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Abstract—Porphyrins are molecular units with fourfold sym-
metry and suitable for solid substrate deposition. The chemical
structure of a porphyrin molecule reveals four structural units
which can be synthesised with different substituent functional
groups. The adequate selection of functional groups plays a
central role in defining the correct intermolecular bindings that
lead to a precisely tuned spatial self-assembled pattern. In this
paper we explore the state-space of self-assembled programmable
patterns. This is done by modelling the porphyrins molecular
units using a kinetic Monte Carlo approach. Furthermore we
analyse our simulations by both deriving discrete computational
automata and in terms of algorithmic information content.

I. I NTRODUCTION

Self-assembly is a natural phenomenon observed at all
scales where autonomous entities build complex structures
without external influences or centralised control. Research
and practise of self-assembly systems often encounters three
key problems (a) the “prediction problem” that tries to an-
ticipate the final product of a self-assembly process for a
set of entities under given environmental conditions and the
natural laws prevalent at the scale these operate, (b) the
“programmability problem” which addresses how the entities
(and their environment) should be designed in such a way
that the final outcome of the self-assembly process is a specific
pre-ordained one, and (c) the “yield problem” which relatesto
production and control of the intended self-assembled objects
expected from a particular self-assembling system [1, 2].

Spatial computing metaphors based on multi-agents systems
have already been exploited for the automatic development of
problem-specific heuristics for solving combinatorial optimisa-
tion problems [3]. In fact, earlier ideas on automated program
constructions are reported in [4] where the Automated Self-
Assembly Programming Paradigm (ASAP2) is introduced as
a self-assembly model for unconventional spatial computing.
ASAP2 is defined in terms of gas molecules within a 3-
dimensional volume embodying portions of software sam-
pled from man-made programs that interact with one another
subject to different values of temperature, pressure, “binding
sites” compatibility, etc. giving rise to a variety of emergent
programs architectures.

Closer to the molecular domains related to our investiga-
tions, we observe that linking self-assembly and computa-
tion provides a powerful new approach to addressing pro-
found questions about the controllability of complex physico-
chemical nano systems. We could ask, for example [5–8]what
are the least complex molecular tiling ‘motifs’ which may be
exploited in the programming of self-assembly 2D lattices with
specific geometries?It is important to remark that the idea is to
use computation in such a way as to program nano entities so
they self-assemble, with exquisite detail, into specific patterns.
That is, computation embedded designs allows for an enhanced
control of the self-assembling entities. This approach hasbeen
successfully employed with DNA tiles [9, 10] and here we
aim at studying non-DNA tiles since they are both smaller
and work in different environment. The connection between
self-assembly and computation is the subject of our work.

In the present work, we investigate the “prediction” and
“programmability” problem for non-DNA molecular self-
assembly. By a detailed kinetic Monte Carlo simulation we
explore the range of spatial patterns that can, in principle,
be obtained with porphyrin “tiles”. We then investigate “pro-
grammability” by analysing the algorithm information content
and discrete computational structures embedded within the
observed spatial patterns.

II. PORPHYRIN-TILES K INETIC MONTE CARLO SYSTEM

This section presents a succinct description of the kinetic
Monte Carlo model we have developed [11] for the simulation
of porphyrin molecules spatial self-assembly.

A. Entities of the System

Porphyrins are molecules with a predominant bi-
dimensional structure (the third structure is much smallerand
hence can be ignored), fourfold symmetry and a chemical
structure comprising four structural units which can be
synthesised with substituent functional to obtain different
intermolecular bindings such as hydrogen bonding and van der
Waals forces. We have currently synthesise porphyrins with
iodine, carboxylic acid, pyridine, bromine and nitro functional



groups; in particular, the dimension of a porphyrin is2.89nm2

whereas DNA-tiles are12.6nm wide [9]. We choose Wang
tiles [12] as abstract model of porphyrins since these are
two-dimensional squares with labelled edges and undergo
tile-to-tile interactions. Moreover, these have been usedbefore
to model DNA tiles in [9]. Thus, Wang tiles have a natural
morphological correspondence to functionalised porphyrin
molecules. We refer to such embodiment asporphyrin-tile
which could be defined as eitheriso-functionalisedwhen its
four sides are set with the same functional group and as
hetero-functionalisedwhen its four sides are set with different
functional groups. Fig. 1 depicts the model correspondence
and structural parts of an hetero-functionalised porphyrin
molecule.

Fig. 1. A functionalised porphyrin molecule with structural units set with
nitrogen and iodine embodies a Wang tile, the labels of whichcorrespond to
different functional groups. The Wang tile abstracts and models the dinitro-
diiodo porphyrin, while the latter is a physical instantiation of the Wang tile.

B. Interaction Methods and Environment

The substrate where molecules are deposited and interact
with one another forming supra molecular aggregates is mod-
elled as a two-dimensional square site lattice. Such lattice is
set with periodic boundary conditions where each position is
occupied by only one porphyrin-tile at a time. The neighbour-
hood of a porphyrin-tile is von Neumann type and energy
interactions among neighbouring molecules are at the core
of the system dynamics for capturingdeposition, motionand
rotation of a molecule on substrate. In particular, deposition
models the arrival of a molecule onto an empty position of
the substrate. Motion models the translation of a molecule to
one of its four neighbouring empty positions on the substrate
by considering three cases: the diffusion of a molecule across
the lattice without interacting with neighbouring molecules as
shown in Fig. 2 (b), diffusion along an aggregate as depicted
in Fig. 2 (c) or departure of a molecule from an aggregate
as illustrated in Fig. 2 (d). Rotation models spinning of a
molecule on its centre of mass, i.e. the±90 degrees gyration
of a porphyrin-tile on its geometrical midpoint.

The Monte Carlo family of methods are generally good
when a coarse grained modelling of molecular entities and
a fast approximation of the overall behaviour of a physico-
chemical nano system is needed [13–18]. We have then
designed and developed aporphyrin-tiles kinetic Monte Carlo

(a) (b)

(c) (d)

Fig. 2. Symbolic examples of a molecule hop from position(i, j) to
position(i, j +1) together with its neighbouring positions (a), diffusion ofa
molecule across the lattice without interacting with neighbouring molecules
(b), diffusion of a molecule along an aggregate (c) and departure of a molecule
from an aggregate (d).

(kMC) [11] in which a list with the possible transitions of
the system, i.e. deposition, motion and rotation of a porphyrin
molecule together with their correspondent rates is compiled
for each time step. Depositions take place at a constant
deposition rate (RDep) whereas diffusions and rotations are
performed according to a diffusion rate (rijkl) calculated as:

rijkl = exp(
−Eijkl

TT 0
) (1)

whereEijkl is the activation energy a molecule needs to jump
from position (i, j) to position (k, l) and TT 0 is a fixed
parameter capturing the temperature of the system and the
Boltzmann constant. TheEijkl is calculated in terms of the
sum of intermolecular bindings of a molecule and its binding
with the substrate. Once the list of all possible transitions
of the system and their rates is compiled, a Monte Carlo
selection process follows in which the transition with the best
weighted choice is performed. The chance of a transition is
given according to the value of its associated rate linked to
the activation energy, i.e. the more neighbouring molecules,
the smaller the chance for a porphyrin-tile to diffuse or rotate.
After a transition is performed, the list is updated and the
process repeats for a fixed number of time steps.

III. E XPERIMENTS IN-SILICO

In the experiments presented in this section we systemati-
cally program porphyrin-tiles with different functional groups
in order to see how different configurations impact on the
resulting self-assembled patterns. We consider two types of in-
dependent settings for the kMC multi-agent system described
in Section II.

A. Two Porphyrin-tiles Species

Across this set of experiments, the porphyrin-tiles kMC was
configured with a lattice of256×256 positions,Er = 1.3 eV ,
TT 0 = 28×10−3, RDep = 5×10−5, a maximum coverage of
25%, a given binding energy between molecule and substrate
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Fig. 3. Some of the many self-assembled complex spatial patterns achieved with two species of iso-functionalised porphyrin-tiles. A wide variety is observed
in terms of shape, topological characteristics, dimensionand internal structure.

(Es), and two species of iso-functionalised porphyrin-tiles as
shown in Fig. 4 (a). Since these species are systematically
programmed with different functional groups, intermolecular
binding among their instances takes place either between
identical functional groups (e.g.E11 in Fig. 4 (b)) or between
different functional groups (E12 in Fig. 4 (d)). Although
porphyrin-tiles programmability is achieved in the lab by
changing the associated functional groups, in the model this
is done by setting different values toE11, E22 andE12.

(a) (b) (c)

Fig. 4. The two iso-functionalised porphyrin-tile specieswith functional
groups labelled as1 and2 (a). Intermolecular binding takes place throughout
adjacent functional groups, in this case between identicalfunctional groups
(E11 or E22) or between different functional groups (E12) (b-c).

With these two porphyrin-tile species we then consider
two sets of experiments. The first one involves functional
groups for which the intermolecular bindings are always
positive. Therefore, all the possible combinations among
E11, E22, E12 and Es were systematically tried: the first
three energies taking values from[0.1 eV, 0.2 eV, . . . , 1.0 eV ]
with the latter taking values from[0.5 eV, 0.6 eV, . . . , 1.0 eV ].
The second set of experiments is designed to explore
the impact of repulsive forces between different functional
groups. Thus, all the possible combinations amongE11,
E22, E12 and Es were systematically tried: the first two
taking values from [0.1 eV, 0.2 eV, . . . , 1.0 eV ], the third
from [−0.1 eV,−0.2 eV, . . . ,−1.0 eV ] and the latter from
[0.5 eV, 0.6 eV, . . . , 1.0 eV ].

B. Six Porphyrin-tiles Species

Across this set of experiments, the porphyrin-tiles kMC was
configured with a lattice of64 × 64 positions,Er = 1.3 eV ,
TT 0 = 28×10−3, RDep = 5×10−5, a maximum coverage of
25%, a given binding energy between molecule and substrate
(Es), and six species comprising two iso-functionalised and
four hetero-functionalised porphyrin-tiles as shown in Fig. 5.

Fig. 5. The six porphyrin-tiles species comprising two iso-functionalised
porphyrin-tiles and four hetero-functionalised porphyrin-tiles with functional
groups labelled as1 and2.

The experiments involving these six porphyrin-tile species
consider functional groups for which the intermolecular bind-
ings are always positive. Therefore, all the possible combina-
tions amongE11, E22, E12 andEs were systematically tried:
the first two taking values from[0.1 eV, 0.2 eV, . . . , 0.5 eV ],
E12 from [0.1 eV, 0.2 eV, . . . , 0.5 eV ], with the latter taking
values from[0.5 eV, 0.6 eV, 0.7 eV ].

IV. RESULTS

For each experimental configuration, our kMC initially con-
sidered deposition, motion or rotation until maximum coverage
is achieved. Then, only motion or rotation took place for200
× RDep × lattice positions time steps. Once finished, the final
arrangement of the porphyrin-tiles on the lattice was captured
into an image. A summary of the input parameters and
their range together with the resulting images of experiments
conducted with the two porphyrin-tile species and the six
porphyrin-tile species are respectively collected in Table 1 and
Table 2 of http://www.cs.nott.ac.uk/∼gzt/sipndbmsa.

http://www.cs.nott.ac.uk/~gzt/sipndbmsa


A. Two Porphyrin-tiles Species

The symmetry of the underlying lattice and range of values
explored by all possible combinations ofEs, E11, E22, E12

suffice to produce wide variety of self-assembly patterns in
terms of shape, dimension and internal structure (see samples
depicted in Fig. 3). This fact is related to the role played by
each of the four variable parameters of the system. As reported
in [11], the principal role ofEs is to determine the number of
resulting aggregates across the lattice.E12 exerts influence on
the segregation between species within aggregates and alsoon
the geometrical diversity of the structures. Different combina-
tions of E11 andE22 are linked to morphological aspects as
well as to internal structural features. More importantly,we are
interested in understanding the programmability of this system
and thus explore next which discrete computational processing
determine specific spatial self-assembled patterns.

We show next cases in which specifically programmed
porphyrin-tile species gave rise to particular self-assembled
structures via embedding discrete processes of computation
order, some of which linked to simple finite automata theory.

Fig. 6. Self-assembled aggregates formed withEs=0.5, E11=1.0, E22=0.2
andE12=0.2. Instances of one species form backbones (red structures) whilst
instances of the other self-assemble within (blue patches)those backbones.

Fig. 7. Self-assembled aggregates formed withEs=0.6, E11=0.4, E22=0.2
andE12=0.1. The physical limits on blue porphyrin-tiles self-assembly are
controlled by the edges of the red backbone. That is, blue porphyrin-tiles act
as counters the positions of which are “seeded” via red porphyrin-tiles.

Instances of aggregates embedding discrete process of com-
putation are shown in Figs. 6 and 7. The internal structures of
these reveal that it is possible to program two porphyrin-tiles
species in such a way that instances of one spontaneously
form backbones (see red structures) whilst instances of the
other self-assemble within (see blue patches) those backbones.
In particular, the emerging backbone not only encloses very
well defined areas but also directs up to which physical
extent supplies of blue porphyrin-tiles will self-assemble. A

similar result has been defined ascounter in [19, 20] where
a self-assembled two-dimensional structure of heightN=2K

systematically emerge from a user defined structure (seed)
of width K by means of repeated accretion of hand-tailored
tiles. Our results indicate that while these DNA-tiles might
be hard to hand craft [19, 20] they are readily designable in
a simulated porphyrin based molecular setting. Remarkably,
these porphyrin-tiles self-assemble with such a precisionand
control that the structure they form never goes beyond the
edges of the longest of the surrounding backbones.

Fig. 8. Self-assembled aggregate formed withEs=0.5, E11=0.1, E22=0.1
andE12=0.4. A systematic order (checkers pattern) within an irregularshape
springs out from specifically programmed red and blue porphyrin-tiles self-
assembly.

An example of internally highly ordered self-assembled
structures is shown in Fig. 8. In this case, there is a specific
arrangement among instances of two porphyrin-tile species
from where a checkers board pattern (visualised in Fig. 8 inset)
springs out as a spontaneous result of self-assembly. This is
an interesting example of a globally complex (i.e. dendritic)
shape with a locally simple organisational pattern. Seen as
a consecutive collection of diagonally-oriented red and blue
stripes, leads to a finite state machine like the one illustrated
in Fig. 9. This is the simplest probabilistic automaton defined
in terms of two states each of which writing a diagonal of
different symbols one after another, i.e. red symbols in state
q1 and blue symbols in stateq2, with an associated small error
probabilityε to write red instead of blue or vice versa, and with
λ transitions to change between states when a new diagonal
begins. One could define an automata by scanning column-
wise or row-wise instead of diagonally. But that results in a
more complex automata.

Fig. 9. The simplest two-states probabilistic automaton that generates the
alternating diagonal stripes of blue and red symbols observed in Fig. 8 and
Fig. 10 (b), error valueε is the probability of mistaking the symbol whereas
λ transitions change between states when a new diagonal begins.

Considering ordered or disordered arrangement among
porphyrin-tiles as a micro level feature and the shape of the
associated aggregate as a macro level feature, it results that it
is possible to program the spatial interaction among porphyrin-
tiles in order to obtain different order/disorder combinations
for the local/global scales. For instance, different porphyrin-
tiles in Fig. 8 and Fig. 10 (a) achieved a structure with ordered



arrangements within a regular and irregular shape respectively.
On the other hand, porphyrin-tiles in Fig. 10 (b - c) self-
assembled into disordered arrangements within irregular and
regular shapes.

(a) (b) (c) (d)

Fig. 10. Differently programmed porphyrin-tile lead to irregular assemblies
with ordered internal structure (a), regular assemblies with ordered internal
structure (b), irregular aggregates with disordered internal structure (c) or
regular aggregates with disordered internal structure (d).

Similar analyses can be done to the simulation results ran
with negative input parameter values for which other automata
can be derived.

B. Six Porphyrin-tiles Species

In this section we explore results with a more complex set
of programmable porphyrins. The self-assembled aggregates
obtained with the six species of porphyrin-tiles reveal that
their topological diversity is mostly ruled byEs and E12.
In particular, it is observed a certain degree of structure
complexity and global order (disorder) across simulation
results associated to high (low) values ofE12 for a givenEs.
Thus, one could ask:

Is it possible to measure and characterise the algorithmic
complexity observed across the final self-assembled complex
patterns ?

In order to answer this question, we apply a Kolmogorov
complexity-based technique to assess the simulation results
in terms of algorithmic information content as this proved to
be an effective approach for characterising and quantifying
emergent behaviour in complex systems [11, 21, 22]. The
Kolmogorov complexity of an object is defined as the size of
the shortest computer program that could generate a complete
description of the object [23]. Since the Kolmogorov com-
plexity is an uncomputable function, existing approximations
make use of lossless compression algorithms. Thus, if it is a
highly compressed object, then it has high regularities andif
it is a less compressed object, then it has low regularities.

Across all simulation results achieved with the six speciesof
porphyrin-tiles, the most significant variety regarding topology
of self-assembled aggregates is observed across experiments
ran with combinations ofEs=0.5, E11,E22∈[0.1, . . . , 0.5],
E12∈[0.1, . . . , 0.5]. Since the most remarkable contrast is
found between subsets obtained withE12=0.1 andE12=0.5,
we decided to exploreE11,E22 with higher resolution
aiming at a more comprehensive and insightful complex-
ity analysis. Therefore, extra simulations were ran with

combinations ofEs=0.5, E11,E22∈[0.125, 0.150 . . . , 0.475],
E12∈{0.1, 0.5}. All results are collected in Table 3 of
http://www.cs.nott.ac.uk/∼gzt/sipndbmsa. We applied Portable
Network Graphics (PNG) data compression algorithm to the
images, the size of the compressed images (K) is an approx-
imation in bits of their associated Kolmogorov complexity.
Our findings reveal that low values ofK link to simulation
results containing assemblies like the one depicted in Fig.11
(a), i.e. big aggregates, whereas high values ofK relate to
simulation results presenting small assemblies with porphyrin-
tiles scattered across the lattice as shown in Fig. 11 (d).

(a) (b)

(c) (d)

Fig. 11. Self-assembled complex patterns samples achievedwith six species
of porphyrin-tiles.K values (Kolmogorov complexity) increase from (a) to
(d).

All calculated K values are collected in Fig. 12. For
E12=0.1 (Fig. 12 (top)), low intermolecular bindings between
identical functional groups (E11 or E22) give place to weak
spatial interactions making self-assembly difficult and, conse-
quently, a highly disordered final configuration (e.g. Fig. 11
(d)) is produced. Values ofK quickly drop from1665 bits
to 966 bits asE11 or E22 increase and bigger self-assembled
aggregates are formed with more ordered final configurations
(e.g. Fig. 11 (a)).

On the other hand, simulations ran withE12=0.5 generate
a more homogeneous map of Kolmogorov complexity in Fig.
12 (bottom). The reason behind is that strong intermolecu-
lar bindings between different functional groups are better
exploited in the presence of weak intermolecular bindings
between identical functional groups, thus different species
have a high chance to self-assemble (e.g. Fig. 11 (a)). Values of
K slightly change from1240 bits to 1089 bits asE11 or E22

increase revealing no significant contribution to the overall
topology of the self-assembled aggregates and, moreover, a
conservation of order across associated final configurations.

http://www.cs.nott.ac.uk/~gzt/sipndbmsa
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Fig. 12. K values for simulation results ran withEs=0.5, E11,E22 ∈

[0.1, 0.125, . . . , 0.5] and E12=0.1 (top) or E12=0.5 (bottom). Plots are
shown symmetric overE11 andE22 for illustration purposes.

V. CONCLUSION

In this work we have presented a spatial computing ap-
proach to modelling dynamics of a particular physico-chemical
nano system based on porphyrin tiles which are smaller than
DNA tiles and can operate in different environments. We
have studied the resulting self-assembled complex patterns
from two different perspectives. First, we focused on the
internal structure of aggregates obtained with two species
of iso-functionalised porphyrin-tiles. In this case, we have
demonstrated that it is possible to observe discrete processes
of computation driving the self-assembly among specifically
programmed porphyrin-tiles. In addition, we have also shown
that differently programmed porphyrin-tiles are able to arrange
themselves into a highly ordered structure from disordered
random initial conditions by linking self-assembly process
with discrete computational steps performed by a probabilis-
tic finite automata. Second, we measured the Kolgomorov
complexity of simulation results obtained with six speciesof
porphyrin-tiles. This has contributed not only with a high level
characterisation of the aggregates associated to the operating
intermolecular bindings, but also with a general description of
the degree of order observed within the system.
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