| ECTORE 4 : SCOTT POMRAINS

In Hhis lecture we Sormalse the idex that

“a proarams  meaintney Can be viewad as the
Limit of a sequence of Sinite approxima tions.”

by strengthening “semantic domaims are cpo's” 4o

% semankic domams me ottt domams.

R

Technical. bene§its :

@ a -é\'.eo;b of Sinite approx imaibns can be vsed to
develop a theory of_omputability pr semantic domains.
(2) Swnideness restrictions are necessary Sor cpe's to
be closed. urder powecdomains (lecbuee €).

-Nﬁjie: Stett domains are ot Ja‘ic:lr\nica"b necessary o
solve (most) recorsive. domain &quations (lectue S).

For wost purposes jh semantics, cpo's are. Su fficiedt.
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FINITE ELEMENTS

We beon by Sormalisiny the notion of an element
n 0 cpo representing o Sinite ameont of info |

Tutoition = there are fuwo kinds of directed sets:

(1) Boring - conbain thewr lub (eq- Sirite directed,
sets are borwey ; bot boring > Sinite set )

(Z) In{eres{(ng) — dont contain theic lvb (e-'). N n
the chain IN* 10 interesting ; mlevestiney = in finite set.)

Basic idea: on elemonk x m a cpo

InSinite  if§ % v He b of an in{-_eresﬁlirg dwected set’
e, 3X. (2= UX ad xé¢X);

Sinike 156 " & not nfinike”
(€. VX (x = X uivuph'es ZGX).

BUT... this notion of Sinite clement’ 1o too wenk:
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Example : consider the cpe,

Usingy the above. definitions , alk elements m this ¢po
ave Sinite,except for w. (w=UN, bt wé N).

Nous @nsider the. 1omorphic. cpo,

30,1,2,...%

?_O,ﬂ:?_g \
|

T5 x were o Sinke set, it woold approximate one of
the Sinite seks i the infinite chain §3 € S0t $0,28C ...
Hence # o appropriake to all % “m§ite”
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We need o stromer definttion cS’j “Sinite elemant”:

Qggl\._ Le’c A. be acPc.. T‘@,\ IQ/{ lo Sﬂ'ﬁ@ (Or‘
compact) i Sor all directed X< A,

x e [JX implies 3(36)(. Béx.i'y

“a Sinite element always aﬂoroxnhrn{-.es an element n
o dirackel set i & approximates the lub."

O The defn. doant mention Sinikeor nSinite sets!
@) The de§n. o aepnenlisation 1o cpo’s of the

standard. nobin of a “Sinite element” Srom
the. {}@w) of algebruc litixes.

2 We write K(A) Sor He set {IG;*: (7(. l)ocowrpq(t}
of mpack elements 1n a cpo A
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,E_Kg!lp_lgr e\lﬁf':) clement n a Sinite Cpo (or more.
qenerallyy, & cpo of Sinte heigf) v @mpact.

(Slvice Linibe directed sets ontaii their bb.)

Example

w
: \ every element 10 @mpact , except
X wqr&x;e.a).jd‘vtmhﬂve

/ < c UN =, bot there 15 no
AN element yeIN st. xcy.

O——m

4

Evawmple : ansder He cpo [(X) of sobsels of a set

¥, ordered. b wchison & The compect elements of
XN are. prec Selb the (—}m'fg) Kinite sets

Example: @nsider the cpo N+ N of parbial Sunckions

on N, ordered. by inclusion. f graphs. The compact
elevents o N-oN are the Sns with Smite domams.
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However ... oor notion of “Stile” 1 an alstrackone :
ik does not q[waos match cor intoition

Example (Sinite Sinite hetokt)

COV\Slder Jc],le_ C.PO OHINHEA bg Qddlhg a hew) {:Olo
(LU'H) onto the cpo NY. Now wtl w _C(_)_MP&C_‘t
(onlike w, (t dees not artie as the. lob of an
lhtel‘dgmf) direcled st - fg wl =X Hen wl-(é)o
bbl( hag om \L\S!!\_LLQ nombes Of prvoquétdm ,'
“-Ti — comrqcu

W — Nnown —cwpqct

comyqdc

) "'"""\-—\ — ) see

——

' Rsside - addirey Y requitement. thek Sinite elements onl,
have o (troby) Sinite number of approximations 1 the.
basis for the erwb of "Eem_f) domaps and_shable Suctions’ H




Example.  (infinite sets can be compact)

B sobmonoid of a monond (X,®.e) wa subset
Ye X such that Y v closed vnder @ and eeY.

_F_ggic . the sobmonoids of X form a cpo under <.

Now ... the mfinite set E of even numbecs 0 o fini{e
clement OS the cpo of Submonoids oj ( N,+0) '

\of_u_of ek VEIN be diecked and. E < UY.

Then sice A€ E there must exist yeY st 2ey.
Now since (1,+,6) most be a monod, E <.

Bok.. E o Silel ggneisled’: the (tuly) Gmite set
23c N w st E b the smallet subnoroid of (IN,4,0)
Sida Tk 52V < E. Tn Sack, the @mpack svbmoneids
o (N, +,0) are preasely the Sinitel, cjenemhd ones,

Conclosoin: Sintte can meom “essentually Sinte

]
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ALGEGRAIC CPO'S

DeSn: acpo D w alf}xa{c i€ Sor alk xe D,
() LG = Suek(®) |9ex3 o dieded;
@) = = U

“a cpo _a_\_che__m(c (5§ every clement Lo the
lob 0F its compack awmxlma{cdvu.“

Nole: i semantics (L 1o Omwon i only consder
alojz\mm}r. cpo's with a toonkeble. st of compa&
clomots . Sudn epo's are calleh uu~al3e]pmic.

Examples (w-alsgbracc cpo's)

Sinite  cpos, [k elements ave compact |
sosels PO o asek X, [ompdk = Sinite subset )
ow“{'.wuk Shs \N-(-% E\‘-, [ComPacE = Slini@a dom{n:)

Sobmonoids 0f a Woroid-. [ ompack = Sinitel,, opuersel |



N_oig : ooeneraL, ay cpo of sobalaelpmS (e.-cj-
Su'agvoups of o groop, soberiigs of a viny,etc) ©
Lu-—altaeb(at'c.. In Sa&, these. e‘&qu\ey are the
or [cal'v\- of the term “a(CDQbml'c "

E&".“P}.E (a non w—alcjelwaic. cro)

W

N s cemet is st the b
Tox o ds ompcappoxs

T | / o) = 5L, bot x £ USLL.
.

L

Assda - thee 15 an eq&m[en{ defn of w~a\§bm[¢
C‘?O’S in wohh direcked ey are Fe\olocaL ‘Urnrocglqcu{:

—————

by w-chaws 7 see Plotkin p 60.

Rut ... the w-chain deSin. 1o 1ot so appealing: one
speaks 6 gn w-drin o mpact appronivatcns,
cather Yo Phe, divected sef & .

i ———————



CLOSURE PROPERTIES
@: uf D ad E are q\«Debral'c cpo’s, so 10 DXE.

The fo“owuhj cesolt 1 osefuk Jor the proof.

[ D X< KOA) i o s 5o 0 cpo A
I'S-f for‘ ald 16/{, X = U]ian]aExf.

Fack: i X w abasis for A then A w0
al::)ebm{c and. K(A) =X, re. K(A)w the
unique basis for an aljebra(c cpo A. =J

proo§: we will shos theak KO)x K(E) w0 0 basis Jor Dxt,
wh. imphb_s‘ DxE q[ﬁebra{c with, K(OxE) = K(D) x K ().

park 1 . KOVxK(E) 0 a @nmpact subsek of DxC.
Lek (e KIDVKK(E) andh soppr (Xuw) € X,
wheve X € DxE i directad . Then (defn of L on
prodocks) , x £ LITe X and v LTy X, Now stace
x. and. Y are Compacjc ,there exsts x'e T X

andh ‘,’)'GJ‘HX ng‘Hna:k x e and yey'...
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TE does not Sollow thek (319D e X, bot smce X w
diecked. , there exiss (ap)eX st x'Ea and y'sb.
Mewe , (a,b)e X satis§ies () & (ab). o

?ar‘c 2. (xu) &> direcked Sor alh () € DxE.

L) = $@B)eKOnKE) | (@ib) € (49)3
= SaeK(v)laex§ x $bek(® | beys

= $(x) x $(y).

New becve D and E ave a\ge\ara(c, &) and $(y) are
durecled ,owd heme () 1 oo (X preserves direcled 5eks). =

Par{: 3. eoch (3) 1o the lub of it Sirteapprox.

Lib () = LI(0)x 4G [pact 2]
- (U«L(ﬂ (o) [defn Uon prockucks ]
= (:{,u)\ o [D,E are alﬁebm';l}

*

Ec_li : u)-alcﬁebmic cpo’s are closedl order all Yhe cpo
onstructions OS ]@C('U(Q 3, .- @(___C_@P_{_: —» gndk o—».
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SOME FRACTS AROLT RLGEBRAIC CPOS

Let Dand E be a\ffbraig cpo’s. Then,
@ A Sonction §:D-E v continvevs i VxeD.

§6) = LISSalae d&)S,.

“In G alﬂebl‘ﬂlt e, @ntingovs Sund:lém are (omlﬂleée’_‘)

determned b their behaviwr on Stite qrbowem{s. "

Nole: this makes precie our arlier slogan ( shde 2.12)
abeut continuits): “noblg 1o Suddenly mvented at infinity."

@ Let §:D->E be continvevs, and deSine
Gs = S(abye KOV KE | be §as,
Thea §or all xe D, we have
$6) = L 5h] (@be G and asxi.

This v very Paualjfruk; eq. & conbiivoss Sonckion
S:P( Y-+ P on an uicomtable cpo AN v waaple‘celb

determined by the ountable relation G; .

.1



proo§

5G) = S(LE) [0 % alegbrui]
- U 5fa)ae (3 [§ 1 conbiwvous]
- U SUIGEa) | ae $(0)} [E % alyebraic ]

= U §bekE) | be o ad aeb(x)$ [ loks ]
=L $bl (ab)e G, ad atx§ [defn. Gs |

@ i Y‘GP(ES@){:mﬁbw therem  Sor q‘jebmté CpoSs.

T heorewm - every qlfjelsmic o D v 1omarphic {0 the
“deak ompletion’ of compact elements, e

KD = $XSKD) X b an deak § w0 an
alcjebrq{c cpo sud theX D = KD).

_N_o_(:g ' an lCleﬂ.L V.) a dmnmvds-closei d(rec{ed sd ’
the ompack elements of KD\ are. 4(a) Sor ae K(D).

Bl

Asside : cateaprically, the cqiecf)crb of alyebruc cp's

and onkinusos Svchions 1o @ypivalent to the oy
of pre-orders and. “approximable” relations. “
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SER\0VS PRORIEM
w-a]aebmic cpos are 1ot closed urder —.

This » o non-triviok problem, with manvy solutions.

Origjinal solution [ Seott 19707

Usirey complete lathces (posels with [uks of all subsets)
rather thon cpo's solues the. prdolem with —,
but bﬂrif)s Some pmHems of b own ...

@ Comp\e{e_ lattices must have o 'l:op T; be(nj
requireA o add a Jicticwoos +o}0 (rePregen-ﬁyb

“inconsistent wp") 10 Gpo's like By 16 stramge...
@ EXQ.QV\dll;\b Vrfm\":iu& 50ncﬂbn5 on CPO'S to GWP)dQ

lattices can SpoiL their qlT)eLra:t propartres.

Q.o onsdec the tuo poSs'lHe oxtensions to If

(a) it (T,x,u_)) = XY,
(o) i (Tixig) = T
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... oither oxtension results i the Jalwe of some
Samiliar (and vseful) faw Jor “H"; ey or (a),

£ (b, if (b,x,uﬁ), 2_) = 1f (b,x,z)
no loveer holds onenditionally (it Sails F b = T).

@) Tt w not possible o ‘javerq’rﬁe the powersel
operator [P o semantic domams (see lecture
é) (5 Cow\ple(e lathces are. wal.

A SIMPLE SOLUTION : CONSISTENT (OMPIETENESS

Defw: a Fose{‘ A o angistent @omplete (or bovrdedk
omplete) i#f LIX exists Sor all consistent XcA.

(XA 15 ansistent 155 X has an opper bod i A.)

EXahp_lg

consistent omplete, but |\/ dwecked cmplete, bk
not divected cowrl*?{e

L /=

O

not onsisten{ mmplete.
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SCOTT DOMARINS
_ng__b;: a cpo D w a Skt domam iff

@) D wan w-algebrccps;
@D D v cvsistent omplete.

E&gﬁ: m the context of @ there are q nomber
of equivalent ways to express conditiin @, e

xuy_exits Sor alk consistent x,ve D.

This @ndibion 10 teful when one 1 reo’uu'ﬂd
40 show thak a cbtisen cpo 0 a Seott doman.

[1X exsty Sor alk nom-evg?éﬁ XeD.

Waynie : dowt read. @) as “Dwa amplete

lathie without a 'l:op R 5<1C£, an w~a]3ebrat'c
cpo w o complete lathce I xuy exists Sor

all x4, not di)sf the ansistent ones ; ¢ f

&.15.



memorﬂ aid.:
Seott domam = “a *po " | ( STAR U)FIIZS!)

) T

w-alabraic axgistent ‘omplele  complele- patial-oder

Fack: Sewtt domains are closed onder all the qpo
onstructons of lectore. 3, mcluding — and o-».

"UIESIS - semantic domaims are Sestt domains. J

L ——

“ Assida: w0 thece a best ( largest) class of w-aloebrac
cpo's which (s closed onder — 7

YES! These are the bifinite domatis or SEP obyets,
and are choractersed by a simple and. beavtiful
propewr‘@j L a Cpo o bifinte 15 k1o the [imif
of (trol) Smite poets m the atespry cpocF
0} Cpo's and ((leoeddlhj- be)ét{(dr:‘pq'ts, =”
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