f E fs- Thena
At.v(t, f(¢)) is the initial approximation to the deriva-
tive component g of the solution, i.e. At.v(¢, f(t)) E gs-
We thus require (f, At.v(t, f(¢))) € Cons. Further-
more, we need to ensure that for all n > 1 the iterates
(Up o Ap, )" (£, Au(t, £(£))) of (f, to(t, £(1))), which
by monotonicity are above (f, At.v(t, f(t)), are consis-
tent. This leads us to the notion of strong consistency.

4.1. Strong Consistency

The pair (f,g) € D° x D° is strongly consistent,
written (f,g) € SCons, if for all h J g we have (f,h) €
Cons. It was shown in [7] that the lub of a directed set
of strongly consistent pairs is strongly consistent, i.e.
SCons C D! is a sub-dcpo. Strong consistency of the
initial pair (f, At.v(¢, f(¢))) will ensure that its orbit
under the domain-theoretic Picard operator remains
consistent.

We will establish necessary and sufficient conditions
for strong consistency in a general setting and will show
that on basis elements strong consistency is decidable.
Assume (f,g) € Cons. Let Q : D° x D° — ([0,1]*> —
Ry, <) with Q(f,9)(z,y) = f~(y) + K " (9)(z,y).
Also, put R : D° x D° — ([0,1]> — R_.,>) with
R(f.9)(z,y) = f*(y) + K7 (g)(z,y). Note that
we use the standard convention that co — oo = L
in R;. Compare @ with S and R with 7. Then
@ and R are Scott continuous. We finally put
q(f,9) = Az.sup, qom, @ 9)(,y) and r(f,9) =

A.’L‘. mfyedom(g) R(f7 g)(-T, y)

Proposition 4.5 Assume f,g € D° with g~ and g*
continuous almost everywhere and let O be any con-
nected component of dom(g) such that ONdom(f) # 0.
Then (f,g) € SCons implies f~ < q(f,g9) < ft and
f=<r(f,9) < f* on ON dom(f).

Proof The relations f~ < ¢(f,g) and r(f,g9) < fT
hold by definition. Let g;, g, € D° be given by ¢ =
[¢7,limg~] and g, = [limg*, g*]. Then we have g C g,
and g C g,, which imply (f,g;) € Cons and (f,g.) €
Cons. Furthermore, since g~ and gt are continuous
a.e., it follows that ¢ = limg* a.e., and ¢~ = limg~
a.e. Thus for y < z we have:

f’(y)+/xg+(2)dz = f’(y)+/wg;(2)dz
= S(f,9u)(x,y) < fH(2).

Similarly, for = < y:

f‘(y)+/wg‘(2)dz

f‘(y)+/xgl+(2)dz
S(fagl)(xay) S f+(l')



Thus, ¢(f,g) < f*. Similarly, f~ < r(f.g). O
Conversely, we have the following:

Proposition 4.6 Assume (f,g) € D' with f—, g~
and g* bounded. Suppose, for each connected com-
ponent O of dom(g) such that O N dom(f) # 0, we
have f= < q(f,9) < ft on O N dom(f). Then
(f,g9) € SCons.

Proof Take h O g and let O be a connected
component of dom(g) such that O N dom(f) # 0.
Let [zo,z1] := OnNdom(f) and put f~(z;) :=
lim, . - f(x) for i = 0,1, which are real numbers
since fl’ is bounded. Let k = sup,cpy,,q,1.f (¥) —
(f (zo) + ffo h*(u) du). Since f~ is bounded we have
k < oo. Choose a sequence y, € [zg,z1] such that
an =k = [f~(ya) = (f~(wo) + [;7 BT (u) du)] < 1/n.
By going to a subsequence if necessary assume, with-

out loss of generality, that y, < y and lim, o ¥y, =
Y € [xg,x1]. Define [ : O Ndom(f) = R by

l o F f;h*(u)du y<w
=K+ + )
y
where F(y) = f (z0) + [, h*(u) du. We have l € [ h;
see [7, Lemma 3.9]. For y < z, it follows immediately
from the definition of k that I(z) > f~(x). Since, for
z <y, we have f; h™(u) du > f; h*(u) du, it follows
that I(x) > f~(z) for z < y as well. We show that
I(z) < fT(x) for & € dom(f) N O. For z < y, we have:

du— (F(ga) + 7 i+ () )
F () 47 R ) )

=k—1[f"(yn) — Fyn)] — fyx h* (u) du + fyx h™(u) du
+ f(yn) + fyxn ht(u) du

=a, + fyyn ht(u)du+ f~ (yn) + f; h™(u) du

=an+bn+ f (yn) + f; h™(u) du

= ap + by + f;“ h™(u)du+ f~(yn) + f;ﬂ h™ (u) du,

where b, = f;ﬂ h*(u) du. Since for large n we have
x < Yn, it follows, by putting ¢, = f;" h~(u) du and
using g~ < h™, that:

() < ap+bn+cn+ [(ya) + [; 97 (u) du
<y 4 by + n + [T (2),

as q(f,g) < fT. Taking the limit as n — oo, we have
Qpnybp,cn — 0 since h~ and h™ are bounded. Thus,

we get: [(z) < fT(z). For x > y, a similar calculation
with ¢/, = fyy" h* (u) du yields

I(z)
= ap+by +cp+ [ (ya) + [,
< an+bn+ )+ [ (yn) + [, 97

n
< ap+by, +c + fH(z).

<
~

QU

<

And it follows again that I(z) < f*(z). O

Corollary 4.7 Assume that for f,g € D°, the func-
tions f=,fT,97,97 are bounded and g~,g* are con-
tinuous a.e. Then (f,g) € SCons iff for each connected
component O of dom(g) such that O N dom(f) # 0, we
have £~ < a(f,9) < £+ and £~ < r(f,g) < f* on
ONdom(f). O

Corollary 4.8 For a pair of basis elements f,g € D°,
we have (f,g) € SCons iff for each connected com-
ponent O of dom(g) such that O N dom(f) # 0, we
have f~ < q(f,g9) < f* and f~ < r(f,g9) < f* on
O nNdom(f). O

Corollary 4.9 For a pair of basis elements f,g € DO,
we can test whether or not (f,g) € SCons with com-
plezity O(Ny + Ny).

Proof We use the two stage function updating algo-
rithm (Algorithm 3.3) with ¢~ and ¢* interchanged
to compute ¢(f,g) in O(Ny + N,). We then test if
q(f,9) < T again in O(N; + ). O

The following example will show that we cannot re-
lax the assumption that g~ and g* be continuous a.e.
in Proposition 4.5 and Corollary 4.7. It will also show
that it is not always possible to approximate a strongly
consistent pair of functions by strongly consistent pairs
of basis elements.

Lemma 4.10 A continuous function [g~,g*] € D® is
maximal iff limgT = ¢~ and limg~ = g*.

Proof Since limg™ is the largest lower semi-continuous
function below gt, we have g~ < limgt. Simi-
larly, limg~ < g*. Hence, [limg*,limg~] € D° and
[97,97] C [limg™, limg~]. O

Example 4.11 We construct a fat Cantor set of pos-
itive Lebesgue measure on [0,1] as in [8]. The unit
interval [0,1] = LU R U C is the disjoint union of
the two open sets L and R and the Cantor set C
with p(L) = u(R) = (1 —€)/2 and u(C) = ¢, where
0 < e < 1,such that L = LUC and R = RUC. Define



F,fT:[0,1] > Rby f- =20, ft = Xz.(1 —¢)/2,
and g7,g7 : [0,1] = R by
+() 1 r € RUC
) =
g 0 xr €L
() 1 T E€R
xTr) =
g 0 reLUC

The Cantor set C is precisely the set of disconti-
nuities of g~ and g*, which has positive Lebesgue

measure. Put f = [f7,f"] and g = [¢g7,9T7] =
(01N 0L (R (1)1 (L5 0], Note tha
s(f,9) = Ax. fo u) du is monotonically increasing
and s(f,g)(1) = (1 —€)/2. Tt follows that f~ <

s(f,9) < f+ and thus (f,g) € Cons. Since lim gt = g~

and limg~ = ¢, it follows, by Lemma 4.10, that
g € DY is maximal and thus (f, g) € SCons. How-
ever, we have q(f,g) fo wydu = (1+¢€)/2 >

(1—¢)/2=f(1) and thus the conclus1on of Proposi-
tion 4.5 is not satisfied. O

Proposition 4.12 The dcpo SCons C D' is not con-
tinuous.

Proof Let (f,g) be as in Example 4.11. We construct
go < g such that for all g; € D° with go C g1 C g, we
have (f,g1) & SCons. Let R' C R and L' C L be finite
unions of open intervals in R and L respectively with
R' < R and L' < L in the lattice of open sets of [0, 1].
Let g1 = ([0, 1] Ny [—e, 1+ B]) U (R' N, [1 — 0, 1+8]) U
(L' \( [—¢,d]) where a,b,c,d are positive. Then g; is
a basis element, g1 < g and ,u((g1 )~ ( +b)=1-
p(L') > <. Thus, q(f, 91)( fo gi which implies
that q(f,gl)( ) > e > f*( ). By Corollary 4.8,
(f, 1) ¢ SCons. From this it now follows that (f1,91) &
SCons for all f; < f and for all g; € D° with g C
g1 C g and the result follows. O

5. The initial value problem

We consider a Scott continuous time-dependent
scalar field v : [0,1] x IR — IR and an initial func-
tion f € D°. We assume that (f, A,(f)) € SCons and
define the sub-dcpo

Do,y = {(h,g) € SCons| (f, Av(f)) E (h,9)},

The domain-theoretic Picard operator for the scalar
field v and initial function f is now given by

Py gDy — Dy

with P, s = Upo Apv This has a least fix-point given
by (fsags) = l_lzeL,,) (f7 (f))

Lemma 5.1 Suppose f = | |;c,, fi and v = ||, vi,
where (fi)icw and (v;)ic, are increasing chains, then
for each i,7,n > 0 we have

(i) (UpoAp,,)"(fj,Av (f;)) € Cons.
(ii) (UpoAp,,)"(fj,Av;(f;)) E (UpoAp,)"(f, Au(f))-

Proof We wuse induction on n > 0. For

n = 0, by monotonicity of v — A,, we have
(fi 40 (£)) € (f, Au(f)) and hence (f;, Ay, (f)) €

Cons as (f,A,(f)) € Cons. Now assume
(Up o Ap,)"(fj, 4w (fj)) € Cons and (Up o
Ap,,)"(fj; Aui(f;)) T (Up o Ap,)"(f, Au(f)).  Let
(fijns Gijn) = (UPOAPU) (fi, Avi(f7)) and (hn, gn) =
(Up o Ap,)™(f,Ay(f)). Then, fijn T hy, implies

Ay, (fijn) T Ay(hy), and hence (fijn, Ay, (fijn)) E
(hn, Ay (hn)). Since (f,As(f)) T (hn,gn) C
(hn, Ay(hy)), it follows that (hy,A,(h,)) € SCons
and, thus, (fijn,Av; (fijn)) € Cons. By monotonicity
of Up we also obtain: (Up o Ap,,)" ! (f;, Aw,(fj)) =
Up(fijnaAvi(fijn)) C  Up(hn, 4Au(hn)) = (Up o
Ap,)""(f,A,(f)). This completes the inductive
proof. O

Lemma 5.2 Suppose f = | |;c, fi and v = | |, vi,
where (fi)icw and (v;)ic, are increasing chains of stan-
dard basis elements. Then, for each © > 0 and each
j > 0, the function and the derivative components of
(UpoAp,,)"(fj,Av,(fj)) are, respectively, a linear step
function and a standard step function.

Proof We use induction on n > 0. Since, by Corol-
lary 4.3, v;(t, f;(t)) is a step function, the base case
follows. As for the inductive step, we have

(Up o Ap,)" ! (f5, Au, (7))

= (UpoAp,,)((UpoAp,,)"(fj, Av; (f;)))

= (Up o Ap,,)(fijn; Gijn),

where, by the inductive hypothesis, fi;, is a lin-
ear step function and g;j, a standard step func-
tion. But Ap,.(fijn,9ijn) = (fijn,Av;(fijn)) and by
Corollary 4.3 Ay, (fijn) is a standard step function.
Hence, Up(Apvi(fijnagijn)) = Up(fijnaAvi(fijn)) =
(Upy (fijn, Av; (fijn)), Av; (fijn)), and the inductive
step follows since by Theorem 3.1 Up; (fijn, Av; (fijn))
is a linear step function. [

Theorem 5.3 Suppose that f € D° and v € [0,1] x
IR — IR are computable, and assume that (f, Ay (f)) €
SCons. Then the least fized point of P, ; is computable.



Proof By assumption, there exist two effective chains
(fi)icw and (v;)ie, of standard basis elements with f =
e, fi and v = | |, v;. We will construct the least
fixed point of P, s as the lub of an effective chain of
basis elements with linear step functions in D'.
Recall that if a triple sequence (Gijn)ijnew I @
dcpo is monotone separately in each index for fixed
values of the other indices, then |[;; ., aijn =
|_|m1 Ew |_|m2€w |_|m3€w Qijn = new Annn, where
mzi,ms, m3 is any permutation of ¢, j,n. We now define
the triple sequence a;j,, := (UpoAp,,.)" (fj, Av; (f;)) and
note that by Lemma 5.1, a;j, € D'. Thus, we have:

fS’gS |_|P )

new
= [ WpoAp, )" ] £irAu, v (|| £))
new JEwW JEW
= | |(UpoAp,, )" (fn, A, (fn)).
new

By Lemma 5.2 and Algorithm 3.3, for n > 0, appn =
(Up o Ap,, )"*(fn, Av,(fn)) is a linear basis element of
D'. Since (f;)icw and (v;)icw are effective chains of
basis elements, it follows that (annn)neo is an effec-
tive chain of basis elements and thus its lub is com-
putable. [

6. The Classical Problem

We now return to the classical initial value prob-
lem as in Section 1, and assume, by a translation of
the origin, that (fp,z0) = (0,0). Thus, O C R? is a
neighbourhood of the origin, v : O — R is continuous
function and we consider the initial value problem:

& =v(t,x), z(0) = 0.

By the Peano-Cauchy theorem [6], this equation has
a solution which is in general not unique. It is also
known that even if v is a computable function, the
above differential equation may have no computable so-
lution [15]. We will show that all the classical solutions
are contained within the least fix-point of the domain-
theoretic Picard operator. Moreover, if v is computable
then this least fix-point is indeed computable.

Let R C O be a compact rectangle, whose inte-
rior contains the origin. Then the continuous func-
tion v is bounded on R and therefore for some M > 0
we have |v] < M on R. Let (ap)necw be any posi-
tive strictly decreasing sequence with lim, ., a, = 0.
The standard choice is a, = ag/2", for some ratio-
nal or dyadic number a9 > 0. For large enough n,
say n > m, for some m > 0, we have [—a,,a,] X

[-May,,Ma,] C O. Fori € w, put T; = [—aitm, Citm]
and X; = [~aipmM,aiymM]. Let f =[], fi, where
fi = j<; Tj "« X, and consider the canonical exten-
sionv : To xIXy — IR with v(t, X) = {v(t,z) |z € X }.
We work in the domains D°(Ty) and D! (Tp). By [7,
Proposition 8.11], (f,To \, [-M, M]) € SCon and thus
(f,Au(f)) € SCon since (To N\ [-M,M]) T A,(f).
Therefore, P, ; has a least fix-point.

Theorem 6.1 The least fiz-point (fs,gs) of Py s sat-
isfies:

df7 dff

ke B GIRCNAC)
afs df

=T gra=9

Proof It follows from Lemma 5.1 that

(forgs) = || P £, Au(L] £))

new JEW JEW
= || L] WUpoAp,)"(f5, Au(£)-
JEW NEw

Let (fjn,gjn) := (Up o Ap,)"(f;, Av(f;)) for a fixed
j > 0and all n > 0. Then, gjni1) = Au(fin) =
At.v(t, fin(t)). We show by induction on n > 0 that
for a; <t < ap we have:

t

FE () = 0% + / v (u, fin(u)) du,

where |b | < Maj. We have fj1 = Upy(f;j, Au(f5))-
Note that maps of the form

oo ifw) - [ "o (s £ () du

for a; < y < ap in Equation 2 for f}; will all be greater
than the linear map z — Mz for a; <z <y. Further-
more, maps of the form

xr—>ff(11)+/

Yy

T

vt (u, fi(w)) du

for a; <y < ap in Equation 2 for f;i will all be greater
than z — Ma; + fam] vt (u, fj(u)) du. It follows that in

determining fjﬁ, for a; <t < ag, from Equation 2 the
infimum only needs to be taken over maps of the form

T

z+— Maj + /v+(u,fj(u))du

Yy



for y € (—aj,a;). Thus, for a; <t < ag, we obtain

infye (a0, Maj + [, v (u, f(u) du
infe(-a, a;)Maj+fyaj vt (u, fi(u)) du
+f v* (u, f;(u)) du

= bl [ vt () du

where by = infye(_o;.q;) Ma; + fyaj vt (u, f(u) du
with |bjo| < Ma;. Assume the inductive hypothesis:

) =

t

Fu® =By + [ 07 Sy ()

aj

where |b;'(n71)| < Ma;. Then put b(n+1)
f+(n+1)( 7), which satisfies |bj(n+1)| < Ma; and by
< b,

monotonicity b7 . Maps of the form

jint1) S
Yy
x> fn(y)—/ v (U, fin(w)) du,

are above f]'z for a; < < y. Thus, Equation 2 for
F3(ny1) implies that there exists y € [~a;, a;] such that

a;

lim + " (y) + /U+(vajn(u)) = b+n+1)

y
For any y € (—aj;,a;), the relation

a;

S+ [0 fn ) du > b,

y
implies that for a; <t < ap we have:

t

fj+(n+1) (t) = b]+n + /U+(u7 f]n(u)) du.

aj

This completes the inductive proof for fj+(n +y)- The
proof for fﬂn +1) is similar. Next, we take the limit
as n — oo for a fixed j > 0. The bounded sequences
b;, and b+ are increasing and decreasing respectively;
we put hmn%oo b]_n = b_ and lim,,_ o bj'n = b+
Then, by the monotone convergence theorem we ob—
tain:  f; (t) = b; + f v (u, fjs)du and fi(t) =
bj+ + fat] vt (u, fis(u )du, for a;j < t < ag, where
(fjs> Av(fjs)) is the least fix-point of P, r;. Finally tak-
ing the limit, we have limj_,oo bj_ =0and lim;_, bj_ =
0, as well as lim; ,ooa; = 0. Note that the se-
quence (f;;);>0 is increasing with limit f;~ and (f]s)]>0

10

is decreasing with limit f}. Since v* and v~ are
bounded in [—aJ,aJ] the monotone convergence the-

orem gives us: f ( fo (u, fs(u)) du and fF(t) =

fo v (u, fs(u)) du. From these, it follows that f; and
[ are continuous. Furthermore, v~ and v* are also
continuous since v is continuous. Therefore, the maps
u = v (u, fs(u)) and u v*(u fs( )) are both con-

+
tinuous as well. Thus, g; (t) = 7 and g (t) = dé; ,

for 0 <t < ag. A similar proof provides the result for
—aop S t S 0.0

Corollary 6.2 If f~ = fT org— = g* hold, then both
equalities hold and the domain-theoretic solution f~ =
fT gives the unique solution of the classical initial value
problem. O

If v is Lipschitz in its second component then we know
from [7, Theorem 8.12] that f; = f is the unique
solution of the classical problem. We can now use The-
orem 5.3 to deduce a domain-theoretic proof of the fol-
lowing known result [15].

Corollary 6.3 If v is computable and Lipschitz in its
second component then the unique solution of the clas-
sical initial value problem, h = v(t, h(t)) with h(0) =0
is computable. O

Algorithm 3.3 for function updating, Algorithm 4.4 for
derivative updating, and Corollary 6.3 together provide
a new technique based on domain theory to solve the
classical initial value satisfying the Lipschitz condition.
It is distinguished by the property that the solution can
be obtained up to any desired accuracy. For a contin-
uous piecewise linear map f : [0,1] = R, let J; be the
partition of [0, 1] such that f is linear in each subinter-
val of Jy. If f,g :[0,1] = R are continuous piecewise
linear maps, then |f — g| = max(d(f,g),d(g, f)) where
d(f,9) = max,es, |f(x) — g(x)|. Thus, |f — g| can be
obtained in O(card(Jy) + card(.J;)), where card(D) is
the number of elements in the finite set D.

Algorithm 6.4 We solve 2 = v(t, h(t)) with the ini-
tial condition h(0) = 0 up to a given precision € > 0.
The Function Updating Algorithm 3.3 and the Deriva-
tive Updating Algorithm 4.4 will be used as subroutines.
Input:

(i) Positive rational numbers ag, M, such that v :
[—ao,ao] X [-Mag, Mao] = R is continuous, sat-
isfies a Lipschitz condition in the second argument
uniformly in the first, and |v| < M.

(ii) An increasing chain (vp)new of step functions
with v, = LliEIn a; xb; \ye;i € ([—ao,a0] X
[-Mag, Mag] — IR) is given recursively forn € w



such that v = ||, vn. (Note that for each el-
ementary function v, the step functions v, can
be obtained from available interval arithmetic li-
braries.)

(iii) A rational number € > 0.

Output: Two continuous and piecewise linear maps
=, fF 1 [—ao,a0] = R which satisfy f- < h < f and
|f — f7| <€, where h : [—ag,a0] — R is the unique
solution of the initial value problem.

for j=0,1,2...
# INITIALISATION
— M M
fi= Lligj [_%a %] pY [_a%i ) a%i ]
# use Algorithm 3.4 as subroutine
(fi0,gjo) == (fj, At-v;(t, f5(1)))
for n=0,...,j
# use Algorithms 3.4 and 2.3 as subroutines
(finsgjn) = (Up o Ap, )" (fj0, gjo) -
if |f]'tl — finl <€ then
fo= n and = ]J;L
return f and fF

The algorithm is incremental: a better precision ¢’ with
0 < € < e can be obtained by continuing with the work
already achieved for e.

The function and derivative updating algorithms 3.3
and 4.4 can be extended to the semi-rational polyno-
mial basis, which enables us to solve the differential
equation with v = | |, ., vn, where v, and v;} are piece-
wise semi-rational polynomials. However, this will in
general involve solving for the algebraic roots of ra-
tional polynomials. Moreover, each function updating
will in this case increase the degree of each polyno-
mial by one, in contrast to Algorithm 3.3 which always
produces a piecewise linear function update. We illus-
trate this in Figure 6 with two iterations for solving & =
2t+z+ 5 with z(tg) = zo, where v = M.z 2t +249/2
is itself a rational polynomial. The exact solution is
z(t) = 6.5 — 2t — 6.5.

More generally, with the assumption that v is only
continuous, all classical solutions are contained in the
domain-theoretic solution as follows:

Theorem 6.5 Any solution h of the classical initial
value problem, with 4% = v(t, h(t)) and h(0) =0, sat-
isfies fi < h < f} in a neighbourhood of the origin,
where (fs, At.v(t, fs(t))) is the domain-theoretic solu-
tion.

Proof The classical solution h gives a domain-
theoretic solution (r,g) with r= = r¥ = h and g =
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Figure 3. Two iterates of the updating opera-
tors for solving & =2t +z + 2, z(0) =0

At.v(t,r(t)) which satisfies f C r. Since (fs,gs) is the
least solution with f C fs we get fs T r. O

The classical initial-value problem may have no com-
putable solutions even if v is computable [15]. However,
from the above result, all the classical solutions will be
contained in the domain-theoretic solution, which, by
Theorem 5.3, is computable if v is computable.

7. Conclusion and Implementation

Algorithm 6.4 enables us to solve classical initial
value problems up to any desired accuracy, overcoming
the problems of the round-off error, the local error and
the global truncation error in the current established
methods such as the multi-step or the Runge-Kutta
techniques. It also allows us to solve initial value prob-
lems for which the initial value or the scalar field is
imprecise or partial. We can implement Algorithm 6.4
in rational arithmetic for differential equations given by
elementary functions, by using available interval arith-
metic packages to construct libraries for elementary
functions expressed as lubs of step functions. Since ra-
tional arithmetic is in general expensive, we can obtain
an implementation in floating point or fixed precision
arithmetic respectively by carrying out a sound float-
ing point or dyadic rounding scheme after each output
of the updating operators. For polynomial scalar fields,
an implementation with the semi-rational polynomial
basis can provide a viable alternative.



As for future work, generalization to higher dimen-
sions, systems of ordinary differential equations and
the boundary value problem will be addressed. It is
also a great challenge to extend the domain-theoretic
framework for differential calculus to obtain domains
for functions of several real variables as a platform to
tackle partial differential equations.
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