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EPISTEMIC ATTITUDES AND THEIR DYNAMICS

Epistemic attitudes are subject to the effect of different epistemic actions.

For example, while beliefs can be affected by
@ expansion (e.g., Rott 1989),

@ contraction (e.g., Alchourrén et al. 1985),

@ revision (e.g., Alchourrén et al. 1985, Rott 1989, Boutilier 1996, Leitgeb and Segerberg
2007, van Benthem 2007, Baltag and Smets 2008),

@ merging (e.g., Konieczny and Pérez 2011) and
@ diverse forms of inference (e.g., VQ 2014, VQ et al. 2013),
knowledge can be affected by

@ deductive inference (VQ 2009, 2013),

@ public (Plaza 1989, Gerbrandy and Groeneveld 1997) and other forms of
announcements (Baltag et al. 1999).
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FORGETTING

An action that has not received much attention is that of forgetting and its effect on an
agent’s knowledge.

A possible reason: it is in some sense similar to belief contraction.

But still, when belief contraction is represented semantically, it typically relies on an
(plausibility) ordering among theories.

This work proposes a dynamic epistemic logic (van Ditmarsch et al. 2007, van Benthem 2011)
representation for an action of forgetting. (Source: Fernandez-Duque et al. (2015).)
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SOME REMARKS

@ Here, “forgetting 7" is understood as “now I do not know " (and not as “now I am
unaware of ).

@ This work focusses on forgetting whether (“now I do not know whether 7).
@ This work uses relational models and represents the action with a model operation.

@ Related work: forgetting atoms (van Ditmarsch et al. 2009), forgetting set of atoms (Lin
and Reiter 1994, Zhang and Zhou 2009).
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EpisTEMIC LOGIC

SEMANTIC MODEL AND LANGUAGE

DEFINITION (RELATIONAL MODEL)

A relational model M based on P is a tuple (W, R, V) where
@ W # @ is aset of possible worlds;
@ R C (W x W) is the agent’s indistinguishability relation;
@ V:P — 9(W) isan atomic valuation.
The pair (M, w) with w € W is a possible worlds state and w is the evaluation point.

DeriNiTION (LANGUAGE )
Formulas ¢, 1) of the language /'y based on P are given by
eYu=T|pl-@pleAy|Ogp

with p € P. Other propositional constants (L), other propositional connectives (V, -, <) and the
dual modal universal operator & are defined as usual (& ¢ 1= =0 = @ for the latter).
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EpisTEMIC LOGIC

SEMANTIC INTERPRETATION

DEFINITION (SEMANTIC INTERPRETATION)
Given (M, w) with M = (W, R, V), define I+ as

M, w) I+ p iﬁdef w e V(p)

M, w) Ik =@ iﬁdef (M, w) ¥ ¢

M, w)+p A iﬁcdef M, w) + ¢ and (M, w) I+ 1)

M, w) +Oq¢ iffser  forallu € W, Rwu implies (M, u) I+ ¢

Validity (W ) is defined as usual.
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NORMAL FORM

SOME CONCEPTS

It will be useful to represent propositional formulas 7z in conjunctive normal form.

@ A literal | is an atom (p) or its negation (= p).
@ A clause C is a finite (possibly empty) set of literals interpreted disjunctively
(C:= \/ 0).

@ A propositional formula is in conjunctive normal form when it is given as a finite

(possibly empty) set of clauses € interpreted conjunctively @:= /\ \/ Q).
cee

@ A clause C is tautological when there is p such that {y, = p} € C.

@ A clause Cis a consequence of © when I+ 7 — C.

A clause C is a minimal consequence of ™ when it is a consequence of 7 and there is no
C’ c Csuch that Ik 7 — .
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NORMAL FORM

CLAUSAL FORM

DEeriniTION (CLAUSAL FORM C(71))

Let 1 be propositional formula.
C(m) := {C | C is a clause which is a minimal non-tautological consequence of 7}

Note how, for any 7, the set () is finite, its elements are finite, and I+ 7 <> Cn).

Some simple examples:

n C(n) s E(m)
pAg {r} Aah} =(p A q) {{-=p,~q}}
pVqg {{p, gl =(pVyg {{=ph{=gh
p—q {=p, 9l =(p—q) {ph A= al}

peqg pahipmg) | ~pep paglimp,—gl
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THE DEFINITIONS

THE INTUITIVE IDEA (1)

The initial observation.
@ An agent knows ¢ when ¢ holds in all her epistemic alternatives.

@ Thus, in order to ‘forget’ ¢, she needs to consider as possible at least one world in
which ¢ fails.

First, how to falsify a propositional formula 7 in a world w?
@ A given contingent propositional 7 can be falsified in different ways.
@ If C(mr) = {Cq,...,Cy} is used, then there are 2" — 1 different forms of falsifying .

@ A simpler ‘minimal” approach is to falsify only one clause in C(r).
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THE DEFINITIONS

THE INTUITIVE IDEA (2)

Second: which will be the valuation for other atoms? Third: how many new worlds should
we add?

@ For the third: we make a copy of the current epistemic possibilities, falsifying the given
clause in each one of them,

@ For the second: we keep atoms not appearing in the clause as before.

In the resulting model, the original 7 has been uniformly falsified.

Two final details.
@ This work deals with forgetting whether.

@ To accommodate this, the operation works by falsifying any finite number of clauses.
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THE DEFINITIONS

OPERATION AND SEMANTIC INTERPRETATION

DEFINITION

Let M = (W, £, V) be a relational model; let € = {C; | i € I} be a finite set of non-tautological clauses
(0¢l).

The relational model M€ = (W’,R’, V') is given by
e W :=Wx({0jul),
@ forallw,ue Wandi,je ({0}Ul),
R’ (w,i)(u,f) iﬂ‘def Rwu
@ foreveryp €P,we Wandie ({0}UI),

(w,0) € V'(p) yﬁ‘dgf w e V(p)
(w,i) € V'(p) lﬁ(def {p,~piNCi=@and w e V(p),or =p € Ci;

DEFINITION (SEMANTIC INTERPRETATION)

M,w) il g iffyy (M€ (w,0)) - ¢ forall Cy € C(), Cz € C(—7)
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THE DEFINITIONS

ExamprLE 1

Recall: Cp)=1{{n}) (so Cy = {p})
C=p)={{=p}} (s0Cr={=p}

w (1, 0)

(u,2)

M, w)wop (MW (2w, 0) k- —Op A=D=p
M, w) ¥ [fpl(=OpA-DO=p)
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SOME PROPERTIES

Basic rResuLT

Let M = (W, £, V) be a relational model; let € = {C; | i € I} be a finite (possibly empty) set of clauses
(0¢1I).

Foranyw € Wand anyi €1,

MC, (w, ) ¥ C;

For any contingent propositional formula ,

F{(fr)(O-nVvOn & Ol
(ie, Sk [{r]l (=0 A=0O-7))
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SOME PROPERTIES

TAUTOLOGIES AND CONTRADICTIONS

If 7 is a (propositional) tautology T,
@ C(T)=@so,

@ by vacuity, (M€}, (w,0)) I ¢ for all C; € €(T), C; € C(=T).
@ Thus, IF [fT]1¢ (but ik = (1T) @).

If 7 is a (propositional) contradiction L,
@ C(—1)=@so,

@ by vacuity, (M{€€2}, (w,0)) I ¢ for all C; € €(L), C; € C(= L).
@ Thus, IF [1L] @ (but - = {(tL) ).
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SOME PROPERTIES

ExampLE 2

ep—a=l-pa  (0Ci={=pq)
w u (s0 C; = {p}or C;, ={—q})

C(=lp = ) =Hph{=ql
wikOp = q)

Mlt=pabioh) M=tz

(w, 1)

(W, 0O (=p AgAO(pAg) (w,0) ¥ O(=pAgAO(pAg)
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SOME PROPERTIES

ExamprLE 3

M
@;; e Ag)=phah (s0 C1 = {p}or C1 = {g})

CwpAg)=U-p,-qll  (s0Co={=p,~q})
wik-O0@PAqg A-O=(pAq

Mitphl=p=agh MUtabt=p=ah

(w,1)

(w,0) IF=0O(p Aqg) A=O=(p Ag) (w,0)r=-0@p Ag A-O=(pAqg)
(w,0) Ik & (=p A Op) (w,0) IF O (=p A =g)
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FORGETTING THAT

SEMANTIC INTERPRETATION AND BASIC RESULT

A simpler “forgetting that” action.

DEFINITION (SEMANTIC INTERPRETATION)

M, w) [l g iffyy (M!S, (w,0)) = ¢ forall C € €(r)

For any contingent propositional formula ,

IF(tn)Om & OL

(ie,Sw[tr]-0Om)
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FORGETTING THAT

FORGETTING WHETHER AND FORGETTING THAT

Fact

The formula [1r] ¢  [t7] [t=7] @ is not valid.
Proof Take v := =(p A q), 50 C(=(p A ) ={{—p,~ g}t and C(p A q) = {{p}, {4}}.

v 2O

M0 G wn

(w, 0) (w,1)

((w,0),00  ((w,1),0)
@v@ MiEpabivh = ppl=p-alial ﬁ@ (w,0)

(M= p=aihylia) |
“ d' (w,2)

((w,0),1)  (w,1),1

(MY=rmayial (@, 0),0)) Ik & A ‘ (M= adal @, 0) ¥ & A -g
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FORGETTING THAT

TAUTOLOGIES AND CONTRADICTIONS

As before, if 77 is a (propositional) tautology T,
@ C(T)=@so,

@ by vacuity, (M'?, (w,0)) IF ¢ for all C € C(T).
@ Thus, IF [1T] ¢ (butir = {(1T) @).

But now, if 7 is a (propositional) contradiction L,
@ C(L)={@}so
@ Thus, IF [T L]@ & (tL) @.

@ Nevertheless, (M@, (w, 0)) © (M, w),solk @ < [TL]p.
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CONDITIONAL FORGETTING THAT

ATTEMPT 1: CONDITION FOR where TO EVALUATE @

DEFINITION (SEMANTIC INTERPRETATION)

M'S, (w,0)) - ¢ forall C€ @(n) if(M,w) I On

M, w) w7l iffy { M, w) I+ ¢ otherwise

Note how, from (1'7) ¢ := = [t'nt] = ¢,

(M, w) i 0t and (MY, (w,0)) + ¢ for some C € €(r), or

i i
M, w) I+ (') iff { (M, w) IF =07 A @

For any contingent propositional formula ,

[t nle o (On- [Anle) A(-Or = @)
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CONDITIONAL FORGETTING THAT

ATTEMPT 1: RELATION WITH public announcement

Assuming the standard definition for My, and [!x] ¢,

The formula ¢ — [+ 7] [!7] ¢ is not valid.

Proof Take 1 := p and ¢ := & — p. By previous proposition,
(©=p = [Fpllipl O —p) © (O-p - (@p - Hpllpl O =p) A (=Op - [Ip]1 O —p)))

But consider

w

M M!p

(M, w) I+ & =p but also (M, w) I+ =0 p A {Ip) =& =p,ie. (M, w) ¥ —0Op = [Ip] & —p.
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CONDITIONAL FORGETTING THAT

ATTEMPT 2: CONDITION FOR whether TO EVALUATE ¢

DEFINITION (SEMANTIC INTERPRETATION)

M,w)w [Vl iffye  (Myw)wOn implies (M9, (0, 0)) = ¢ for all C € C(n)

Note how, from (1'7) ¢ 1= = [1'7t] = ¢,

M, w) - (t'm) iff M, w)ywon and (M, (w,0)) @ for some C € C(m)

For any contingent propositional formula ,

F[t'nlp o (On - [inle)

ForGETTING DSITIONAL FORMULAS



CONDITIONAL FORGETTING THAT

ATTEMPT 2: RELATION WITH public announcement

Assuming the standard definition for M, and [!x] ¢,

Tk - [t'rllinl e
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STRONGLY FORGETTING THAT

SEMANTIC INTERPRETATION AND A PROPERTY

DEFINITION (SEMANTIC INTERPRETATION)

M, w) + [t°7] iffdef (MC™, (w,0)) IF ¢

Note how, from (+°7) @ := = [+° 7] = p,

M, w) IF (t°myp iff  (MED, (w,0)) Ik ¢

The formula [t(p A @)1 (=0 p A =0 q) is not valid.

IF[t°(p A @)l (~Op A =O¢)
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Upr TO NOW . ..

@ A model operation representing forgetting whether for propositional formulas.

@ Minimal conjunctive normal form is used.

@ Some variations explored.




CONCLUSIONS AND ONGOING WORK
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... AND YET TO DO/FINISH

@ A model operation representing the forgetting of modal formulas.
@ Derivation system still missing for some variations.

@ Multiagent versions, as, e.g., public and private individual forgetting, or collective
forgetting.

@ Proper comparison of proposal with related approaches (e.g., belief contraction).
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