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Pretty-printing

𝖺𝖽𝖽 (𝗆𝗎𝗅 1 2) (𝗆𝗎𝗅 3 (𝖺𝖽𝖽 4 5))

⇓

1 * 2 + 3 * (4 + 5) 1 * 2 +
3 * (4 + 5)



Classical pretty-printing combinators
Implemented by user:

𝑝𝑟𝑒𝑡𝑡𝑦 ∶ 𝐴 � 𝐷𝑜𝑐

Combinator interface:

𝐷𝑜𝑐 ∶ 𝑆𝑒𝑡
𝑟𝑒𝑛𝑑𝑒𝑟 ∶ ℕ � 𝐷𝑜𝑐 � 𝑆𝑡𝑟𝑖𝑛𝑔
𝗍𝖾𝗑𝗍 ∶ 𝑆𝑡𝑟𝑖𝑛𝑔 � 𝐷𝑜𝑐
3 ∶ 𝐷𝑜𝑐 � 𝐷𝑜𝑐 � 𝐷𝑜𝑐

𝗅𝗂𝗇𝖾 ∶ 𝐷𝑜𝑐
⋮



Correctness

Assume that we have a parser:

𝑝𝑎𝑟𝑠𝑒 ∶ 𝑆𝑡𝑟𝑖𝑛𝑔 � 𝐿𝑖𝑠𝑡 𝐴

Round-tripping property:

∀ 𝑤 𝑥 � 𝑥 ∈ 𝑝𝑎𝑟𝑠𝑒 (𝑟𝑒𝑛𝑑𝑒𝑟 𝑤 (𝑝𝑟𝑒𝑡𝑡𝑦 𝑥))

How can this property be proved?



This work

I use types to ensure that the
round-tripping property holds
by construction.



Documents

Before:

𝐷𝑜𝑐 ∶ 𝑆𝑒𝑡

Now:

𝐺𝑟𝑎𝑚𝑚𝑎𝑟 ∶ 𝑆𝑒𝑡 � 𝑆𝑒𝑡
𝐷𝑜𝑐 ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐴 � 𝐴 � 𝑆𝑒𝑡



Grammars

Relational semantics for grammars:

∈ · ∶ 𝐴 � 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐴 � 𝑆𝑡𝑟𝑖𝑛𝑔 � 𝑆𝑒𝑡

𝑥 ∈ 𝑔 · 𝑠 means that the string 𝑠 and value 𝑥
are generated by 𝑔.



Pretty-printers

Before:

𝑝𝑟𝑒𝑡𝑡𝑦 ∶ 𝐴 � 𝐷𝑜𝑐

Now:

𝑔 ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐴
𝑝𝑟𝑒𝑡𝑡𝑦 ∶ (𝑥 ∶ 𝐴) � 𝐷𝑜𝑐 𝑔 𝑥



Renderers
Before:

𝑟𝑒𝑛𝑑𝑒𝑟 ∶ ℕ � 𝐷𝑜𝑐 � 𝑆𝑡𝑟𝑖𝑛𝑔

Now:

𝑟𝑒𝑛𝑑𝑒𝑟 ∶ ℕ � 𝐷𝑜𝑐 𝑔 𝑥 � 𝑆𝑡𝑟𝑖𝑛𝑔
𝑝𝑎𝑟𝑠𝑎𝑏𝑙𝑒 ∶ ∀ 𝑤 (𝑑 ∶ 𝐷𝑜𝑐 𝑔 𝑥) �

𝑥 ∈ 𝑔 · 𝑟𝑒𝑛𝑑𝑒𝑟 𝑤 𝑑

Correctness (by construction):

∀ 𝑤 𝑥 � 𝑥 ∈ 𝑔 · 𝑟𝑒𝑛𝑑𝑒𝑟 𝑤 (𝑝𝑟𝑒𝑡𝑡𝑦 𝑥)

No guarantee of “prettiness”.



Overview

In talk:
▶ Grammars.
▶ Documents.
▶ Simple examples.

Not in talk:
▶ Renderer (based on Wadler’s).



Grammars

For simplicity: regular expressions.

𝐝𝐚𝐭𝐚 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 ∶ 𝑆𝑒𝑡 � 𝑆𝑒𝑡1 𝐰𝐡𝐞𝐫𝐞
∅ ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐴
𝜀 ∶ 𝐴 � 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐴
𝖼𝗁𝖺𝗋 ∶ 𝐶ℎ𝑎𝑟 � 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐶ℎ𝑎𝑟
⊛ ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 (𝐴 � 𝐵) � 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐴 �

𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐵
∣ ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐴 � 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐴 �

𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐴
⋆ ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐴 � 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 (𝐿𝑖𝑠𝑡 𝐴)



Semantics of grammars

𝑥 ∈ 𝜀 𝑥 · [ ] 𝑐 ∈ 𝖼𝗁𝖺𝗋 𝑐 · [𝑐 ]

𝑓 ∈ 𝑔1 · 𝑠1 𝑥 ∈ 𝑔2 · 𝑠2
𝑓 𝑥 ∈ 𝑔1 ⊛ 𝑔2 · 𝑠1 ++ 𝑠2

𝑥 ∈ 𝑔1 · 𝑠
𝑥 ∈ 𝑔1 ∣ 𝑔2 · 𝑠

𝑥 ∈ 𝑔2 · 𝑠
𝑥 ∈ 𝑔1 ∣ 𝑔2 · 𝑠

𝑥𝑠 ∈ 𝜀 [ ] ∣ 𝜀 ∷ ⊛ 𝑔 ⊛ 𝑔 ⋆ · 𝑠
𝑥𝑠 ∈ 𝑔 ⋆ · 𝑠



Semantics of grammars

𝑥 ∈ 𝜀 𝑥 · [ ] 𝑐 ∈ 𝖼𝗁𝖺𝗋 𝑐 · [𝑐 ]

𝑓 ∈ 𝑔1 · 𝑠1 𝑥 ∈ 𝑔2 · 𝑠2
𝑓 𝑥 ∈ 𝑔1 ⊛ 𝑔2 · 𝑠1 ++ 𝑠2

𝑥 ∈ 𝑔1 · 𝑠
𝑥 ∈ 𝑔1 ∣ 𝑔2 · 𝑠

𝑥 ∈ 𝑔2 · 𝑠
𝑥 ∈ 𝑔1 ∣ 𝑔2 · 𝑠

[ ] ∈ 𝑔 ⋆ · [ ]
𝑥 ∈ 𝑔 · 𝑠1 𝑥𝑠 ∈ 𝑔 ⋆ · 𝑠2

𝑥 ∷ 𝑥𝑠 ∈ 𝑔 ⋆ · 𝑠1 ++ 𝑠2



Some grammar combinators

<⊛ ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐴 � 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐵 �
𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐴

𝑔1 <⊛ 𝑔2 = 𝜀 (𝜆 𝑥 � 𝑥) ⊛ 𝑔1 ⊛ 𝑔2

+ ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐴 � 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 (𝐿𝑖𝑠𝑡 𝐴)
𝑔 + = 𝜀 ∷ ⊛ 𝑔 ⊛ 𝑔 ⋆



Some grammar combinators

𝑤ℎ𝑖𝑡𝑒𝑠𝑝𝑎𝑐𝑒 ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐶ℎ𝑎𝑟
𝑤ℎ𝑖𝑡𝑒𝑠𝑝𝑎𝑐𝑒 = 𝖼𝗁𝖺𝗋 ' ' ∣ 𝖼𝗁𝖺𝗋 '\n'

𝑠𝑡𝑟𝑖𝑛𝑔 ∶ 𝑆𝑡𝑟𝑖𝑛𝑔 � 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝑆𝑡𝑟𝑖𝑛𝑔
𝑠𝑡𝑟𝑖𝑛𝑔 [ ] = 𝜀 [ ]
𝑠𝑡𝑟𝑖𝑛𝑔 (𝑐 ∷ 𝑠) = 𝜀 ∷ ⊛ 𝖼𝗁𝖺𝗋 𝑐 ⊛ 𝑠𝑡𝑟𝑖𝑛𝑔 𝑠



Documents

𝐝𝐚𝐭𝐚 𝐷𝑜𝑐 ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐴 � 𝐴 � 𝑆𝑒𝑡1 𝐰𝐡𝐞𝐫𝐞
3 ∶ 𝐷𝑜𝑐 𝑔1 𝑓 � 𝐷𝑜𝑐 𝑔2 𝑥 �

𝐷𝑜𝑐 (𝑔1 ⊛ 𝑔2) (𝑓 𝑥)
𝗍𝖾𝗑𝗍 ∶ 𝐷𝑜𝑐 (𝑠𝑡𝑟𝑖𝑛𝑔 𝑠) 𝑠
𝗅𝗂𝗇𝖾 ∶ 𝐷𝑜𝑐 (𝜀 𝗎𝗇𝗂𝗍 <⊛ 𝑤ℎ𝑖𝑡𝑒𝑠𝑝𝑎𝑐𝑒 +) 𝗎𝗇𝗂𝗍
𝗇𝖾𝗌𝗍 ∶ ℕ � 𝐷𝑜𝑐 𝑔 𝑥 � 𝐷𝑜𝑐 𝑔 𝑥
𝗀𝗋𝗈𝗎𝗉 ∶ 𝐷𝑜𝑐 𝑔 𝑥 � 𝐷𝑜𝑐 𝑔 𝑥
𝖾𝗆𝖻𝖾𝖽 ∶ (∀ 𝑠 � 𝑥1 ∈ 𝑔1 · 𝑠 � 𝑥2 ∈ 𝑔2 · 𝑠) �

𝐷𝑜𝑐 𝑔1 𝑥1 � 𝐷𝑜𝑐 𝑔2 𝑥2



Defined document combinators

To handle ∣ :

𝑙𝑒𝑓𝑡 ∶ 𝐷𝑜𝑐 𝑔1 𝑥 � 𝐷𝑜𝑐 (𝑔1 ∣ 𝑔2) 𝑥
𝑙𝑒𝑓𝑡 𝑑 = 𝖾𝗆𝖻𝖾𝖽 … 𝑑
𝑟𝑖𝑔ℎ𝑡 ∶ 𝐷𝑜𝑐 𝑔2 𝑥 � 𝐷𝑜𝑐 (𝑔1 ∣ 𝑔2) 𝑥
𝑟𝑖𝑔ℎ𝑡 𝑑 = 𝖾𝗆𝖻𝖾𝖽 … 𝑑

Embedding proofs:

∀ 𝑠 � 𝑥 ∈ 𝑔1 · 𝑠 � 𝑥 ∈ 𝑔1 ∣ 𝑔2 · 𝑠
∀ 𝑠 � 𝑥 ∈ 𝑔2 · 𝑠 � 𝑥 ∈ 𝑔1 ∣ 𝑔2 · 𝑠



Defined document combinators

To handle 𝜀:

𝑒𝑚𝑝𝑡𝑦 ∶ 𝐷𝑜𝑐 (𝜀 𝑥) 𝑥
𝑒𝑚𝑝𝑡𝑦 = 𝖾𝗆𝖻𝖾𝖽 … (𝗍𝖾𝗑𝗍 {𝑠 = ""})

Embedding proof:

∀ 𝑠 � "" ∈ 𝑠𝑡𝑟𝑖𝑛𝑔 "" · 𝑠 �
𝑥 ∈ 𝜀 𝑥 · 𝑠



Defined document combinators

To handle <⊛ :

<3 ∶ 𝐷𝑜𝑐 𝑔1 𝑥 � 𝐷𝑜𝑐 𝑔2 𝑦 �
𝐷𝑜𝑐 (𝑔1 <⊛ 𝑔2) 𝑥

𝑑1 <3 𝑑2 = 𝑒𝑚𝑝𝑡𝑦 3 𝑑1 3 𝑑2

Recall that 𝑔1 <⊛ 𝑔2 = 𝜀 (𝜆 𝑥 � 𝑥) ⊛ 𝑔1 ⊛ 𝑔2.



Simple example

𝑏𝑖𝑡 ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐵𝑜𝑜𝑙
𝑏𝑖𝑡 = 𝜀 𝗍𝗋𝗎𝖾 <⊛ 𝑠𝑡𝑟𝑖𝑛𝑔 "1"

∣ 𝜀 𝖿𝖺𝗅𝗌𝖾 <⊛ 𝑠𝑡𝑟𝑖𝑛𝑔 "0"

𝑏𝑖𝑡P ∶ (𝑏 ∶ 𝐵𝑜𝑜𝑙) � 𝐷𝑜𝑐 𝑏𝑖𝑡 𝑏
𝑏𝑖𝑡P 𝑏 = ? -- 𝐷𝑜𝑐 𝑏𝑖𝑡 𝑏



Simple example

𝑏𝑖𝑡 ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐵𝑜𝑜𝑙
𝑏𝑖𝑡 = 𝜀 𝗍𝗋𝗎𝖾 <⊛ 𝑠𝑡𝑟𝑖𝑛𝑔 "1"

∣ 𝜀 𝖿𝖺𝗅𝗌𝖾 <⊛ 𝑠𝑡𝑟𝑖𝑛𝑔 "0"

𝑏𝑖𝑡P ∶ (𝑏 ∶ 𝐵𝑜𝑜𝑙) � 𝐷𝑜𝑐 𝑏𝑖𝑡 𝑏
𝑏𝑖𝑡P 𝗍𝗋𝗎𝖾 = ? -- 𝐷𝑜𝑐 𝑏𝑖𝑡 𝗍𝗋𝗎𝖾
𝑏𝑖𝑡P 𝖿𝖺𝗅𝗌𝖾 = ? -- 𝐷𝑜𝑐 𝑏𝑖𝑡 𝖿𝖺𝗅𝗌𝖾



Simple example

𝑏𝑖𝑡 ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐵𝑜𝑜𝑙
𝑏𝑖𝑡 = 𝜀 𝗍𝗋𝗎𝖾 <⊛ 𝑠𝑡𝑟𝑖𝑛𝑔 "1"

∣ 𝜀 𝖿𝖺𝗅𝗌𝖾 <⊛ 𝑠𝑡𝑟𝑖𝑛𝑔 "0"

𝑏𝑖𝑡P ∶ (𝑏 ∶ 𝐵𝑜𝑜𝑙) � 𝐷𝑜𝑐 𝑏𝑖𝑡 𝑏
𝑏𝑖𝑡P 𝗍𝗋𝗎𝖾 = 𝑙𝑒𝑓𝑡 ? -- 𝐷𝑜𝑐 (𝜀 𝗍𝗋𝗎𝖾 <⊛ 𝑠𝑡𝑟𝑖𝑛𝑔 "1")

-- 𝗍𝗋𝗎𝖾
𝑏𝑖𝑡P 𝖿𝖺𝗅𝗌𝖾 = ? -- 𝐷𝑜𝑐 𝑏𝑖𝑡 𝖿𝖺𝗅𝗌𝖾



Simple example

𝑏𝑖𝑡 ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐵𝑜𝑜𝑙
𝑏𝑖𝑡 = 𝜀 𝗍𝗋𝗎𝖾 <⊛ 𝑠𝑡𝑟𝑖𝑛𝑔 "1"

∣ 𝜀 𝖿𝖺𝗅𝗌𝖾 <⊛ 𝑠𝑡𝑟𝑖𝑛𝑔 "0"

𝑏𝑖𝑡P ∶ (𝑏 ∶ 𝐵𝑜𝑜𝑙) � 𝐷𝑜𝑐 𝑏𝑖𝑡 𝑏
𝑏𝑖𝑡P 𝗍𝗋𝗎𝖾 = 𝑙𝑒𝑓𝑡 (? <3 ?) -- 𝐷𝑜𝑐 (𝜀 𝗍𝗋𝗎𝖾) 𝗍𝗋𝗎𝖾

-- 𝐷𝑜𝑐 (𝑠𝑡𝑟𝑖𝑛𝑔 "1") 𝑠
𝑏𝑖𝑡P 𝖿𝖺𝗅𝗌𝖾 = ? -- 𝐷𝑜𝑐 𝑏𝑖𝑡 𝖿𝖺𝗅𝗌𝖾



Simple example

𝑏𝑖𝑡 ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐵𝑜𝑜𝑙
𝑏𝑖𝑡 = 𝜀 𝗍𝗋𝗎𝖾 <⊛ 𝑠𝑡𝑟𝑖𝑛𝑔 "1"

∣ 𝜀 𝖿𝖺𝗅𝗌𝖾 <⊛ 𝑠𝑡𝑟𝑖𝑛𝑔 "0"

𝑏𝑖𝑡P ∶ (𝑏 ∶ 𝐵𝑜𝑜𝑙) � 𝐷𝑜𝑐 𝑏𝑖𝑡 𝑏
𝑏𝑖𝑡P 𝗍𝗋𝗎𝖾 = 𝑙𝑒𝑓𝑡 (𝑒𝑚𝑝𝑡𝑦 <3 ?) -- 𝐷𝑜𝑐 (𝑠𝑡𝑟𝑖𝑛𝑔 "1") 𝑠
𝑏𝑖𝑡P 𝖿𝖺𝗅𝗌𝖾 = ? -- 𝐷𝑜𝑐 𝑏𝑖𝑡 𝖿𝖺𝗅𝗌𝖾



Simple example

𝑏𝑖𝑡 ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐵𝑜𝑜𝑙
𝑏𝑖𝑡 = 𝜀 𝗍𝗋𝗎𝖾 <⊛ 𝑠𝑡𝑟𝑖𝑛𝑔 "1"

∣ 𝜀 𝖿𝖺𝗅𝗌𝖾 <⊛ 𝑠𝑡𝑟𝑖𝑛𝑔 "0"

𝑏𝑖𝑡P ∶ (𝑏 ∶ 𝐵𝑜𝑜𝑙) � 𝐷𝑜𝑐 𝑏𝑖𝑡 𝑏
𝑏𝑖𝑡P 𝗍𝗋𝗎𝖾 = 𝑙𝑒𝑓𝑡 (𝑒𝑚𝑝𝑡𝑦 <3 𝗍𝖾𝗑𝗍)
𝑏𝑖𝑡P 𝖿𝖺𝗅𝗌𝖾 = ? -- 𝐷𝑜𝑐 𝑏𝑖𝑡 𝖿𝖺𝗅𝗌𝖾



Simple example

𝑏𝑖𝑡 ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐵𝑜𝑜𝑙
𝑏𝑖𝑡 = 𝜀 𝗍𝗋𝗎𝖾 <⊛ 𝑠𝑡𝑟𝑖𝑛𝑔 "1"

∣ 𝜀 𝖿𝖺𝗅𝗌𝖾 <⊛ 𝑠𝑡𝑟𝑖𝑛𝑔 "0"

𝑏𝑖𝑡P ∶ (𝑏 ∶ 𝐵𝑜𝑜𝑙) � 𝐷𝑜𝑐 𝑏𝑖𝑡 𝑏
𝑏𝑖𝑡P 𝗍𝗋𝗎𝖾 = 𝑙𝑒𝑓𝑡 (𝑒𝑚𝑝𝑡𝑦 <3 𝗍𝖾𝗑𝗍)
𝑏𝑖𝑡P 𝖿𝖺𝗅𝗌𝖾 = 𝑟𝑖𝑔ℎ𝑡 (𝑒𝑚𝑝𝑡𝑦 <3 𝗍𝖾𝗑𝗍)



Simple example

𝑏𝑖𝑡 ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝐵𝑜𝑜𝑙
𝑏𝑖𝑡 = 𝜀 𝗍𝗋𝗎𝖾 <⊛ 𝑠𝑡𝑟𝑖𝑛𝑔 "1"

∣ 𝜀 𝖿𝖺𝗅𝗌𝖾 <⊛ 𝑠𝑡𝑟𝑖𝑛𝑔 "0"

𝑏𝑖𝑡P ∶ (𝑏 ∶ 𝐵𝑜𝑜𝑙) � 𝐷𝑜𝑐 𝑏𝑖𝑡 𝑏
𝑏𝑖𝑡P 𝗍𝗋𝗎𝖾 = 𝑙𝑒𝑓𝑡 (𝑒𝑚𝑝𝑡𝑦 <3 𝗍𝖾𝗑𝗍)
𝑏𝑖𝑡P 𝖿𝖺𝗅𝗌𝖾 = 𝑟𝑖𝑔ℎ𝑡 (𝑒𝑚𝑝𝑡𝑦 <3 𝗍𝖾𝗑𝗍)

𝑟𝑒𝑛𝑑𝑒𝑟 10 (𝑏𝑖𝑡P 𝖿𝖺𝗅𝗌𝖾) ≡ "0"
𝑟𝑒𝑛𝑑𝑒𝑟 1 (𝑏𝑖𝑡P 𝗍𝗋𝗎𝖾) ≡ "1"

𝖿𝖺𝗅𝗌𝖾 ∈ 𝑏𝑖𝑡 · "0"
𝗍𝗋𝗎𝖾 ∈ 𝑏𝑖𝑡 · "1"



More defined document combinators

To handle ⋆:

𝑛𝑖𝑙 ∶ 𝐷𝑜𝑐 (𝑔 ⋆) [ ]
𝑛𝑖𝑙 = 𝖾𝗆𝖻𝖾𝖽 … 𝑒𝑚𝑝𝑡𝑦

Embedding proof:

∀ 𝑠 � [ ] ∈ 𝜀 [ ] · 𝑠 �
[ ] ∈ 𝑔 ⋆ · 𝑠



More defined document combinators

To handle ⋆:

𝑐𝑜𝑛𝑠 ∶ 𝐷𝑜𝑐 𝑔 𝑥 � 𝐷𝑜𝑐 (𝑔 ⋆) 𝑥𝑠 �
𝐷𝑜𝑐 (𝑔 ⋆) (𝑥 ∷ 𝑥𝑠)

𝑐𝑜𝑛𝑠 𝑑1 𝑑2 = 𝖾𝗆𝖻𝖾𝖽 … (𝑒𝑚𝑝𝑡𝑦 3 𝑑1 3 𝑑2)

Embedding proof:

∀ 𝑠 � 𝑥 ∷ 𝑥𝑠 ∈ 𝜀 ∷ ⊛ 𝑔 ⊛ 𝑔 ⋆ · 𝑠 �
𝑥 ∷ 𝑥𝑠 ∈ 𝑔 ⋆ · 𝑠



Swallowing trailing whitespace
𝑠𝑦𝑚𝑏𝑜𝑙 ∶ 𝑆𝑡𝑟𝑖𝑛𝑔 � 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 𝑆𝑡𝑟𝑖𝑛𝑔
𝑠𝑦𝑚𝑏𝑜𝑙 𝑠 = 𝑠𝑡𝑟𝑖𝑛𝑔 𝑠 <⊛ 𝑤ℎ𝑖𝑡𝑒𝑠𝑝𝑎𝑐𝑒 ⋆

𝑠𝑦𝑚𝑏𝑜𝑙-𝑛𝑖𝑙 ∶ 𝐷𝑜𝑐 (𝑠𝑦𝑚𝑏𝑜𝑙 𝑠) 𝑠
𝑠𝑦𝑚𝑏𝑜𝑙-𝑛𝑖𝑙 = 𝗍𝖾𝗑𝗍 <3 𝑛𝑖𝑙

𝑠𝑦𝑚𝑏𝑜𝑙-𝑙𝑖𝑛𝑒 ∶ 𝐷𝑜𝑐 (𝑠𝑦𝑚𝑏𝑜𝑙 𝑠) 𝑠
𝑠𝑦𝑚𝑏𝑜𝑙-𝑙𝑖𝑛𝑒 = 𝖾𝗆𝖻𝖾𝖽 … (𝗍𝖾𝗑𝗍 <3 𝗅𝗂𝗇𝖾)
Embedding proof:
∀ 𝑠′ �
𝑠 ∈ 𝑠𝑡𝑟𝑖𝑛𝑔 𝑠 <⊛ (𝜀 𝗎𝗇𝗂𝗍 <⊛ 𝑤ℎ𝑖𝑡𝑒𝑠𝑝𝑎𝑐𝑒 +) · 𝑠′ �
𝑠 ∈ 𝑠𝑡𝑟𝑖𝑛𝑔 𝑠 <⊛ 𝑤ℎ𝑖𝑡𝑒𝑠𝑝𝑎𝑐𝑒 ⋆ · 𝑠′



Pattern

▶ For (almost) every grammar combinator:
one or more document combinators.

▶ Embedding proofs in reusable combinators,
ideally not in pretty-printers.



Another example

(Based on an example due to Doaitse and Olaf.)

𝑏𝑖𝑡-𝑙𝑖𝑠𝑡 ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 (𝐿𝑖𝑠𝑡 𝐵𝑜𝑜𝑙)
𝑏𝑖𝑡-𝑙𝑖𝑠𝑡 = (𝑏𝑖𝑡 <⊛ 𝑠𝑦𝑚𝑏𝑜𝑙 ";") ⋆



Another example

𝑏𝑖𝑡-𝑙𝑖𝑠𝑡 ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 (𝐿𝑖𝑠𝑡 𝐵𝑜𝑜𝑙)
𝑏𝑖𝑡-𝑙𝑖𝑠𝑡 = (𝑏𝑖𝑡 <⊛ 𝑠𝑦𝑚𝑏𝑜𝑙 ";") ⋆

"1; 0; 0;"
"1; 0;0;\n "
"1;\n\n\n \n 0; 0;"



Another example

𝑏𝑖𝑡-𝑙𝑖𝑠𝑡 ∶ 𝐺𝑟𝑎𝑚𝑚𝑎𝑟 (𝐿𝑖𝑠𝑡 𝐵𝑜𝑜𝑙)
𝑏𝑖𝑡-𝑙𝑖𝑠𝑡 = (𝑏𝑖𝑡 <⊛ 𝑠𝑦𝑚𝑏𝑜𝑙 ";") ⋆

𝑏𝑖𝑡-𝑙𝑖𝑠𝑡P ∶ (𝑏𝑠 ∶ 𝐿𝑖𝑠𝑡 𝐵𝑜𝑜𝑙) � 𝐷𝑜𝑐 𝑏𝑖𝑡-𝑙𝑖𝑠𝑡 𝑏𝑠
𝑏𝑖𝑡-𝑙𝑖𝑠𝑡P [ ] = 𝑛𝑖𝑙
𝑏𝑖𝑡-𝑙𝑖𝑠𝑡P (𝑏 ∷ [ ]) = 𝑐𝑜𝑛𝑠 (𝑏𝑖𝑡P 𝑏 <3 𝑠𝑦𝑚𝑏𝑜𝑙-𝑛𝑖𝑙) 𝑛𝑖𝑙
𝑏𝑖𝑡-𝑙𝑖𝑠𝑡P (𝑏 ∷ 𝑏𝑠) =

𝑐𝑜𝑛𝑠 (𝑏𝑖𝑡P 𝑏 <3 𝗀𝗋𝗈𝗎𝗉 (𝗇𝖾𝗌𝗍 1 𝑠𝑦𝑚𝑏𝑜𝑙-𝑙𝑖𝑛𝑒))
(𝑏𝑖𝑡-𝑙𝑖𝑠𝑡P 𝑏𝑠)



Another example
𝑏𝑖𝑡-𝑙𝑖𝑠𝑡P ∶ (𝑏𝑠 ∶ 𝐿𝑖𝑠𝑡 𝐵𝑜𝑜𝑙) � 𝐷𝑜𝑐 𝑏𝑖𝑡-𝑙𝑖𝑠𝑡 𝑏𝑠
𝑏𝑖𝑡-𝑙𝑖𝑠𝑡P [ ] = 𝑛𝑖𝑙
𝑏𝑖𝑡-𝑙𝑖𝑠𝑡P (𝑏 ∷ [ ]) = 𝑐𝑜𝑛𝑠 (𝑏𝑖𝑡P 𝑏 <3 𝑠𝑦𝑚𝑏𝑜𝑙-𝑛𝑖𝑙) 𝑛𝑖𝑙
𝑏𝑖𝑡-𝑙𝑖𝑠𝑡P (𝑏 ∷ 𝑏𝑠) =

𝑐𝑜𝑛𝑠 (𝑏𝑖𝑡P 𝑏 <3 𝗀𝗋𝗈𝗎𝗉 (𝗇𝖾𝗌𝗍 1 𝑠𝑦𝑚𝑏𝑜𝑙-𝑙𝑖𝑛𝑒))
(𝑏𝑖𝑡-𝑙𝑖𝑠𝑡P 𝑏𝑠)

𝑏𝑠 = 𝗍𝗋𝗎𝖾 ∷ 𝖿𝖺𝗅𝗌𝖾 ∷ 𝗍𝗋𝗎𝖾 ∷ 𝗍𝗋𝗎𝖾 ∷ 𝖿𝖺𝗅𝗌𝖾 ∷ [ ]
𝑟𝑒𝑛𝑑𝑒𝑟 20 (𝑏𝑖𝑡-𝑙𝑖𝑠𝑡P 𝑏𝑠) ≡ "1; 0; 1; 1; 0;"
𝑟𝑒𝑛𝑑𝑒𝑟 10 (𝑏𝑖𝑡-𝑙𝑖𝑠𝑡P 𝑏𝑠) ≡ "1; 0; 1;\n 1; 0;"
𝑟𝑒𝑛𝑑𝑒𝑟 6 (𝑏𝑖𝑡-𝑙𝑖𝑠𝑡P 𝑏𝑠) ≡ "1; 0;\n 1; 1;\n 0;"



Another example
𝑏𝑖𝑡-𝑙𝑖𝑠𝑡P ∶ (𝑏𝑠 ∶ 𝐿𝑖𝑠𝑡 𝐵𝑜𝑜𝑙) � 𝐷𝑜𝑐 𝑏𝑖𝑡-𝑙𝑖𝑠𝑡 𝑏𝑠
𝑏𝑖𝑡-𝑙𝑖𝑠𝑡P [ ] = 𝑛𝑖𝑙
𝑏𝑖𝑡-𝑙𝑖𝑠𝑡P (𝑏 ∷ [ ]) = 𝑐𝑜𝑛𝑠 (𝑏𝑖𝑡P 𝑏 <3 𝑠𝑦𝑚𝑏𝑜𝑙-𝑛𝑖𝑙) 𝑛𝑖𝑙
𝑏𝑖𝑡-𝑙𝑖𝑠𝑡P (𝑏 ∷ 𝑏𝑠) =

𝑐𝑜𝑛𝑠 (𝑏𝑖𝑡P 𝑏 <3 𝗀𝗋𝗈𝗎𝗉 (𝗇𝖾𝗌𝗍 1 𝑠𝑦𝑚𝑏𝑜𝑙-𝑙𝑖𝑛𝑒))
(𝑏𝑖𝑡-𝑙𝑖𝑠𝑡P 𝑏𝑠)

𝑏𝑠 = 𝗍𝗋𝗎𝖾 ∷ 𝖿𝖺𝗅𝗌𝖾 ∷ 𝗍𝗋𝗎𝖾 ∷ 𝗍𝗋𝗎𝖾 ∷ 𝖿𝖺𝗅𝗌𝖾 ∷ [ ]
𝑏𝑠 ∈ 𝑏𝑖𝑡-𝑙𝑖𝑠𝑡 · "1; 0; 1; 1; 0;"
𝑏𝑠 ∈ 𝑏𝑖𝑡-𝑙𝑖𝑠𝑡 · "1; 0; 1;\n 1; 0;"
𝑏𝑠 ∈ 𝑏𝑖𝑡-𝑙𝑖𝑠𝑡 · "1; 0;\n 1; 1;\n 0;"



More

▶ Can use much more general grammar formalism
(recursively enumerable languages).

▶ More advanced examples available
(operators with precedence,
an XML-like language).

▶ One can prove that the document combinators
satisfy certain algebraic properties.



Conclusions

▶ Light-weight approach to
correct-by-construction pretty-printing.

▶ Based on classical pretty-printing,
but precisely typed.

▶ Separates grammars and pretty-printers.
▶ Seems to work well when the pretty-printer

follows the grammar’s structure.


