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Epistemic attitudes and their dynamics

Epistemic attitudes are subject to the effect of different epistemic actions.

For example, while beliefs can be affected by

expansion (e.g., Rott 1989),

contraction (e.g., Alchourrón et al. 1985),

revision (e.g., Alchourrón et al. 1985, Rott 1989, Boutilier 1996, Leitgeb and Segerberg
2007, van Benthem 2007, Baltag and Smets 2008),

merging (e.g., Konieczny and Pérez 2011) and

diverse forms of inference (e.g., VQ 2014, VQ et al. 2013),

knowledge can be affected by

deductive inference (VQ 2009, 2013),

public (Plaza 1989, Gerbrandy and Groeneveld 1997) and other forms of
announcements (Baltag et al. 1999).
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Forgetting

An action that has not received much attention is that of forgetting and its effect on an
agent’s knowledge.

A possible reason: it is in some sense similar to belief contraction.

But still, when belief contraction is represented semantically, it typically relies on an
(plausibility) ordering among theories.

This work proposes a dynamic epistemic logic (van Ditmarsch et al. 2007, van Benthem 2011)
representation for an action of forgetting. (Source: Fernández-Duque et al. (2015).)
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Some remarks

Here, “forgetting π” is understood as “now I do not know π” (and not as “now I am
unaware of π).

This work focusses on forgetting whether (“now I do not know whether π”).

This work uses relational models and represents the action with a model operation.

Related work: forgetting atoms (van Ditmarsch et al. 2009), forgetting set of atoms (Lin
and Reiter 1994, Zhang and Zhou 2009).
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Epistemic logic

Semantic model and language

Definition (Relational model)
A relational model M based on P is a tuple 〈W,R,V〉 where

W , ∅ is a set of possible worlds;

R ⊆ (W ×W) is the agent’s indistinguishability relation;

V : P→ ℘(W) is an atomic valuation.
The pair (M,w) with w ∈W is a possible worlds state and w is the evaluation point.

Definition (LanguageL{�})
Formulasϕ,ψ of the languageL{�} based on P are given by

ϕ,ψ ::= > | p | ¬ϕ | ϕ ∧ψ | �ϕ

with p ∈ P. Other propositional constants (⊥), other propositional connectives (∨,→,↔) and the
dual modal universal operator ^ are defined as usual (^ϕ := ¬�¬ϕ for the latter).
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Epistemic logic

Semantic interpretation

Definition (Semantic interpretation)
Given (M,w) with M = 〈W,R,V〉, define  as

(M,w)  p iffdef w ∈ V(p)

(M,w)  ¬ϕ iffdef (M,w) 1 ϕ

(M,w)  ϕ ∧ψ iffdef (M,w)  ϕ and (M,w)  ψ

(M,w)  �ϕ iffdef for all u ∈W, Rwu implies (M,u)  ϕ

Validity ( ϕ) is defined as usual.
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Normal form

Some concepts

It will be useful to represent propositional formulas π in conjunctive normal form.

A literal l is an atom (p) or its negation (¬p).

A clause C is a finite (possibly empty) set of literals interpreted disjunctively
(Ĉ :=

∨
C).

A propositional formula is in conjunctive normal form when it is given as a finite
(possibly empty) set of clauses C interpreted conjunctively (Ĉ :=

∧
C∈C

∨
C).

A clause C is tautological when there is p such that {p,¬p} ⊆ C.

A clause C is a consequence of πwhen  π→ Ĉ.

A clause C is a minimal consequence of πwhen it is a consequence of π and there is no
C′ ⊂ C such that  π→ Ĉ′.
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Normal form

Clausal form

Definition (Clausal form C(π))
Let π be propositional formula.

C(π) := {C | C is a clause which is a minimal non-tautological consequence of π}

Note how, for any π, the set C(π) is finite, its elements are finite, and  π↔ Ĉ(π).

Some simple examples:

π C(π) π C(π)

p ∧ q {{p}, {q}} ¬(p ∧ q) {{¬p,¬ q}}
p ∨ q {{p, q}} ¬(p ∨ q) {{¬p}, {¬ q}}
p→ q {{¬p, q}} ¬(p→ q) {{p}, {¬ q}}
p↔ q {{¬p, q}, {p,¬ q}} ¬(p↔ q) {{p, q}, {¬p,¬ q}}
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The definitions

The intuitive idea (1)

The initial observation.
An agent knowsϕwhenϕ holds in all her epistemic alternatives.

Thus, in order to ‘forget’ϕ, she needs to consider as possible at least one world in
whichϕ fails.

First, how to falsify a propositional formula π in a world w?
A given contingent propositional π can be falsified in different ways.

If C(π) = {C1, . . . ,Cn} is used, then there are 2n
− 1 different forms of falsifying π.

A simpler ‘minimal’ approach is to falsify only one clause in C(π).
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The definitions

The intuitive idea (2)

Second: which will be the valuation for other atoms? Third: how many new worlds should
we add?

For the third: we make a copy of the current epistemic possibilities, falsifying the given
clause in each one of them,

For the second: we keep atoms not appearing in the clause as before.

In the resulting model, the original π has been uniformly falsified.

Two final details.
This work deals with forgetting whether.

To accommodate this, the operation works by falsifying any finite number of clauses.
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The definitions

Operation and semantic interpretation

Definition
Let M = 〈W,≤,V〉 be a relational model; let C = {Ci | i ∈ I} be a finite set of non-tautological clauses
(0 < I).

The relational model MC = 〈W′,R′,V′〉 is given by
W′ :=W × ({0} ∪ I),

for all w,u ∈W and i, j ∈ ({0} ∪ I),

R′(w, i)(u, j) iffdef Rwu

for every p ∈ P, w ∈W and i ∈ ({0} ∪ I),

(w, 0) ∈ V′(p) iffdef w ∈ V(p)

(w, i) ∈ V′(p) iffdef {p,¬p} ∩ Ci = ∅ and w ∈ V(p), or ¬p ∈ Ci;

Definition (Semantic interpretation)

(M,w)  [‡π]ϕ iffdef (M{C1 ,C2}, (w, 0))  ϕ for all C1 ∈ C(π),C2 ∈ C(¬π)
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The definitions

Example 1

Recall: C(p) = { {p} } (so C1 = {p})
C(¬p) = { {¬p} } (so C2 = {¬p})

p p
w u ‡p p p

p p

(w, 1) (u, 1)

(w, 0) (u, 0)

(w, 2) (u, 2)

{p}

{¬p}

(M,w)  �p

(M,w)  [‡p] (¬�p ∧ ¬�¬p)
(M{{p},{¬p}}, (w, 0))  ¬�p ∧ ¬�¬p
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Some properties

Basic result

Lemma
Let M = 〈W,≤,V〉 be a relational model; let C = {Ci | i ∈ I} be a finite (possibly empty) set of clauses
(0 < I).

For any w ∈W and any i ∈ I,
(MC, (w, i)) 1 Ĉi

Proposition
For any contingent propositional formula π,

 〈‡π〉 (�¬π ∨ �π) ↔ �⊥

(i.e., S  [‡π] (¬�π ∧ ¬�¬π))
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Some properties

Tautologies and contradictions

If π is a (propositional) tautology >,
C(>) = ∅ so,

by vacuity, (M{C1 ,C2}, (w, 0))  ϕ for all C1 ∈ C(>),C2 ∈ C(¬>).

Thus,  [‡>]ϕ (but  ¬〈‡>〉ϕ).

If π is a (propositional) contradiction ⊥,
C(¬⊥) = ∅ so,

by vacuity, (M{C1 ,C2}, (w, 0))  ϕ for all C1 ∈ C(⊥),C2 ∈ C(¬⊥).

Thus,  [‡⊥]ϕ (but  ¬〈‡⊥〉ϕ).
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Some properties

Example 2

M
p, q q

w u

w  � (p → q)

C(p→ q) = {{¬p, q}} (so C1 = {¬p, q})
C(¬(p→ q)) = {{p}, {¬ q}} (so C2 = {p} or C2 = {¬ q})

M{{¬p,q},{p}} M{{¬p,q},{¬ q}}

p p

p, q q

q q

(w, 1) (u, 1)

(w, 0)

(u, 0)

(w, 2) (u, 2)

p p

p, q q

p, q q

(w, 1) (u, 1)

(w, 0)

(u, 0)

(w, 2) (u, 2)

(w, 0)  ^ (¬p ∧ q ∧ ^ (p ∧ q)) (w, 0) 1 ^ (¬p ∧ q ∧ ^ (p ∧ q))
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Some properties

Example 3

M
p, q q

w w

w  ¬� (p ∧ q) ∧ ¬�¬(p ∧ q)

C(p ∧ q) = {{p}, {q}} (so C1 = {p} or C1 = {q})
C(¬(p ∧ q)) = {{¬p,¬ q}} (so C2 = {¬p,¬ q})

M{{p},{¬p,¬ q}} M{{q},{¬p,¬ q}}

q q

p, q q

p, q p, q

(w, 1) (u, 1)

(w, 0)

(u, 0)

(w, 2) (u, 2)

p

p, q q

p, q p, q

(w, 1) (u, 1)

(w, 0)

(u, 0)

(w, 2) (u, 2)

(w, 0)  ¬� (p ∧ q) ∧ ¬�¬(p ∧ q)
(w, 0)  ^ (¬p ∧ ^ p)

(w, 0)  ¬� (p ∧ q) ∧ ¬�¬(p ∧ q)
(w, 0)  ^ (¬p ∧ ¬q)
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Forgetting that

Semantic interpretation and basic result

A simpler “forgetting that” action.

Definition (Semantic interpretation)

(M,w)  [†π]ϕ iffdef (M{C}, (w, 0))  ϕ for all C ∈ C(π)

Proposition
For any contingent propositional formula π,

 〈†π〉�π ↔ �⊥

(i.e., S  [†π]¬�π)
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Forgetting that

Forgetting whether and forgetting that

Fact
The formula [‡π]ϕ ↔ [†π] [†¬π]ϕ is not valid.

Proof Take π := ¬(p ∧ q), so C(¬(p ∧ q)) = {{¬p,¬ q}} and C(p ∧ q) = {{p}, {q}}.

M w

M{{¬p,¬ q}}
p, q

(w, 0) (w, 1)

(M{{¬p,¬ q}}){{q}}

p, q

p

((w, 0), 0) ((w, 1), 0)

((w, 0), 1) ((w, 1), 1)

M{{¬p,¬ q},{p}} = M{{¬p,¬ q},{q}}

p, q

(w, 0)

(w, 1)

(w, 2)

((M{{¬p,¬ q}}){{q}}, ((w, 0), 0))  ^ (p ∧ ¬q) (M{{¬p,¬ q},{q}}, (w, 0)) 1 ^ (p ∧ ¬q)

Forgetting propositional formulas



Introduction Basic definitions Forgetting whether Some variations Conclusions and ongoing work References

Forgetting that

Tautologies and contradictions

As before, if π is a (propositional) tautology >,
C(>) = ∅ so,

by vacuity, (M{C}, (w, 0))  ϕ for all C ∈ C(>).

Thus,  [†>]ϕ (but  ¬〈†>〉ϕ).

But now, if π is a (propositional) contradiction ⊥,
C(⊥) = {∅} so

Thus,  [†⊥]ϕ↔ 〈†⊥〉ϕ.

Nevertheless, (M{∅}, (w, 0)) ↔ (M,w), so  ϕ↔ [†⊥]ϕ.
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Conditional forgetting that

Attempt 1: condition for where to evaluateϕ

Definition (Semantic interpretation)

(M,w)  [†′π]ϕ iffdef

 (M{C}, (w, 0))  ϕ for all C ∈ C(π) if (M,w)  �π
(M,w)  ϕ otherwise

Note how, from 〈†′π〉ϕ := ¬ [†′π]¬ϕ,

(M,w)  〈†′π〉ϕ iff

 (M,w)  �π and (M{C}, (w, 0))  ϕ for some C ∈ C(π), or
(M,w)  ¬�π ∧ϕ

Proposition
For any contingent propositional formula π,

 [†′π]ϕ ↔
(
(� π → [†π]ϕ) ∧ (¬� π → ϕ)

)
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Conditional forgetting that

Attempt 1: relation with public announcement

Assuming the standard definition for M!χ and [!χ]ϕ,

Fact
The formulaϕ → [†′π] [!π]ϕ is not valid.

Proof Take π := p andϕ := ^¬p. By previous proposition,(
^¬p → [†′p] [!p]^¬p

)
↔

(
^¬p → ((� p → [†p] [!p]^¬p) ∧ (¬� p → [!p]^¬p))

)
But consider

p

w u

p

w

M M!p

(M,w)  ^¬p but also (M,w)  ¬� p ∧ 〈!p〉 ¬^¬p, i.e. (M,w) 1 ¬� p → [!p]^¬p.
�
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Conditional forgetting that

Attempt 2: condition for whether to evaluateϕ

Definition (Semantic interpretation)

(M,w)  [†′π]ϕ iffdef (M,w)  �π implies (M{C}, (w, 0))  ϕ for all C ∈ C(π)

Note how, from 〈†′π〉ϕ := ¬ [†′π]¬ϕ,

(M,w)  〈†′π〉ϕ iff (M,w)  �π and (M{C}, (w, 0))  ϕ for some C ∈ C(π)

Proposition
For any contingent propositional formula π,

 [†′π]ϕ ↔
(
� π → [†π]ϕ

)
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Conditional forgetting that

Attempt 2: relation with public announcement

Assuming the standard definition for M!χ and [!χ]ϕ,

Proposition

T  ϕ → [†′π] [!π]ϕ
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Strongly forgetting that

Semantic interpretation and a property

Definition (Semantic interpretation)

(M,w)  [†•π]ϕ iffdef (MC(π), (w, 0))  ϕ

Note how, from 〈†•π〉ϕ := ¬ [†•π]¬ϕ,

(M,w)  〈†•π〉ϕ iff (MC(π), (w, 0))  ϕ

Fact
The formula [†(p ∧ q)] (¬� p ∧ ¬� q) is not valid.

Proposition

 [†•(p ∧ q)] (¬� p ∧ ¬� q)
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Up to now . . .

A model operation representing forgetting whether for propositional formulas.

Minimal conjunctive normal form is used.

Some variations explored.
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. . . and yet to do/finish

A model operation representing the forgetting of modal formulas.

Derivation system still missing for some variations.

Multiagent versions, as, e.g., public and private individual forgetting, or collective
forgetting.

Proper comparison of proposal with related approaches (e.g., belief contraction).
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