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LECTURE 4 @ TNTRODUCTION

bdll\o& 1S dumaiv\. ‘Uﬁeovlo about?

“The subject hes its reots in the semmal
wock of Dana Scott ande Christopher

Strochey i te arly 19705, andh was
ostablished 1 order o have appeoprifo
Spaes on whiy, o defime semantic
Sorckions jn the denotrationh approack

o pmcLy)m\MM\;\;:) lanf)ba3e semantics. i



DENDTRTIONAL SEMANTICS

Lt £ be o Pmammm!hj Lavguage with abstea
Stjn’mx Sormally defried vstey o ENF oyammel-

0 donolakiomd mantics Sor P aonssts of-

@ a somanbec dovaen. or eadn Stjv\hd{c
codecpn (expressions, commands, ...)

B o valonbin Sorckin Sor el gydectic catepry,
R aSSth«S @ phrase. of sbnéqx a
devolnbion i the approprite. Somantic dowadn.

Noke:  valurekion Conckions Mk be homomor phtsms

(Ye denotat o of eacl phrage o defmed p.:refb "
Lorms o e derotation of &> sobphtases)

This propersy to ool calbd. compesitionalibs,




EXAMPLE : R STMPLE TMPERATIVE L ANGURGE

E = /. ' L \ E:L""Ez | EQ“EZ
R = Sale | trve ‘ -:E! t, = B,
C = T:=F } Ci:C,_] if B then G, ele G

semantic domains :

expe = state —> Z
bool = state = 1B
omm = shie = (Z x stale)

where. S‘L‘G{:Q - 1T — 2

valuation fonctions :

E [—ﬂ . E-? expr

e[Ils = «(I)
e [Eﬁ&ﬂr - El}_EJ]«" LB




B[ga\se_l] = F
Bltwe Joo = T
g[8] = - T « g[RJe=F
F  othewise
e efe - { T FEEIr-EL
BIE.-E] {F ECade -ElSdr
CH}"] . C = o
Cn:IwE]cr = (vro'[I\—av—_I)
ushere .,V-QH'EEQ"
Q[ iC e = ClcG B

here. (v,5% = G [C.]e

C# B then Caele G o = ClIC)e i€ BIRl: T
- C }IC?J g etherwise



FOUNDRTIONAL  PLOGLEMS

A ke iden i Strachey’ eu{sg work (ca. 196€) on
derottional semantics was Hhak, Sorma l(b  denotations
were. specified. usiney the. ontped. X-@rlooles.

orovlem 1 the urtvped N-calawks had. no fonawn medef_.

solobion: Sttt M one. and. went on Yo establish
the J('Aecrb € semantic domams.

%

(Ve b@Jw o Sﬁﬂb of Setl's ers bD Conszdemb
w\rug sevantic. dovenns @n'C simply bo sets.

Thewe are. two mamt reasons :
() recorsivels defied progmams;

@ re(bf‘s(uelj deFinad semantic. domedns -



() RECULSIVELY DEFINED PROGRAMS

Consider the pregrams §.0): k- >mat “defined” by

O §&) = S&+1
® 9 =9

Tutortiely,
G\Jo.hja{ing) 5(a) or (3@\ Sor any a: nat will loop

Bt ,semqnfl@ﬂb ( w'!Hf_w. wts a5 domamng),

theve is 1o fow&z&a 5: N> SG{IS%M@ 0
N— N sakifies O

Oy S-uwcl‘tbm vE

—1

\

[ To properlyy del with the semantics of recorsion
(o reration) we need. an explicit notion of

' .
“pon - termimation” af the semantics (el |

L
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(2) RECURSIVELY DEFINED SEMANTIC COMAIS

Soppose. we extond. oot @xample Imperative
| anoyage with (parametertess) procedures:

E o= ] e €
with semantis sodh Hhek

(inc == Prot(a::&+1)) . e ; e
Uyelds the same cesulk walve as

a:=a+d ; o= a+ 1 .

The se_mahjcic domatﬁ,s are. now

QXP(‘ = Sf.a{-.e. —2 \ia!.t.?e
el = skde o B
(G = S‘ltfd“l - ( \ICJALQ_ X S&*Q)

Wl\eTQ, VG’U-Q ~ Z + COV-VIWL «—The new, qu't

T — \/ql,ue

)

state.



New the @quation Jor comm is recorsive :

(omm. = .. MK .., —2 ... oMt ...

This equation has o sel-theoretre solution , evew

n/

i€ we weakew equality = +o " somor phsw ¥ .

Qs a smpler example, consider
X = X—>2

(andoc’s theorenm stales Lthat there & mo set X
sech Tk X = P(){) Since P(X}n_f X 92}
f)f 50(20.05 ﬂra}k X =X—>2 IOCU’ no solutioin.

«— any Z-elemert set

Hf?)kenorcler Proammmw'@ (on;%rrmf:s (furctons and. |
proceones as Grshclass cihizens e values) lead. o

recorsie domam equations wohich have. no
(non-teivial) sed- theoretic solutions.
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A EIRST STEP TO SCOTT-DOMANS :  LIFTED SETS

To avod, umrb\ha aboot qu{:lixt £unctions and_
ondeCied. resolls , St inbroduced. a specal. value.

L (bo‘&ém\) nto @ch ?rimih've semantic domann.

an undefimed valve ;
1 re\omen%s{an. ermor valve ;

o now-term im{fub (’o&upulfq{ték .

Given aset X the Slat dovan (or Lifted set)
XJ- \o{\«\e SQJC' XU 5.1.%, where L € X.

There 15 o natural o mation oﬂenhj‘ £ on X n

- & e e ® © - Feiwewbde\(

4

_L - ((bO'H;OW“

Formalley : x 2 oﬁ (x=yor x=1)

(g



Nele: dont cnfuse Hhe nformakon orderiney €
o N, with the skdard orderirey < on .

NVA

4

C—> =N —W -

a.q. Of¢ 1 bt O¢1 and. 120 (Krom an mj}wma{(&
conbevic pOtF\{: of view, 0 qd. 1 are mcompqnfeble.) Py

Example : @nsider oopin te recorsive deimition

S0) = §6) + 4,

T8 we defe L+2 = 1. (addwe, an vdetiad valoe.
to anv) nedure %\UES an vudeSined mlm) then Hhs
eqm&d,\ has o (Uvub[u*a) solobion 5 Ni— N, -

S5G)= 4

This cesolt nmekes precue (aX o obid lewl) our
intuibion ek ewloting §(x) will ne ferminake.

l.K



PARTIAL ORDERINGS

(Dhen e mnsdas Sonctions Sr Xs¥Y =2 with
multiple arguments , we &id, ek Slak domams are
no lonspr sutfidenk Jor our purposss.

T5 X ad Y ae sebs, teir Cactesian predoct
XxY o the sek XxY = g(x,l‘/» | xe X ad tﬂer,

I& X and Y ave Slat domams there. v> a naturad.
informaten ordermy € on XxY, defined m terms of
the orderigs & on X and Y sparately.

(11“)) & (x'f‘f)'\ S (zgx" qn& LjEljj)

ee
'tl\e amoont of lhjﬂf veckion Contont 1 o Pﬂl}‘ of valves
's mcreose). by mereasiny the Jinformation. gontent
of etther (or hoth) of b aomporent valves . ”

{.n



semantic domams are no loger Slat sets,

' ( ve
(ﬁ&,%'wﬁ&ﬁ )
> N\ ?
(ale 1) (L b0)  (L5<le)  (be, L)

~\ A

@ ) LA

s .U,,eg are. Paf*l;uub ordered_ sets (p_0_5§__€5) i

Yz, xex ceflexivits

iz, x £y ed ge o mplies x = antisypanetr,

Yy, b,z xeyad ne 2 mphes X £2

1.1



Fact: i Aad Bare psets, so 0 AxE,
with (a,bye(@,b) & aca’ and bt b’.

Eg_c_{: € A ad £ are p,o_mi_gi (have a leasC
e(emen!c), 0w AsB, with Ly = (Lo L)

[‘Uaesz's' : semantic domatns are Poinéed Foseés S

(3.



(OROTOR(C FUNCTIONS

IS we modol SemQh{:fc deomains b‘Q (Poxnlﬁo\) pgjc(s’
then progams will. e modalad. by Sonctiens
betueen posets. But ot alk Sonchions are iteble

Tt v naborad o @xpact Yk Yo amoont of
inforwation conterk in te ovfpit of a Sonctio. grous
ap e Intraase. the mj«m&d« in the mlouf:

VX!V\)' I-'C'fﬁ maplt'QS g@:} c §(c,3)
Such Sunckons are ollod. monctonic .

!\_)_éLQ: monstonic §uncﬁdus ﬂpﬂ%‘r e the anEf structue,

bt are ret resluﬁeiﬁ praserve L. Functions
o0 whidh £3)=1 ae olled. shvdt

thesis:  @mputabe Jonctons are monofo/ifc}
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Examples:

g g, - 8,

ol trve Sqlse Lrve
N/ \ /

/"N—L

Sale  broe ? false fmg
\ \/
L L
P —
Salse Jcmm{me

tonebonic. ?

/ (lde&i{:b £n)

V' (e 5

X (e e bt
HOTEICEN
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EXERCISES

() Ciie a smntcs fo the “proc comstruct
ClowC]e = 7 (ve)
cl1)e = P (e

]
@ hot Ndemo(e‘arﬁd&fh : %Mpui‘b
!

+ Thare 1o the monotonc Sunction 1-1:

o o

¥ ﬂ\ere ave. Lhree. Wbéo'nf; func(;lms 2——? 2:
._—\-_:. l.__._..' l:/!

e e——Pe

x  Wnte don the monotonic Sonctons 3—) 3
+ Uil a Siple reuwsie peam to alwlbe
Y homber of mondkomic Sonckions N —> M1

[l



