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! TNTRODUCTION

l Recall that o ‘&Lcjfof F:€-D is a totl
; funckion. F that maps the objects and. arrous of
| a CQ’ceSorB € +o thae of o m{esdb D, with

‘5 Ff. FA—=FB fr each £:A-8
ond. such J;halc the gqua_Jciog_s
F(idg) = i, Flgef) = Fq- FF

hold for all A and. all 'F,3 of awm?riojce 'tf)pes.

Eomplos:  (SET — SET)
List . the \ist functor;
Tree the dree funclor.

g_pec'\ol coses :
Functors on Pre-ordemk sets = monotonic funclions;

Funclors on. monoids = monoid. homomerphisms ;

Functors from p_ro&uc’c ca{eaories = bifunctors.

The ca]cegﬂ)\ ot ca%e%ovieS:

(AT = ca)ceg)ories os dbjecks, funclers as arrows.

This lectuce :

Du{urat {fqns(:omalcions = m\’?"ﬁs betuween fncors
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COMMUTING DIAGRAMS ..

p(chwing &agmen‘cs of a ‘ca’cesorb in a ig_gm_x
is a usefol way of recording J%g, information. about
packicolar aroows, ie. their soutce/formet cojects

| A
FZAN
Beg—C——D

Diog)roms are also useful for re(om\inj gqm’cfons
| oboot arcows. A disaman commutes when. any two paths

,oe)cweevx.obSec{s ace eqm\. as Composite afrows.
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Eﬁgﬂp]ﬁ_ ‘Fo(‘ the diaamm.
h

A————C

B D

to commute means 30{: = Loh.

%‘ﬂi’ —(:or the dias‘am

5D
o commute means 'FF teg ond h=jea.

NATURAL TRANSFORMATIONS

Su‘ypose -H\qlc F,G =D are two 'FUN:JcofS.

T‘nen o na)cme %rans{:orma%ion

o(:F-—)G

feom F 4o G is a ddol fonckion « that Maps
dojects of € 4o arrous of D, such +hat :

@ For each ob\')ec’t Ain C , Yhere s

an. offow 0(9 : Fﬂ—an in lD

@D For eah arros §:A-8 in €, the
'Fo“owir% square commutes in D
FA—"—Gh
“l X@
FB——C8

a2
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ﬁ Notes :

o fAn exception to the é)eneral_ cole is that

35S

o The arrews Ry Ky y ey oo

PQVC\L\,Q\. pa\rs 938 n (bmu{:inﬁ d\'oﬁmms

are not requiced to be equal, 4.
I Y
A B—C
3

means \’UF = »\_05 bl){ D_D'_l: 'F=3

o Most cow\mu{ir\g o\\'aﬁm_ms are made vp of

One or more  Squates and- riangles

o In cql\QSorb -Hneonﬁ , a;u diaggaws ate usx_m“b
ossumed. Yo commote unless stated. otherwise.

o We usuq\\b write <, - tather than «(A) when
applying . natoral transFormation. o an object.

are called. the
Components of o natural transformation. .

o @ states tht « is & transFormation; @

shotes that the {rans'Fom&iom is natoral.

| o Older dertbooks smetimes ose the. mobebion

« : F2G for o nabural Hransformation.

e Rothec than Jcrbhj o motivate or explam the

definition of a natutal transformation, it is

mote uefl to look at some examples.



Eﬁﬂﬂ‘ﬂ\ﬁ_li rev : List - List

If B is a set, then revy : Lisk A List A is
the funckion thak reveses o list of elements

fom A, ond is defined boy the equations
r\évn (NiD)

tev, (Cons x )

Nil
rev, (x5) 4 Cons x Nil

n

Tn SET, the naturaliby of rev

List A——2 ]t A
List F& p XL“‘T +

List ET—)Lisl: B

L

i5 equ\\)o\[en): to
Vs, List § (rev, (o)) = revg (List £ (xs))

qucufa\'&b of rev stales that the definition of
rev, does not depend. on A. That is, natuality

Forwalises that teversing o list is polvymorphic
n the tupe of the elements.

Tn Haskell, revgy is weithen as reverse, ie.

the Jc-:)pe arsomen’c A is left implicit.

The  concatenation o‘)éro?cor H is defined bb

NiL - us

"

ys
Cons x (x5 4 yg)

(Cons x ) 4 ys

ond the distibokion of List§ over + can
be verified b\_r) a simp)e_ inductive Per.

2.4

oee which can be verified ‘09 induckion.. The. base case
| xs = Nil is trivial , while for the inductive case zs
= Cons Y us we callate as follows:

List £ (vevy (Cons v ys)

= § oefinitin of rev |
Lisk § (revg (3) 4 Cons y NiL)

= f distribokion property?
Lisk §. (revg (o)) 4+ List £ (Cons y NiL)

F § definition of Lisk § §

List £ (rev, (y)) # Cons (nc(_g)\. Nil
{ induckion. hupethesis 3.
revg (List £ (o) 4 Cons () NiL
- § definition of rev §
revg (Gons (£ (o) (List £ (35V)
£ defiobion of Lisk £ J

Tevg (Lis{ £ (Cons v 53))

"
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_E_X_GI_V\P‘Q 2: fla: Tree — Lis{_;‘ .

TF A is o set, then Fla, : Tree A-List A is
:Hne Lonckion that flatlens o dree of elements from.

A o a list, and is defined by the equations

Cons 2 Nil
'Hmﬂ (q + ‘F]‘*h(“)

'Hca (LeaF x)
Do, (Node L)

The nqjtum\ihg of flo

Tree B __ﬁa_, Lit B

Tree £ List £

Tree & ——— List

“ 'Fonm\ises‘ that 'Fla{le\inb a tree Yo a list s
o ‘ (J__O_ij_o_\'ﬁ_l\\_c in the '\::?fe of the elements.
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Exﬂ‘:le 2. len, : Lis{ - Ih{

TE B is o set, then len, : Lislrﬂ-’Z_is the
forckion that calwlates the 1_€ﬂﬁﬂ; of a list of elemedts
from ‘ﬂ . and. is defined by the equations
Yénn (Nn‘)
\en“ (Cov\s x %)

)
1+ len, (w)

To view the funckions len, as the com?mev\{:s of
o natural dransformation, we define o constant

fonctor  Int : SET— SET as $ollows :

Objecks = Tnk R =

Tk § - 4

Zz

ﬂr\‘oms

Hence, we now have lenh: List A —> Tt A

NATURAL  TRANSFORMATIONS RS ARROWS

The nokation o: F=G suests that natural
Fronsformations @n. be viewed. as araus 1 o catespry,

Definition. : 1f € and. D are cotegories, then.
the  fonclor @339'—,‘3 DE is defined as follows:

Objeckts = F:@-D,.. are Fonchers.

RArrowss — «:FAG,.. are ratunl Yrangformaakions.

Tdenkities m id, : FF is the identity paduml
Leanshormation, defined. by (de)g = Yy

Compesition. = i «:F—2G ond B:G=H Lhen

Bow: FoH is the compasite nabural

ronsformakion. , defined. b:ﬁ (Bos)g » By ©%nr '

s ‘

3.

The m’cvmli\’:\) of | Bo

| can be verified by the Fllosing

‘ The najcum]i’cb of len simplifies o'

lenq -
_______,Z

List A
List £ LW

List g—— 2
Iea6

ond. formalises that ca\cql.ajdv\g) the lenjjck of o list
s fﬂ\:)m\\_ic n the type of Hhe elements.

mQre ognerally -

mo‘mg natural transformations used compu{ivs ote
Simlac o rev, fla and len , m that :

x = o pg\_\jm_ocph\'_c progfam

. &)

L BT
FFX l\#
—H
F8 B, B

Ca\w[x':ion :

HE o (Bex),
= §definition of o]
HF o 8, o =

§ naturality of Bg
B o Gf o4

{ naturaliby of
By o % © Ff

3 definkion of o §
(Box). . Ff

n

EATA



EO(U'\\JQ]QnH\j - -H\e M{qu‘i% of Bod an be verified. ! Nol;es
Pic{oriq“b. Consider the 'Fo“unms d\'aﬂrqm:

(Ros), ° Pid:oria{ Vroof ("_d_i_aﬁr_am C——-i‘b“\). is better soited
® to a whitehoard Hhan 1o a written docoment.

_FA—=—0A — % A g |
\FJF he .‘; ® The najcum\i{j of Box 'Form\ises {M: po\wpkm
proggams are cloed. under compesition. , €.9.

Fé —>GB n —>HB |
® len o flo : Tree — Tnt is the
(Box)y Vo\gmorf\nic progfam Hhat aleolates |

$he number of laaves in a dree.

Then it is easy to see {\m)t_ beavse.
D ard @ wwncte (by definitio)
@ and ® commite G’D assumption)

. The naburaity of id, cn be verified
similacly , and. Formalises that the identity
proofam for anyy fonctec F s pglbmvh;c:.

the avter rectamle. ol cmmtes , as requiced.

THE GODEMENT _CALCULUS | T BSOS o
We wnclude b3 rewewms some. other useful l o Oecomposing with the fnc F ﬁi T
nokions of compasition for natural ransformations, o natoal ranshomation. ¢, + GF = HF,

fiest stodied by Godement in 1958. | defired by (%:)a = % i

. Pos’cconPgs_ir_\g « with the functer I gves
o nabural tromsformabion Ix : IG = TM,

gﬂ“mi’ciov\ with funchors :

Suppese. thak we are gjven a diasgam defined. by (T, = 1(<).
A __F_,IB/E'\{E _1.p | For éXQW\P‘Q Yhe na{m\% of I«
R e =%, 1
where R — e

A,B,L,D are ca‘cesoﬁes; IR ——— I¥B
(1-03

F,G,H are. funclors;

9 .-

® is o naturl transformation. | con be verified as follows ...



_ ke (I‘)a ' Now, Sivem o d{asrdm
= i defnition of Tx Z

THF o I(xp) i
= §Ts afonder ] A —f—R— 2D E—LF
I (Hf « %) \w

=:* { nakum\i-\:\-.) of % ; El

«——
Dz

I (“s ° Gg) - we hoe the Fo“owing gng_m\. !Ms:
= { 1 15% 'FU!\C‘\“O(}
T (4) » 16 0 Hen s (%
= § defintion of T« } ; @ (LK\& ) L ('Ko()
(I‘)B ° IG‘F ]
| @ (K'AG = K(*Gs
Note: : | ® K@), = KB K
The choice of notabion allows terms of the form
de, and T« fo be writlen without patentheses, Note : equitions @-® odpin allow ferms of

certain forms Lo be written withoot parentheses.

bQCGUSQ (.(F\)h = 4.(‘“) th.‘ (Io()a = I(‘ﬂ\'

22

Horizoy\{al, campoﬂ{iou : : Now. 3'N€m ‘N o\iasmm
Soppose that we are Sim o diagrar /F\/ &
E G \[,0( m

H I
' e kave {’_\1& 'Fo“owms mjterckmsg_ law 'Unt

‘ Y‘e\o):es VCT{KAL qncL hor\zm)tqt COM?QSI‘{:IOV\.

Then Composing X and. B gves a natoral

an on : GF = IH, defined.

Lransformakion Brex @ efined. by B (S ¥)x(Bex) = (SxB)e (¥%<)
By = Jx o B, = B, o G ‘ |

Nl{ﬂ-" on. natural transformations, N°{Q_ :

o is aled velial cnposition; Ven{:‘f)mﬁ e"\m{“’“s D-O) is an excllent way

% is aled horiontal compuition. Yo become familiac with natural {ranrform’:mr

a



