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Abstract In a previous work we have reported on the evolutionary design
optimisation of self-assembling Wang tiles capable of arranging themselves to-
gether into a target structure. Apart from the significant findings on how self-
assembly is achieved, nothing has been yet said about the efficiency by which
individuals were evolved. Specially in light that the mapping from genotype
to phenotype and from this to fitness is clearly a complex, stochastic and
non-linear relationship. One of the most common procedures would suggest
running many experiments for different configurations followed by a fitness
comparison, which is not only time-consuming but also inaccurate for such
intricate mappings. In this paper we aim to report on a complementary dual
assessment protocol to analyse whether our genetic algorithm, using morpho-
logical image analyses as fitness function, is an effective methodology. Thus,
we present here fitness distance correlation to measure how effectively the fit-
ness of an individual correlates to its genotypic distance to a known optimum,
and introduce clustering as a mechanism to verify how the objective function
can effectively differentiate between dissimilar phenotypes and classify similar
ones for the purpose of selection.
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1 Introduction

Self-assembly systems are characterized by inorganic or living entities that
achieve global order as the result of local interactions within a particular closed
environment [16]. Self-assembly is a key cooperative mechanism in nature. Sur-
prisingly, it has received (relatively) very little attention in computer science
[28]. In [23], we defined the self-assembly Wang tiles system Tsys as a com-
putational model of self-assembly. This system comprises a set of square tiles
with labelled edges that randomly move across the Euclidean plane forming
aggregates or bouncing off as result of their interaction (see Fig. 1). Coopera-
tivity is an emergent feature of this system where the combination of a certain
number of tiles is required to initiate self-assembly [17][21].

(a) (b) (c) (d)

(d) (e) (f) (g)

Fig. 1 A step-by-step (a to g) aggregate formed as the result of the interaction between
five self-assembly Wang tiles performing random walk across a lattice.

Formally speaking, Tsys is defined as follows:

Tsys = (T , Σ, g,L, τ)

T = {t|t = (c0, c1, c2, c3)} where c0, c1, c2, c3 ∈ Σ

g :: Σ2 → Z+ ∪ {0}

τ ∈ Z
+ ∪ {0} (1)

In this system, T is a non-empty finite set of Wang tile types t defined as a
4-tuple (c0, c1, c2, c3) which indicates the associated “glue” types labels at the
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north, east, south and west edges of a tile, Σ is a set of symbols representing
glue type labels, g is called the glue function, L is a lattice and τ is a threshold
modelling the kinetic energy of the system. The glue function g is defined to
compute the strength associated to a given pair of glue types. The lattice L is
a two-dimensional surface with size W ×H composed by a finite set of inter-
connected unit squared cells where tiles belonging to T are randomly located
and perform random walks. Thus, when two or more tiles collide, the strength
between the glue types at their colliding edges is calculated and compared to
τ . If the resulting strength is bigger than τ , tiles self-assemble forming aggre-
gates, otherwise they bounce off and keep moving.

Finding the appropriate combination of autonomous entities capable of ar-
ranging themselves together into a target configuration is a challenging open
problem for the design and development of distributed cooperative systems. In
[23] we addressed the self-assembly Wang tiles designability problem by means
of artificial evolution. Our interest in combining self-assembly Wang tiles with
evolutionary algorithms lays on the use of a method for the automated con-
struction of supra-structures that emerge as the result of tiles interaction. In
particular, we seek to answer the following:

Given a collective target configuration, is it possible to automatically design,

e.g. with an evolutionary algorithm, the local interactions so they self-assemble

into the desired target? That is, we want to design a set T = {t|t = (c0, c1, c2, c3)}
such that tiles of type t self-assemble into a given target shape.

In order to address this question, our research was centred in the use of a
genetic algorithm (GA) to evolve a population of self-assembly Wang tile
families. Broadly speaking, a self-assembly Wang tile family is a descriptor
comprising a set of glue types each of which is associated to one of the four
sides of a self-assembly Wang tile. Thus, each tile family is instantiated with
equal number of tiles which are randomly located into a simulation environ-
ment where they drift and interact one another self-assembling in aggregates
until the simulation runs it course. Once the simulation finishes, aggregates
are compared for similarity to a user defined (target) structure employing the
Minkowski functionals [18] [19]. This assembly assessment returns a numerical
representation that is considered as the fitness value (Fitness i) of each indi-
vidual. Thus, individuals capable of creating aggregates similar to the specified
target are better ranked and become the most likely to survive across gener-
ations. This process, together with one-point crossover and bitwise mutation
operators, is applied to the entire population and repeated for a certain num-
ber of generations. In particular, our experiments comprised four increasingly
rich/complex simulation environments: deterministic, probabilistic, determin-
istic with rotation and probabilistic with rotation. An illustration summarising
our approach and its components is shown in Fig. 2.
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Fig. 2 Evolutionary approach for the evolutionary design optimisation of self-assembly
Wang tiles. A population of self-assembling Wang tiles family (genotype) is randomly ini-
tialised. After that, each individual is set up into a tiles simulator from where the emerging
self-assembled aggregations (phenotypes) are compared against a target structure for sim-
ilarity. This comparison returns in the fitness of the individual. Later on, the application
of genetic operators follows where the best ranked individuals are likely to pass throughout
selection, crossover and mutation stages.

The achieved results supported our evolutionary design approach as a suc-
cessful engineering mechanism for the computer-aided design of self-assembly
Wang tiles. Early evidence of our research in this topic is available in [22]
where we employed a very simple evaluation mechanism composed by a lat-
tice scanner fitness function and later, in [23], where morphological image
analyses brought a more accurate and efficient way to collectively assess the
assembled aggregates towards the target. Since the mapping from genotype
to phenotype and from this to fitness is clearly a complex, stochastic and
non-linear relationship, would it be possible to analyse the effectiveness of
Minkowski functionals as fitness function ? The aim of this paper is then to
address this question with a complementary dual assessment protocol which
tells us whether the employed genetic algorithm is an effective design optimi-
sation method for our problem. Thus, in the following section we introduce
fitness distance correlation and cluster analysis which set up the foundations
of our novel protocol. Next we present how fitness distance correlation and
cluster analysis are applied to our evolutionary design approach together with
experiments and results. Finally, conclusions and discussions follow.

2 The Genotype-Phenotype-Fitness Assessment Protocol

The evolutionary design of self-assembly Wang tiles is characterised as a prob-
lem in which the mapping from genotype to phenotype and then from phe-
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notype to fitness is a highly complex, non-linear and in some cases stochastic
relationship. It is non-linear because different genotypes (tile sets) with small
differences may lead to widely diverging phenotypes. While the same genotype,
due to random effects, might produce a variety of end-products. This intricate
relationship (see Fig. 3) makes the assessment of the genotype very difficult
since the same (different) fitness value could be assigned to different (the same)
genotypes. Hence, in order to analyse the efficiency by which individuals were
evolved, we present in this section the fundamental components of a com-
plementary dual assessment protocol: fitness distance correlation and cluster
analysis. We have previously used this approach for the analysis of complex
meta-cellular automata [24]. The former measures how effectively the fitness
of an individual correlates to its genotypic distance to a known optimum. The
latter verifies how the objective function can effectively differentiate between
dissimilar phenotypes and classify similar ones for the purpose of selection.

Fig. 3 The highly complex, non-linear and stochastic relationship taking place across the
mapping from genotype to phenotype and then from phenotype to fitness.

2.1 Fitness Distance Correlation

Fitness Distance Correlation (FDC) [11] [10] is a summary statistic that per-
forms a correlation analysis in terms of a known optimum and samples taken
from the search space, predicting whether a GA will be effective for solving
an optimisation problem. Thus, when facing a minimisation (maximisation)
problem, a large positive (negative) correlation indicates that a GA may suc-
cessfully treat the problem or that the problem is straightforward, whereas a
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large negative (positive) value suggests that employing a GA may not be effec-
tive or that the problem is misleading. However, a correlation around zero, i.e.
−0.15 ≤ FDC ≤ 0.15, would suggest that more nuisances, perhaps including
scatter plots analyses, of the fitness versus distance to the optimum should be
done and, in general the problem is categorized as difficult. The formula for
computing the FDC is shown in Equation 2, where n is the number of samples,
fi is the fitness of sample i with distance to the known optimum di, f and SF

are the mean and standard deviation of the fitness values, and d and SD are
the mean and standard deviation of the distances.

FDC =
(1/n)

∑n
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(fi − f)(di − d)

SFSD

f =
1

n

n
∑

i=1
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1
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SF =

√

√

√

√

1

n− 1

n
∑

i=1
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√

√

√

√

1

n− 1

n
∑
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(di − d)2 (2)

A study focused on whether FDC predicts the GA behaviour, and whether
it detects differences in encoding and representation for a number of well-
studied minimisation problems has been given in [11]. When predicting the
GA behaviour, the FDC confirmed that Deb & Goldberg’s 6-bit fully decep-
tive function and Whitley’s 4-bit (F2 and F3) fully deceptive functions are
indeed misleading since the correlation values were 0.30, 0.51 and 0.36 respec-
tively, and the fitnesses tended to increase with the distance from the global
optimum. In addition, FDC also confirmed that problems like Ackley’s One
Max, Two Max, Porcupine and NK landscape problems for K ≤ 3 are easy
since the correlation values resulted in −0.83, −0.55, −0.88 and −0.35 re-
spectively. Nevertheless, the FDC indicated that NK(12,11) landscape, Walsh
polynomials on 32 bits with 32 terms each of order 8, Royal Road functions
R1 and R2, as well as some of the De Jong’s functions like F2(12) are difficult
since the resulting correlation values were close to 0.0. When the differences
in encoding and representation were considered, experiments using Gray and
binary coding led to the conclusions that the superiority depends on the num-
ber of bytes used to encode the numeric values. For instance, De Jong’s F2
with binary coding is likely to make the search easier than with Gray coding
when using 8 bits. In contrast, the correlation value of F12 indicated that
Gray coding works better than binary when using 12 or 24 bits. Despite its
successful application on a wide benchmarking set of problems, FDC is still
not considered to be a very accurate predictor in some other problems. For
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instance, a case where FDC failed as a difficulty predictor has been presented
when studying a GA maximising Ridge functions [20].

In summary, although FDC cannot be expected to be a perfect predictor
of performance, previous work reported in [13] [1] [26] [25] [27] suggests that
it is indeed a good indicator of performance. Our goal is then to assess how
effectively the fitness of an individual correlates to its genotype when using
Minkowski functionals as fitness function for the GA presented in [23].

2.2 Cluster Analysis

One of the characteristics of our problem is non-linearity, i.e. several different
genotypes can encode the same phenotype and hence introduce severe noise
in the FDC analysis. As, ultimately, selection is based on fitness which in turn
depends on the phenotype, studying the phenotype-fitness mapping could shed
light on why the GA worked quite well. For this reason, this section introduces
clustering as a method for analysing the phenotype-fitness relationship in self-
assembly Wang tiles design optimisation.

Cluster analysis or clustering is a technique for grouping objects according
to their similarities [6] [9] [3] [2]. In contrast to classification, clustering is an
unsupervised task in which a set of objects is partitioned in groups, called
clusters, according to their proximities such that those belonging to a cluster
are more similar to each other than objects in a different cluster. A clustering
procedure comprises four basic stages: feature selection or extraction, cluster-
ing algorithm selection, cluster validation and results interpretation.
In the first stage, the features by which the objects will be distinguished are
chosen. This pairwise affinity is then considered to compute a proximity ma-
trix to which a cluster strategy is applied. The resulting partition of the data
is subject to a subsequent testing criteria in order to validate the clustering
process. Finally, a visualization and interpretation over the achieved clusters
closes the procedure with the hope of providing meaningful insights coming
from the original data. The whole inter-relation among these tasks can be seen
as a sequential procedure as detailed and commented in Fig. 4.

Clustering algorithms are classified as hierarchical, partitioning, density-
based partitioning, grid-based, evolutionary methods and so forth in [2] [14] [7].
Although there are slight differences among the proposed taxonomies, many
are the common features associated with them [9]. For instance, according to
their structure and operation, a clustering algorithm is agglomerative if clus-
ters arise from singletons (bottom-up) or divisive if one super cluster is split in
several ones (top-down). The sequential or simultaneous use of object features
in the clustering process also plays an important role as it defines whether
the algorithm is monothetic or polythetic. Additionally, it is also reported
that some methodologies allow objects to belong to a single cluster (hard
classification) or to multiple clusters (fuzzy classification). Besides these three
characterizations, a clustering algorithm can also be deterministic, stochastic,
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Fig. 4 Clustering procedure comprising feature selection, inter-object comparison, cluster-
ing, validation of data partition and results interpretation.

incremental or non-incremental if there are constraints on execution time or
memory affecting the architecture of the algorithm.

The clustering methods appearing in the literature are, mainly, variants of
the hierarchical agglomerative clustering. Among them, the single-link (SLINK),
complete-link (CLINK) or minimum-variance [12] are the best-known where
their differences lay on the way they characterise the similarity between pairs
of clusters. In addition, the UPGMA, Weighted Pair Group Method using
arithmetic Average (WPGMA), the Unweighted Pair Group Method using
Centroids (UPGMC) and the Weighted Pair Group Method using Centroids
(WPGMC) are also broadly employed in many applications [5] [8] [15].

3 Correlating the Self-Assembly Wang Tiles Design

Since different set of tiles may self-assemble in aggregates similar in shape to
the target structure, it is of our interest to study here how effectively the fitness
of an individual correlates to its genotypic distance to a known optimum (see
Fig. 5). In the rest of this section, we carry out FDC analysis in order to study
Minkowski functionals effectiveness as fitness function for the evaluation of the
achieved self-assembled aggregates.



A genotype-phenotype-fitness Protocol for Self-Assembly Wang tiles Design 9

Fig. 5 Diagram of mappings from genotype onto phenotype and from phenotype onto
numerical fitness value, and relationship to the Fitness Distance Correlation.

3.1 Experiments and Results

In order to perform a FDC analysis, we first choose the best individual found
among the four simulation environments. In this case, the best individual be-
longs to the results achieved when using probabilistic criteria and no rotation
simulator. Next, a data set comprising 500 individuals at different Hamming
distances from the best individual is created. In particular, given two individ-
uals Indi and Indj of same length, their Hamming distance H is defined as in
Equation 3.

H(Indi, Indj) =

n
∑

k=1

diff(T i
k, T

j
k )

diff(Ti, Tj) =

3
∑

l=0

cil ⊖ cjl

ca ⊖ cb =

{

1 if ca 6= cb
0 otherwise

ca, cb ∈ Σ (3)

Thus, this 500 individuals data set comprises all the possible chromosomes
at Hamming distance of 1 plus some other randomly generated individuals at
greater distance, all of these systematically generated following the pseudocode
described in Algorithm 1 where DuplicateReplacing(Tk, cl, cnew) duplicates
tile Tk replacing glue type cl with cnew , DuplicateReplacing(Indi, Tk, Tnew)
duplicates individual Indi replacing tile Tk with Tnew, T ileAt(Indi, k) returns
the tile at position k of an individual, and Replace(Tk, cl, cnew) replaces glue
type cl in tile Tk with glue type cnew.
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Algorithm 1 GenerateIndividuals
Require: Ind an individual
Ensure: S a set of individuals
1. for all tiles Tk in Indi do

2. for all glue types cl in Tk do

3. for all glue type cnew ∈ Σ do

4. Tnew ← DuplicateReplacing(Tk, cl, cnew)
5. Indnew ← DuplicateReplacing(Indi, Tk, Tnew)
6. Insert(S, Indnew)
7. end for

8. end for

9. end for

10. while | S |< 500 do

11. Indnew ← Duplicate(randomly chosen Indi ∈ S)
12. n← Random(0, | Indnew |)
13. for all k to n do

14. Tk ← T ileAt(Indnew , k)
15. m← Random(0, 3)
16. for all l to m do

17. cnew ← Random(Σ \ cl)
18. Replace(Tk, cl, cnew)
19. Insert(S, Indnew)
20. end for

21. end for

22. end while

In total, each of the generated individuals was simulated 5 times giving as
a result a group with equal number of final configurations. Thus, a configura-
tion in turn was considered as a target (ConfT ) against which the remaining
configurations of all the groups (Confi) were evaluated on fitness (fi) and on
distance (di) among their associate genotypes (see Equation 4).

di = H(indi, indT )

fi = f(Confi) = Eval(Confi, ConfT ) =
√

(∆A)2 + (∆P)2 + (∆N )2

∆A = max{AT
1 , . . . , A

T
m} −max{Ai

1, . . . , A
i
n}

∆P =
∑m

k=1
PT
k −

∑n

k=1
P i
k

∆N = m− n (4)

Since a configuration comprises a collection of aggregates, a way is needed
to perform an evaluation involving all its aggregations collectively. For this
reason, considering a target configuration ConfT and an arbitrary one Confi
with aggregates {AT

1 , . . . , A
T
m} and {Ai

1, . . . , A
i
n} respectively, Confi will be

evaluated upon ConfT in terms of the difference in areas, perimeters and num-
ber of achieved aggregations as shown in Equation 4. In order to illustrate an
example, Fig. 6 shows both a target configuration ConfT and an arbitrary
configuration Confi, the fitness of which is calculated in terms of areas and
perimeters in Equation 5.
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(ConfT )

(Confi)

Fig. 6 A target configuration (ConfT ) towards which the fitness of an arbitrary configura-
tion (Confi) is calculated in terms of areas and perimeters. Tags AT

j , PT
j and Ai

k
, P i

k
label

area and perimeter values for aggregates in ConfT and Confi configurations respectively.

∆A = max{AT
1 , . . . , A13

T } −max{Ai
1, . . . , A

i
11} = 57− 46 = 11

∆P =
∑13

k=1
PT
k −

∑11

k=1
P i
k = 260− 255 = 5

∆N = m− n = 11− 13 = −2

fi =
√

(∆A)2 + (∆P)2 + (∆N )2 =
√

112 + 52 + (−2)2 = 12.24745 (5)

After performing the calculations, the findings show that the FDC values
range from −0.331444 to 0.281457. Since Equation 4 defines a minimisation,
50.60% of the FDC values indicate that using a GA may not be effective,
44.72% that the problem is difficult to solve and a 4.68% that the GA may
successfully treat the problem (see Fig. 7).
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Fig. 7 Proportion of FDC values falling into difficult, misleading and easy to solve cate-
gories. From the 2500 analyses performed over 500 individuals, only a 4.68% reveals that a
GA may successfully treat the problem.

In particular, visual inspections over scatter plots obtained from the val-
ues captured into the smallest percentage depict good correlation on some
individuals. A representative sample of these is depicted in Fig. 8 but at
http://www.cs.nott.ac.uk/~gzt/fdcminkowski we provide the rest of the
experiments. For each plot, ind ij identifies the j-simulation of individual i,
where j ∈ {a, b, c, d, e} and i ∈ {1, . . . , 500}. Hence, from the sampling of 500
individuals and 2500 simulations subject to FDC analyses, it emerges that
employing Minkowski functionals as fitness function offers a relatively satis-
factory correlation upon the relationship genotype-fitness only for half of the
putative samples.

Contrary to the interpretations given by some of the FDC figures seen in
this section, the results reported in [23] reveal that using Minkowsi functionals
as evaluation method of a GA has positively addressed the self-assembly Wang
tiles design problem. Henceforth, analyses on the phenotype-fitness relation-
ship are expected to shed light on the reasons for which such evolutionary
approach has been effective.
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Fig. 8 Graphics of the resultant scatter plots and correlation coefficients for the self-
assembly Wang tiles model showing that the Minkowski functionals has a relatively sat-
isfactory correlation with the genotype for some of the self-assembly Wang tile families.
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4 Clustering the Self-Assembly Wang Tiles Design

In this section, a clustering procedure will be applied at phenotype level with
the hope of obtaining a better insight and of verifying the phenotype-fitness
relationship (see Fig. 9). For this to be effective, the cluster analysis is con-
sidered over the final configurations obtained by the individuals created with
the algorithm of Section 3.1 and from where the resulting findings of this
methodology will be used as a complementary assessment of the Minkowski
functionals as fitness function.

Fig. 9 Diagram of mappings from genotype onto phenotype and from phenotype onto
numerical fitness value, and relationship to clustering analysis.

4.1 Experiments and Results

In order to perform the clustering experiments, the whole set of final config-
urations obtained from the self-assembly Wang tile simulations performed in
Section 3.1 is employed. As these configurations comprise the actual cluster-
ing input data, the feature selection by which the objects are expected to be
distinguished is the number of aggregates, their perimeters and the biggest
aggregate area. Thereby, the measure of affinity between each pair of config-
urations (Confi, Confj) is computed in terms of the evaluation function (see
Equation 4) and stored in the similarity matrix Ms defined in Equation 6.

Ms[i, j] =

{

Eval(Confi, Confj) if i 6= j
0 otherwise

Ms is a proximity matrix s.t. Ms[i, j] = Ms[j, i]

Confi, Confj are final configurations

1 ≤ i, j ≤ 2500 (6)
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Although a number of different clustering methods and representations are
available, the unweighted pair-group method using arithmetic average (UP-
GMA) [4] has been chosen along with a logarithm dendogram representation
to visualize and interpret the data partition. The pseudocode for the cluster-
ing algorithm UPGMA is outlined in Algorithm 2 where MergeRows joins
the content of row i and row j, MergeColumns joins the content of column i
and column j and MakeNode associates i and j in a node that InsertNode
will add to the hierarchical structure T .

Algorithm 2 MakeCluster
Require: Ms a proximity symmetric matrix
Ensure: T a hierarchical structure
1. while dimension(Ms) ≥ 3× 3 do

2. for all i, j such that i 6= j do

3. minimum← min(Ms[i, j],Minimum)
4. end for

5. MergeRows(Ms, i, j)
6. MergeColumns(Ms, i, j)
7. Ms[k, ij]← avg(Ms [k, i],Ms[k, j])
8. Ms[ij, k]← avg(Ms [i, k],Ms[j, k])
9. node←MakeNode(i, j)
10. InsertNode(T, node,minimum)
11. end while

Thus, the resultant data partition showing eight clusters labelled as A,
B, C, D, E, F, G and H is depicted in Fig. 10. By sampling representative
configurations from each of these clusters, it is possible to observe that the
data has been well partitioned since the distribution and morphology of the
aggregations is mostly similar in each of the clusters.

On the one hand, by analysing the partitions located at the top part of the
dendogram, the configurations of cluster H reveal scattered tiles with no or
very few small aggregates like those appearing in the snapshot of Fig. 11 (a).
Conversely, representatives of cluster G reveal large-size aggregates with very
few unassembled tiles as in the configuration depicted in Fig. 11 (b). Close
to these two types of partitions, the configurations of cluster F have achieved
assemblies which are either large in size and merged with some small others
as shown in Fig. 11 (c), or medium-size aggregates combined with few others
of minor area as shown in the configuration in Fig. 11 (d).

On the other hand, from an analysis of some representatives belonging to
the bottom right partitions labelled asA andB, it is evident that the morphol-
ogy of the aggregates is contrary to the ones described before. For instance, the
configurations observed in A comprise either aggregates with dendritic shape
along with scattered tiles as shown in Fig. 12 (a), or small strips also sharing
the lattice with few unconnected tiles as depicted in Fig. 12 (b). Similarly, the
aggregations found in cluster B also comprise small rectangular aggregates
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although mixed with T-shaped and L-shaped structures in most of the cases
as appears in configurations of Fig. 12 (c) and Fig. 12 (d).

Fig. 10 Illustration of the logarithmic cluster tree for self-assembly Wang tiles configura-
tions, individuals of which were obtained with Algorithm 1.

The three partitions located at the central part of the dendogram seem to
represent a transition between the two analyses done above. For instance, the
configurations belonging to cluster D mostly show medium-size strips together
with a vast number of scattered tiles distributed across the lattice as it is shown
in Fig. 13 (a) and Fig. 13 (b). Configurations with similar morphology and
a reduced number of scattered tiles are among those observed in cluster E

(see Fig. 13 (c)). Moreover, the same partition also includes some other type
of configurations where aggregates are usually large and, in many cases, sur-
rounded by scattered tiles (see Fig. 13 (d)). Finally, the occurrence of large-
and medium-size aggregates combined with scattered tiles is the common fea-
ture that identifies the configurations observed in partition C (see Fig. 14).
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(a) (b)

(c) (d)

Fig. 11 Representatives of three clusters: (a) Scattered tiles and small size aggregates
characterise partition H; (b) large aggregates feature partition G; (c-d) large and small size
aggregates as well as medium and small size aggregates characterise partition F.

(a) (b)

(c) (d)

Fig. 12 Representatives of two clusters: (a-b) dendritic aggregates along with scattered tiles
and small strips with few unconnected tiles characterise partition A; (c-d) the appearance
of T-shaped and L-shaped structures characterise partition B.
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(a) (b)

(c) (d)

Fig. 13 Representatives of two clusters: (a-b) medium strips surrounded by a vast number of
scattered tiles distributed across the lattice identify partition D; (c-d) a number of scattered
tiles approaching to nil and some big aggregates characterise partition E.

(a) (b)

Fig. 14 Two representatives configurations of partition C showing large- and medium-size
aggregates combined with unassembled tiles distributed across the lattice.

To summarise, the findings achieved after applying cluster analyses over
the 2500 final configurations, i.e. product of simulating 500 individuals, come
to support the view that there is in fact an acceptably high correlation be-
tween the phenotypes and their fitness values. In other words, these findings
verify that Minkowski functionals can effectively differentiate between dissim-
ilar phenotypes and classify similar ones for the purpose of selection.
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5 Summary

As a general conclusion, the combination of FDC plus cluster analysis indi-
cates that the use of Minkowski functionals is amenable for the evolutionary
design optimisation of self-assembly Wang tiles. On the one hand, the results
obtained with the morphological image analyses supports the use of Minkowski
functionals as fitness function, although only 5% of the FDC analysis applied
to the systematically obtained individuals has revealed that the use of GA
may successfully solve the problem. On the other hand, the cluster analyses
have accurately classified the configurations according to their morphologi-
cal features, supporting the way in which the fitness function evaluates the
self-assembled aggregates.

Hence, the application of our dual methodology, shown along Section 3
and Section 4, reveals that employing a fitness function in terms of Minkowski
functionals for the evolutionary design optimisation of self-assembly Wang
tiles results in a complex mechanism of evaluation where, although its success
as phenotype evaluator seems to be appropriate, a different type of analysis
is needed for an assessment of how effectively an individual correlates to its
genotypic distance to a known optimum.

Considering the results presented here, we can conclude that employing the
combination clustering and FDC is a dual assessment that reveals an accurate
indication of the quality of the encoding, i.e. genotype, its mapping to phe-
notype and Minkowski functionals as fitness function. Therefore, the applica-
tion of this methodology before starting long and expensive evolutionary runs
should be considered in any problem where the genotype-phenotype-fitness
mapping is complex, stochastic, many-to-many and computationally expen-
sive. Thus, this protocol analysis is a contribution of general interest beyond
automated self-assembly design.

6 Conclusions and Future Work

This paper has presented a dual assessment protocol to study the effective-
ness of a GA employed as method for the design optimisation of self-assembly
Wang tiles. Such is the complexity of the genotype-phenotype-fitness mapping,
that FDC cannot, alone, be guaranteed to give a completely accurate picture.
Indeed, the objective function itself is also only an approximation of two indi-
viduals’ phenotypic similarity. For these reasons, relying on only FDC or only
clustering to validate complex problems would not be adequate. It is for this
reason that we combined both methods with the aim to show whether a given
fitness function is a suitable evaluation mechanism for the evolutionary design
problem addressed in [23].

Overall, we have contributed with a complementary dual assessment for
validating complex, stochastic, non-linear genotype-phetontype-fitness rela-
tionships. The proposed methodology combines FDC and clustering valida-
tion techniques, the results of which revealed that Minkowski functionals are
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suitable fitness functions for the evaluation of self-assembled structures. In ad-
dition, these indicators have contributed with a more general result which is a
method for assessing the quality of the encoding and the accuracy of its map-
ping to phenotype in evolutionary systems where genotype-phenotype-fitness
is an intricate relationship.

Self-assembly can be seen as an information-driven process and hence be
better exploited by directly linking it to computation. Taken as an operational
hypothesis this assumption implies that desired emergent phenomena could in
principle be programmed into self-assembling nanosystems. Thus, we are cur-
rently focused on employing self-assembly Wang tiles model for the design and
exploitation of molecular self-assembly, in particular porphyrins-based nan-
otiles. Porphyrins are suitable molecules since they have four fold symmetry,
could be synthesized with different functional groups, and are planars, ideal
for surface deposition on solid substrates see Fig. 15. In this way, given a set
of self-assembly Wang tiles that self-assemble into specific patterns, our goal
is to manufacture porphyrin molecules which would be able to self-assemble
into similar structures by exploiting preferential intermolecular values.

Fig. 15 Design and exploitation of porphyrins-based nanotiles. Sself-assembly Wang tiles
that create aggregates are seen as blueprints for the manufacture of functionalised por-
phyrins. These molecules would then be deposited on a solid substrate where intermolecular
binding strengths give origin to porphyrins self-assembly.
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