
The Logic of NEAR and FAR

Heshan Du, Natasha Alechina, Kristin Stock, and Michael Jackson

University of Nottingham

Abstract. We propose a new qualitative spatial logic based on metric
(distance) relations between spatial objects. We provide a sound and
complete axiomatisation of the logic with respect to metric models. The
logic is intended for use in checking consistency of matching geospatial
individuals from different data sets, where some data sets may be impre-
cise (e.g. crowd-sourced data).

1 Introduction

The work on the spatial logic presented in this paper is motivated by our work
on integrating geospatial data from crowd-sourced and authoritative sources.
We match geospatial ontologies which contain both terminological definitions of
concepts such as Shop, Bank, University etc. and geospatial individuals (con-
crete objects such as Victoria Centre in Nottingham) with associated geometry
information [1,2]. We generate candidate matchings between concepts in dif-
ferent ontologies and between individuals, and then check the result for con-
sistency using the description logic reasoner Pellet [3]. A match between two
concepts in two ontologies is expressed as an equivalence statement of the form
OSGB : Bank ≡ OSM : Bank (which means that Bank in the Buildings
and Places ontology of the Ordnance Survey of Great Britain (OSGB) [4] has
the same meaning as Bank in the ontology generated from the OpenStreetMap
(OSM) dataset [5]1). A match between two individuals is expressed as

OSGB : 1000002309000257 = OSM : 116824670

(which means that an object with ID 1000002309000257 from the OSGB ontology
is the same as the object with ID 116824670 in the OSM ontology). In addition,
to help verify the matchings, we generate disjointness statements which are not
part of the original ontologies, but should intuitively hold there, for example

OSGB : Bank � ¬OSGB : Clinic

which says that in the OSGB ontology concepts Bank and Clinic are disjoint.
At the moment, we check consistency of matchings only with respect to def-

initions of concepts and statements of disjointness of concepts. For example,

1 OSM does not have a standard ontology, but maintains a collection of commonly used
tags for main map features. An OSM feature ontology is generated automatically
from the existing classification of main features.
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the following is a typical example of a minimal inconsistent set found by Pellet
which would be given to a human expert to decide whether to retract the match
between the two Bank concepts (1), or the match between the two objects a
and b (2), or the disjointness statement (3). The remaining sentences state that
a is a Clinic in OSGB and b is a Bank according to OSM (hence by (1) also
according to OSGB).

Example 1.
OSGB : Bank ≡ OSM : Bank (1)

OSGB : a = OSM : b (2)

OSGB : Bank � ¬OSGB : Clinic (3)

OSGB : a ∈ OSGB : Clinic (4)

OSM : b ∈ OSM : Bank (5)

We use spatial information about individuals (their respective geometries) to
generate a candidate matching, but we do not use spatial information about
their relations to other matched individuals to check consistency of the resulting
matching. It would increase the reliability of matching and utilise available in-
formation more fully if we could use for example the fact that individual a from
ontology 1 is externally connected to individual b in the same ontology. If b is
matched to b′ from ontology 2, and a is matched to a′, then a′ should also be
externally connected to b′. In general, we could have required that topological
relations are preserved by the matching, and if two individuals a and b are in
relation R, then their candidate matches a′ and b′ should also be in R, other-
wise there is a contradiction and we should retract one of the matches (a = a′ or
b = b′). However, this does not work given the quality of geometry information in
crowd-sourced data, such as the OSM data set. Consider the following example.
Objects representing the Prezzo Ristorante in OSGB and in OSM are correctly
matched, and so are objects corresponding to the Blue Bell Inn. However, in
the OSGB ontology the geometries of Prezzo Ristorante and Blue Bell Inn are
correctly represented as disconnected (DC), whilst in OSM they are represented
as externally connected (EC) 2.

Example 2.

OSGB : 1000002309000257 = OSM : 1168246703 (6)

OSGB : 1000002308429988 = OSM : 1168246874 (7)

(OSGB : 1000002309000257, OSGB : 1000002308429988) ∈ DC (8)

(OSM : 116824670, OSM : 116824687) ∈ EC (9)

2 In RCC8, DC and EC are disjoint.
3 Prezzo Ristorante, Restaurant
4 Blue Bell Inn, Pub
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Fig. 1. In OSM (dark), Prezzo Ristorante is externally connected to Blue Bell Inn,
whilst in OSGB (light), they are disconnected, but very near. The smaller polygons
represent Prezzo Ristorante.

We have discovered empirically that locations and shapes of buildings in Not-
tingham are shifted and distorted in the OSM data set by as much as 20 meters.
This means that we have no guarantee that even very loose pure topological
constraints are preserved (e.g. two objects which are disconnected in one data
set may be not disconnected in another data set). On the other hand, it seems a
reasonable hypothesis that objects shown to be hundreds of meters apart in one
data set will be disconnected in another one. Capturing this intuition however
involves some metric information, namely distances, and not only pure topolog-
ical relations. This is what we do in this paper: introduce a very simple logic
for capturing the notions of ‘far enough’ (definitely disconnected even given the
margin of error for this data set) and ‘near’ (could intersect given the margin of
error). We call these relations FAR and NEAR for brevity, although we should
say that we are not trying to capture the colloquial meaning of ‘far’ and ‘near’,
rather try to reason qualitatively about distance with respect to some fixed mar-
gin of error in positioning. We also assume for simplicity that the error is the
same for the whole OSM data set, in particular it is the same for different types
and sizes of objects, and that it is completely random (the actual geometry of a
building can be of any size or shape within a ‘buffer’ determined by the margin
of error).

2 Related Work

The integration of data from crowd-sourced (e.g. OSM) and authoritative (e.g.
OSGB) sources offers several new opportunities, such as lowering the cost, cap-
turing richer user-based information, and providing data which is more up-to-
date and complete [6]. However, whilst government collected data typically have
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a specified accuracy, quality standards and validation procedures, crowd-sourced
data does not. Accuracy can vary widely, and the data may include systematic
errors (for example, due to incorrectly calibrated data collection methods), gross
errors due to mistakes or the insertion of deliberately spurious data, and a range
of other types of errors. Furthermore, classification systems (for example, school,
playing field) used by crowd-sourced sites are often informal, unlike the ontology-
based systems used by some authoritative data sources.

Many previous approaches to the goal of semantically aligning data sources
have taken the approach of using known ontologies that are aligned either man-
ually [7] or using automated or semi-automated alignment approaches [8,9]. Due
to limited space, we recommend Euzenat and Shvaiko [10] for general ontology
matching methods, and Cali et al [11] for probabilistic mappings. Alignment ap-
proaches make use of lexical (for example, class names), structural (parent/child
relations) and other information (for example, properties). Recent work has con-
sidered the use of topological spatial relations between geometries to augment
semantic matching [12,13]. However, for the purposes of integration of sources
with potentially poor accuracy like crowd-sourced geographic information, strict
topological relations are unsuitable, and relations that incorporate geometry
boundary uncertainty are required.

Clementini and De Felice [14] identify three broad methods for dealing with
boundary uncertainty with respect to topology: fuzzy, probabilistic and exten-
sions of exact models. Fuzzy approaches model the vagueness involved in the
assertion of spatial relations (attaching degrees of truth to topological relations)
and include applications of the 9 intersection [15] model (such as [16,17,18,19,20])
and the region connection calculus (RCC)[21] (such as [22,23,24]).

Probabilistic approaches model likelihood, and applications to spatial rela-
tions include the work of Winter [25], in which the problem of imprecision in
the location of the objects resulting in uncertain spatial relations is addressed,
and Montello et al [26], in which frequency is used as a measure to determine
confidence intervals in defining a fuzzy region (‘downtown’).

In contrast to fuzzy and probabilistic approaches, tolerance relations have
been studied using rough sets, i.e. the lower and the upper approximations of
the original sets, based on rough set theory [27]. Clementini and De Felice [14]
present the notion of approximate topological relations, extending the existing
9 intersection model [15] with broad geometry boundaries. Broad boundaries
identify the maximum and minimum extent of a boundary for a spatial object.
They define 44 9 intersections representing the possible relations between two
regions with broad boundaries. Buffers are one application of this work, and
thus approximate topological relations provide some foundations for our work.
Another related approach is Cohn and Gotts’ egg-yolk theory [28]. They define
relations between regions with indeterminate boundaries (conceptualised as eggs
with a yolk and a white, the latter being the indeterminate area), and also
address differences in boundary crispness.
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Other extensions to the exact model include the use of three valued logic
based on extending RCC to cater for indeterminate regions using Lukasiewicz
algebras [29]. Also related is Blakemore’s work [30], which does not use logic, but
identifies a set of 7 values resulting from an analysis of digitising error: including
possibly in; unassignable, ambiguous; etc. Some work has also been done on
the use of supervaluation semantics to define vagueness [31], but this focused on
vagueness in attribute definitions of geographic features rather than uncertainty.
In addition, a large number of logical treatments of non-topological aspects of
space have been developed, including Zimmerman and Freksa [32]; Dutta [33]
and Frank [34] among others, along with work combining topological and metric
operators (such as [35,36]).

Our work differs from this previous work on topology in that we do not adopt
fuzzy or probabilistic approaches. We define a simple logic that can be used
for comparisons between pairs of objects to determine how to treat them in
an integrated database. Like the approximate topological relations and egg-yolk
theories, we use a buffer to deal with uncertainty. However, unlike these ap-
proaches, we do not define a region of certainty inside the uncertain region.
For our purposes, the entire region, including the region itself and the buffer
(the yolk and the white) is uncertain. This is because in crowd-sourced data,
errors that result in complete displacement of objects are common. Secondly,
unlike previous buffer-based approaches, we explore in more detail the relations
between the proximity of the buffer zones, and define a logic to determine the
nearness and farness of pairs of uncertain regions for the purpose of determining
whether they represent the same object.

Previous work on nearness has explored the factors that define nearness, in-
cluding Euclidean distance; relative distance between the objects and a reference
point; the size of the area being assessed; attractiveness; reachability and density
of surrounding objects [37,38,39,40]. Attempts to mathematically model nearness
have included fuzzy approaches ([41,42]) and the definition of nearness relations
in terms of a ratio between the area of a buffer to the area of the region [36].
Worboys [43] compares three different methods for representing nearness: broad
boundaries [14]; fuzzy boundaries and nearness relations and four valued logic
(near, far, both and neither). Frank [34] defines a qualitative distance function,
ranging through five values: very close, close, neutral, far and very far, including
some properties and rules relating to the function, which has some similarities to
our work, as does Hernandez et al [38], who combines distance and orientation.

Our work differs from the previous work on nearness in that we define a
logic of near and far for the purposes of semantic matching of objects from
different data sources, and do not attempt to model human notions of nearness.
We define exact values for the calculation of whether two objects are to be
considered near or far, based on an error function σ, thus providing a strict
mathematical definition. While this makes our approach unlikely to be suitable
for the simulation of human notions of nearness, it provides a useful tool for
geographic data comparison and integration.
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3 Logic

In this section, we present the logic we use to represent distance constraints in
the presence of a possible measurement error. We fix this error to be a posi-
tive constant number σ. We assume that σ can be determined empirically by
comparing two geospatial ontologies representing the same objects, and finding
the largest ‘distortion’ which exists between any pair of objects from the two
ontologies. As we mentioned before, in the case of OSGB and OSM ontologies
for Nottingham the empirically determined σ is 20 m.

3.1 Syntax

The syntax of our logic contains binary predicates NEAR, FAR and BEQ
(‘Buffered EQual’). BEQ is used to generate initial matches between objects
based on their location: two points a and b are considered potentially the same
if they are within σ distance of each other 5. Below we present a simple version
of the logic which assumes that each object has a single point characterising it.
For polygon geometries, buffered equals means that a is included in the σ buffer
of b, this is, for every point p in a, there exists a point q in b such that p and q
are within σ distance, and vice versa. Two objects are NEAR, if they possibly
contain some common point(s), given the margin of error σ in representation,
this is, they are within 2 ∗ σ distance of each other. Two objects are FAR, if
after shifting each towards the other by σ, they are still not NEAR, this is, their
distance is larger than 4 ∗ σ.

– Individual names (terms): a, b, c...;
– Predicate letters (binary): BEQ,NEAR,FAR;
– Logical connectives: ¬,∧,∨,→.

The predicate letters applied to terms yield the atomic formulas, for example,
BEQ(a, b). The well-formed formulas (wffs) are defined as follows:

– Every atomic formula is a wff;
– If α and β are wffs, then ¬α, α ∧ β, α ∨ β, α→ β are wffs.

The logic we are proposing is essentially propositional, since we only allow
constants as arguments of predicates. The reason we do not introduce quantifi-
cation over points is to keep the complexity of reasoning in the logic low and
its use as part of an automated ontology matching tool practicable. (It is well
known that first order logic even with one binary predicate is undecidable.)

3.2 Semantics

We interpret the logic over models which are based on a metric space (similar
to other spatial logics, such as [45] and [46]).

5 Similar to the definition of tolerance space by Poston [44].
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Definition 1 (Metric Space). A metric space is a pair (Δ, d), where Δ is a
set and d is a metric on Δ, i.e., a function d : Δ ×Δ −→ R such that for any
x, y, z ∈ Δ, the following holds:

1. d(x, y) = 0 iff x = y
2. d(x, y) = d(y, x)
3. d(x, z) ≤ d(x, y) + d(y, z)

Definition 2 (Metric Model). A metric modelM is a tuple (Δ, d, I, σ), where
(Δ, d) is a metric space, I is an interpretation function which maps each constant
to an element of Δ, and σ ∈ R is the margin of error, σ > 0. The notion of
M |= φ (φ is true in model M) is defined as follows:

M |= BEQ(a, b) iff d(I(a), I(b)) ∈ [0, σ]
M |= NEAR(a, b) iff d(I(a), I(b)) ∈ [0, 2 ∗ σ]
M |= FAR(a, b) iff d(I(a), I(b)) ∈ (4 ∗ σ,+∞)
M |= ¬α iff M �|= α
M |= α ∧ β iff M |= α and M |= β
M |= α ∨ β iff M |= α or M |= β
M |= α→ β iff M �|= α or M |= β

The notions of validity and satisfiability in metric models are standard. A formula
is satisfiable if it is true in some metric model. A formula φ is valid (|= φ) if it
is true in all metric models (hence if its negation is not satisfiable).

3.3 Axioms

The following calculus LNF (which stands for “Logic of NEAR and FAR”) will
be shown to characterise metric models:

Axiom 0 All tautologies of classical propositional logic
Axiom 1 BEQ(a, a);
Axiom 2 BEQ(a, b)→ BEQ(b, a);
Axiom 3 NEAR(a, b)→ NEAR(b, a);
Axiom 4 FAR(a, b)→ FAR(b, a);
Axiom 5 BEQ(a, b) ∧BEQ(b, c)→ NEAR(c, a);
Axiom 6 BEQ(a, b) ∧NEAR(b, c) ∧BEQ(c, d)→ ¬FAR(d, a);
Axiom 7 NEAR(a, b) ∧NEAR(b, c)→ ¬FAR(c, a);
MP Modus ponens: φ, φ→ ψ � ψ

The notion of derivability Γ � φ in LNF is standard. A formula φ is LNF-
derivable if � φ. A set Γ is (LNF) inconsistent if for some formula φ it derives
both φ and ¬φ.

We have the following derivable formulas (which we will refer to as facts in
the completeness proof):

Fact 8 BEQ(a, b) ∧BEQ(b, c) ∧NEAR(c, d)→ ¬FAR(d, a);
Fact 9 BEQ(a, b)→ NEAR(a, b);
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Fact 10 FAR(a, b)→ ¬NEAR(a, b);
Fact 11 BEQ(a, b) ∧ FAR(b, c)→ ¬NEAR(c, a);
Fact 12 BEQ(a, b)→ ¬FAR(a, b);
Fact 13 BEQ(a, b) ∧BEQ(b, c)→ ¬FAR(c, a);
Fact 14 BEQ(a, b) ∧BEQ(b, c) ∧BEQ(c, d)→ ¬FAR(d, a);
Fact 15 BEQ(a, b) ∧BEQ(b, c) ∧BEQ(c, d) ∧BEQ(d, e)→ ¬FAR(e, a)

3.4 Soundness and Completeness

In this section we prove that LNF is sound and complete for metric models,
namely that

� φ ⇔ |= φ

(every derivable formula is valid and every valid formula can be derived.)

Theorem 1. Every LNF derivable formula is valid:

� φ⇒ |= φ

Proof. The proof is by an easy induction on the length of the derivation of φ.
Axioms 1-7 are valid (by the truth definition of BEQ, NEAR and FAR) and
modus ponens preserves validity.

In the rest of this section, we prove completeness:

|= φ⇒ � φ
We will actually prove that given a finite consistent set of formulas, we can build
a satisfying model for it. This shows that �� φ ⇒�|= φ and by contraposition we
get completeness.

Given a consistent set of formulas Σ, we try to construct a metric model for
a maximal consistent set Σ+ containing Σ. Firstly, we show that, there is a
corresponding set of distance constraints of Σ+, represented as D(Σ+). Then,
we define path-consistency in this context, and show that, if D(Σ+) is path-
consistent, then there is a metric space (Δ, d) such that all constraints in D(Σ+)
are satisfied by d. At last, we show that, D(Σ+) is path-consistent. Therefore,
there is a metric space that can be extended to a metric model satisfying Σ+,
thus, Σ.

Firstly, we will show how to transform a consistent set of formulas to a set of
distance constraints.

Definition 3 (MCS). A set of formulas Γ is maximal consistent if Γ is con-
sistent, and any set of formulas properly containing Γ is inconsistent. If Γ is a
maximal consistent set of formulas, then we call it a MCS.

The following are standard properties of MCSs.

Proposition 1 (Properties of MCSs). If Γ is a MCS, then,

– Γ is closed under modus ponens: if φ, φ→ ψ ∈ Γ , then ψ ∈ Γ ;
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– if φ is derivable, then φ ∈ Γ ;
– for all formulas φ: φ ∈ Γ or ¬φ ∈ Γ ;
– for all formulas φ, ψ: φ ∧ ψ ∈ Γ iff φ ∈ Γ and ψ ∈ Γ ;
– for all formulas φ, ψ: φ ∨ ψ ∈ Γ iff φ ∈ Γ or ψ ∈ Γ .

Lemma 1 (Lindenbaum’s Lemma). If Σ is a consistent set of formulas,
then there is a MCS Σ+ such that Σ ⊆ Σ+.

We assume that Σ is a finite consistent set of formulas. Then, Σ+, a MCS
containing Σ, contains the same set of constants as Σ.

Lemma 2. If Σ+ be a MCS, then, for any pair of individual names a, b occur-
ring in Σ, exactly one of the following cases holds:

– BEQ(a, b) ∈ Σ+;
– ¬BEQ(a, b) ∧NEAR(a, b) ∈ Σ+;
– ¬NEAR(a, b) ∧ ¬FAR(a, b) ∈ Σ+;
– FAR(a, b) ∈ Σ+.

Proof. For any pair of individual names a, b occurring in Σ, we have:

� (B ∧N ∧F )∨ (B ∧N ∧¬F )∨ (B ∧¬N ∧F )∨ (B ∧¬N ∧¬F )∨ (¬B ∧ N ∧
F ) ∨ (¬B ∧N ∧ ¬F ) ∨ (¬B ∧ ¬N ∧ F ) ∨ (¬B ∧ ¬N ∧ ¬F )

whereB,N, F stand forBEQ(a, b), NEAR(a, b), FAR(a, b) respectively. By Fact
10, Fact 9 and Fact 10, Fact 12, Fact 9, Fact 10, Fact 10, Fact 9 and Fact 10,
and Fact 9 respectively, we have

� ⊥ ∨B ∨ ⊥ ∨ ⊥ ∨ ⊥ ∨ (¬B ∧N) ∨ F ∨ (¬N ∧ ¬F )
this is,

� B ∨ (¬B ∧N) ∨ (¬N ∧ ¬F ) ∨ F
QED.

Definition 4. An interval h is non-negative, if h ⊆ [0,+∞).

Definition 5. A distance constraint tells in what range the distance between two
points falls, it is represented as d(a, b) ∈ g, where a, b are constants representing
points, g is a non-negative interval. g is called the distance range for a, b.

Lemma 3. If Σ+ be a MCS, then, for any pair of individual names a, b occur-
ring in Σ, d(a, b) = d(b, a).

Proof. Follows from Axiom 2, 3, 4 (BEQ,NEAR,FAR are all symmetric).

Definition 6. Let Σ+ be a MCS. Given a fixed positive σ, a correspond-
ing set of distance constraints Dσ(Σ+) is constructed as follows. Initially,
Dσ(Σ+) = {}. For every individual name a in A, if BEQ(a, a) ∈ Σ+, then we
add d(a, a) ∈ {0} to Dσ(Σ+). For every pair of different individual names a, b
involved in Σ+, if
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– BEQ(a, b) ∈ Σ+: add d(a, b) = d(b, a) ∈ [0, σ] to Dσ(Σ+);
– ¬BEQ(a, b)∧NEAR(a, b) ∈ Σ+: add d(a, b) = d(b, a) ∈ (σ, 2∗σ] toDσ(Σ+);
– ¬NEAR(a, b) ∧ ¬FAR(a, b) ∈ Σ+: add d(a, b) = d(b, a) ∈ (2 ∗ σ, 4 ∗ σ] to
Dσ(Σ+);

– FAR(a, b) ∈ Σ+: add d(a, b) = d(b, a) ∈ (4 ∗ σ,+∞) to Dσ(Σ+).

For readability, we will omit σ in Dσ(Σ+).

Lemma 4. Let Σ+ be a MCS. Then in D(Σ+), for every pair of constants,
there is only one distance range for them.

Proof. Follows from Lemma 2, 3 and Definition 6.

In this paper, a set of distance constraints refers to a set where for every pair of
constants involved, there is only one distance range for them.

Definition 7 (Composition). Given d1, d2 are non-negative numbers, the
composition {d1} ◦ {d2} = [|d1 − d2|, d1 + d2]

6. Given g1, g2 are non-negative
intervals, their composition is an interval which is the union of all {d1} ◦ {d2},
where d1 ∈ g1, d2 ∈ g2, this is,

g1 ◦ g2 =
⋃

d1∈g1,d2∈g2
{d1} ◦ {d2}

Due to limited space, we will not provide the proofs for some of the lemmas
below.

Lemma 5. Given g1, g2 are non-negative non-empty intervals, if d3 ∈ g1 ◦ g2,
then there exist d1 ∈ g1, d2 ∈ g2 such that d3 ∈ [|d1 − d2|, d1 + d2].

Lemma 6 (Calculation of Composition). Given (m,n), (s, t),
{l}, {r}, g1, g2 are non-negative non-empty intervals, h1, h2, h are non-negative
intervals, based on Definition 7, their composition is calculated as follows:

1. {l} ◦ {r} = [l − r, l + r], if l ≥ r;
2. {l} ◦ (s, t) = (s− l, t+ l), if s ≥ l;
3. {l} ◦ (s, t) = [0, t+ l), if l ∈ (s, t);
4. {l} ◦ (s, t) = (l − t, t+ l), if t ≤ l;
5. {l} ◦ (s,+∞) = (s− l,+∞), if s ≥ l;
6. {l} ◦ (s,+∞) = [0,+∞), if s < l;
7. (m,n) ◦ (s, t) = (s− n, t+ n), if s ≥ n;
8. (m,n) ◦ (s, t) = [0, t+ n), if (m,n) ∩ (s, t) �= ∅;
9. (m,n) ◦ (s,+∞) = (s− n,+∞), if s ≥ n;

10. (m,n) ◦ (s,+∞) = [0,+∞), if s < n;
11. (m,+∞) ◦ (s,+∞) = [0,+∞);
12. ∅ ◦ ∅ = ∅;
13. g1 ◦ ∅ = ∅;
14. g1 ◦ g2 �= ∅;
15. h1 ◦ h2 = h2 ◦ h1;
6 Based on d(x, z) ≤ d(x, y) + d(y, z) (Property 3 of Definition 1).
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16. (h1 ∪ h2) ◦ h = (h1 ◦ h) ∪ (h2 ◦ h);
17. (h1 ∩ h2) ◦ h = (h1 ◦ h) ∩ (h2 ◦ h), if (h1 ∩ h2) �= ∅;
18. h1 ◦ h2 ◦ h = h1 ◦ (h2 ◦ h).
Given an interval h of the form (l, u), [l, u), (l, u] or [l, u], let us call l the lower
bound of h, represented as lower(h), and u the upper bound of h, represented
as upper(h).

Lemma 7. Given g, h are non-negative non-empty intervals, the following prop-
erties hold:

– lower(g) ≥ 0;
– upper(g) ≥ lower(g);
– upper(g ◦ h) = upper(g) + upper(h)
– lower(g ◦ h) ≤ max(lower(g), lower(h))

Definition 8 (Path Consistency). Given a set of distance constraints D,
for every pair of constants a, b, the range of their distance is strengthened by
enforcing path-consistency as follows until a fixed point is reached:

∀c : g(a, b)← g(a, b) ∩ (g(a, c) ◦ g(c, b))
where c is a constant different from a, b, g(a, b) denotes the distance range for
a, b. If at the fixed point, for every pair of constants a, b, there exists a valid value
for their distance, this is, g(a, b) �= ∅, then D is path-consistent.

In the following, we will show there is a metric space satisfying D(Σ+). By
Definition 6, an interval h contained in D(Σ+) is one of {0} ([0, 0]), [0, σ], (σ, 2 ∗
σ], (2 ∗σ, 4 ∗σ], (4 ∗σ,+∞), which are defined as identity or primitive intervals.

Definition 9. A non-negative non-empty continuous interval h is an identity
interval, if h = {0}. h is primitive, if h is one of [0, σ], (σ, 2 ∗ σ], (2 ∗ σ, 4 ∗ σ],
(4 ∗ σ,+∞). h is composite, if it can be composed using primitive intervals. h is
definable, if it is primitive or composite.

Lemma 8. For any identity interval or definable interval h, h ◦ {0} = h.

Lemma 9. If an interval h is definable and h �= ∅, the following properties hold:

– lower(h) = n ∗ σ, n ∈ {0, 1, 2, 3, 4};
– upper(h) = m ∗ σ,m = 1, 2, 3, ...;
– lower(h) = 4 ∗ σ, iff h = (4 ∗ σ,+∞);
– upper(h) = σ, iff h = [0, σ]

Let us call a set of distance constraints which involve only right-closed intervals
(that is, of the form (m,n] or [m,n]) or right-infinite intervals (with ∞ upper
bound) right-closed.

Lemma 10. If D is a set of distance constraints involving only identity or prim-
itive intervals, D is path-consistent and Df is a fixed point of enforcing path
consistency on D, then Df is right-closed.
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Proof. The set of constraints involving only identity or primitive intervals, {0},
[0, σ], (σ, 2 ∗ σ], (2 ∗ σ, 4 ∗ σ], (4 ∗ σ,∞) is clearly right-closed. Enforcing path
consistency produces new intervals by two operations, composition and inter-
section. By inspection of composition rules (Lemma 6), we see that composing
two intervals which are right-closed or right-infinite gives a right-closed or a
right-infinite interval. The same obviously applies to intersection. So if we start
with a right-closed set, then enforcing path consistency will always produce a
right-closed set. QED.

Then, we show how to construct a metric space from Df , a fixed point.

Lemma 11. Given g1, g2, g3 are non-negative non-empty right-closed intervals,
if

– g1 ⊆ g2 ◦ g3
– g2 ⊆ g1 ◦ g3
– g3 ⊆ g1 ◦ g2

then,

– upper(g1) ≤ upper(g2) + upper(g3);
– upper(g2) ≤ upper(g1) + upper(g3);
– upper(g3) ≤ upper(g1) + upper(g2).

Proof. Suppose g1 ⊆ g2 ◦ g3. Since upper(g1) ∈ g1, upper(g1) ∈ g2 ◦ g3. By
Lemma 5, there exists d2 ∈ g2, d3 ∈ g3, such that upper(g1) ≤ d2 + d3. Since
d2 ≤ upper(g2), d3 ≤ upper(g3), upper(g1) ≤ upper(g2) + upper(g3). Similarly,
upper(g2) ≤ upper(g1) + upper(g3), upper(g3) ≤ upper(g1) + upper(g2). QED.

Lemma 12. Let g1, g2, g3 be non-negative non-empty intervals, g1 is right-
infinite, and

– g1 ⊆ g2 ◦ g3
– g2 ⊆ g1 ◦ g3
– g3 ⊆ g1 ◦ g2

then g2 or g3 is right-infinite.

Proof. Suppose g1 is right-infinite. Since g1 ⊆ g2 ◦ g3, g2 ◦ g3 is right-infinite. By
Definition 7 and Lemma 6, g2 or g3 is right-infinite. QED.

Lemma 13. If D is a set of distance constraints involving only identity or prim-
itive intervals over a set of m (m > 0) constants, D is path-consistent, Df is
a fixed point of enforcing path consistency on D, Ds is obtained from Df by
replacing every right-infinite interval with {5∗σ ∗m}, every right-closed interval
h with {upper(h)}, then Ds is path-consistent.

Proof. Suppose D is path-consistent. By Lemma 10, Df is right-closed. By
Definition 8, for every interval h in Df , h �= ∅. To prove Ds is path-consistent,
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we only need to show that for any three distance ranges, {nab}, {nbc}, {nac} in
Ds over three constants a, b, c, we have

1. nab ≤ nbc + nac;
2. nbc ≤ nab + nac;
3. nac ≤ nab + nbc.

Let hab, hbc, hac denote the corresponding distance ranges of {nab}, {nbc}, {nac}
respectively in Df , by Definition 8, we have

– hab ⊆ hbc ◦ hac;
– hbc ⊆ hab ◦ hac;
– hac ⊆ hab ◦ hbc;
– if all hi (i = ab, bc, ac) are right-closed, then, ni = upper(hi). By Lemma 11,

1− 3 hold.
– else, not all of them are right-closed, by Lemma 12, at least two of them are

right-infinite.
• if all of them are right-infinite, then ni = 5 ∗ σ ∗m. Since 5 ∗ σ ∗m ≤
5 ∗ σ ∗m+ 5 ∗ σ ∗m, 1− 3 hold.
• else, only one of them is right-closed. Let hab be right-closed. Then,
nab = upper(hab), nbc = 5 ∗ σ ∗m, nac = 5 ∗ σ ∗m. In D, there are m
constants, and for every pair of constants a, b, their distance range r is
primitive or {0}. If r is right-closed, then upper(r) ≤ 4∗σ. By Lemma 6,
for every composite interval c, if c is right-closed, then 0 < upper(c) <
4 ∗ σ ∗ m. Since intersection does not generate new upper bounds, for
every right-closed interval h in Df , 0 < upper(h) < 4 ∗ σ ∗ m. Thus,
0 < upper(hab) < 4∗σ∗m < 5∗σ∗m. Since upper(hab) < 5∗σ∗m+5∗σ∗m
and 5 ∗ σ ∗m < 5 ∗ σ ∗m+ upper(hab), 1− 3 hold. QED.

Lemma 14. Let Σ+ be a MCS, if its corresponding set of distance constraints
D(Σ+) is path-consistent, then there is a metric space (Δ, d) such that all con-
straints in D(Σ+) are satisfied by d.

Proof. Suppose D(Σ+) is path-consistent. By Definition 6 and Definition 9,
D(Σ+) is a set of distance constraints involving only identity or primitive in-
tervals. Let Df be a fixed point of enforcing path consistency on D(Σ+), Ds

is obtained from Df by replacing every right-infinite interval with {5 ∗ σ ∗m},
every right-closed interval h with {upper(h)}. Let Δ be the set of constants oc-
curring in Σ+. By Definition 6, for constants x, y, if x = y, then d(x, y) = 0. By
Lemma 13, if x �= y, d(x, y) ≥ σ > 0. Thus, we have d(x, y) = 0 iff x = y. By
Definition 6, for any pair of constants x, y, d(x, y) = d(y, x) holds. By Lemma 13,
Ds is path-consistent. Thus, d(x, z) ≤ d(x, y) + d(y, z) holds. By Definition 1,
there is a metric space (Δ, d) such that all constraints in D(Σ+) are satisfied by
d. QED.

We will prove that D(Σ+) is path-consistent by case analysis. Given an upper
bound or a lower bound of a definable interval h, Lemma 15 - 20 show all the pos-
sibilities of h. Due to limited space, we will not show the proofs for them here.
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Lemma 15. If an interval h is definable, upper(h) = 2 ∗ σ, then h = (σ, 2 ∗ σ]
or h = [0, σ] ◦ [0, σ].
Lemma 16. If an interval h is definable, upper(h) = 3 ∗ σ, then
h = [0, σ] ◦ (σ, 2 ∗ σ] or h = [0, σ] ◦ [0, σ] ◦ [0, σ].
Lemma 17. If an interval h is definable, upper(h) = 4∗σ, then h = (2∗σ, 4∗σ]
or h = (σ, 2 ∗ σ] ◦ (σ, 2 ∗ σ] or h = [0, σ] ◦ [0, σ] ◦ [0, σ] ◦ [0, σ] or h is composed
from two [0, σ] and one (σ, 2 ∗ σ].
Lemma 18. If an interval h is definable, lower(h) = 3 ∗ σ, then
h = [0, σ] ◦ (4 ∗ σ,+∞).

Lemma 19. If an interval h is definable, lower(h) = 2∗σ, then h = (2∗σ, 4∗σ]
or h = (σ, 2∗σ]◦(4∗σ,+∞) or h is composed using two [0, σ] and one (4∗σ,+∞).

Lemma 20. If an interval h is definable, lower(h) = σ, then h = (σ, 2 ∗ σ] or
h = [0, σ] ◦ (2 ∗ σ, 4 ∗ σ] or h is composed using three [0, σ] and one (4 ∗ σ,+∞)
or h is composed using one [0, σ], one (σ, 2 ∗ σ] and one (4 ∗ σ,+∞).

Lemma 21. If an interval h is primitive or {0}, then h cannot be composed
using primitive intervals.

Definition 10 (Cycle). Given a set of formulas B of the language, there exists
a cycle, if R0(a0, a1), R1(a1, a2), ..., Rn(an, a0) is derivable from B, where Ri ∈
{BEQ,NEAR,FAR,¬BEQ,¬NEAR,¬FAR}.
Lemma 22. Let Σ+ be a MCS, then its corresponding set of distance con-
straints D(Σ+) is path-consistent.

Proof. SupposeD(Σ+) is not path-consistent. Then ∅ is obtained when strength-
ening intervals. Let’s look at how the first ∅ can be obtained. It must be obtained
using the strengthening operator as follows:

g1 ∩ (g2 ◦ g3) = ∅
and each gi �= ∅. gi may be an identity or primitive interval, or it can be written
as xi∩(yi◦zi), where each of xi, yi, zi may not be an identity or primitive interval
also. In the latter case, gi = xi ∩ (yi ◦ zi) �= ∅. Thus, xi, yi, zi are all not empty,
etc. Given s1 ∩ s2 �= ∅, we use (s1 ∩ s2) ◦ s3 = (s1 ◦ s3) ∩ (s2 ◦ s3) (Rule 17 in
Lemma 6), where si is a non-negative interval, repeatedly until every interval is
an identity or primitive interval. The final form is the intersection of identity or
definable intervals, as follows:

h1 ∩ ... ∩ hn = ∅, n > 1

where hi, (1 ≤ i ≤ n), is either {0} or definable and hi �= ∅. Thus there exist
two intervals hi, hj, (1 ≤ i ≤ n, 1 ≤ j ≤ n, i �= j), such that hi ∩ hj = ∅, hi, hj
cannot both be primitive or {0} (since there is only one identity or primitive
interval for each pair of constants (Lemma 4) and Lemma 21). There are only
the following cases:
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– upper(hi) = 0, lower(hj) ∈ {σ, 2 ∗ σ, 3 ∗ σ, 4 ∗ σ};
– upper(hi) = σ, lower(hj) ∈ {σ, 2 ∗ σ, 3 ∗ σ, 4 ∗ σ};
– upper(hi) = 2 ∗ σ, lower(hj) ∈ {2 ∗ σ, 3 ∗ σ, 4 ∗ σ};
– upper(hi) = 3 ∗ σ, lower(hj) ∈ {3 ∗ σ, 4 ∗ σ}
– upper(hi) = 4 ∗ σ, lower(hj) = 4 ∗ σ

We will check whether ⊥ can be derived in every case using axioms (or deriv-
able facts). From Lemma 15 - 20, we know all the ways a definable interval,
whose upper or lower bound is given, can be composed from primitive intervals.
We also know from Lemma 21 that primitive intervals cannot be obtained by
composition, hence they come from the original set of constraints D(Σ+) and
for each of them there is a corresponding formula in Σ+ (see Definition 6). By
Axiom 2-4, BEQ,NEAR,FAR are symmetric.

– upper(hi) = 0: by Definition 9, hi = [0, 0], then it comes from BEQ(a, a) for
some individual name a. By Axiom 1, BEQ(a, a) is valid.
• lower(hj) = σ: by Lemma 20, hj has the following cases:
∗ hj = (σ, 2 ∗ σ]: invalid case, hi, hj cannot both be primitive or {0}.
∗ hj = [0, σ] ◦ (2 ∗ σ, 4 ∗ σ]:
hj = h1 ◦h2, h1 = [0, σ], so it comes from BEQ(a, b). h2 = (2 ∗σ, 4 ∗
σ], so it comes from ¬NEAR(b, a) and ¬FAR(b, a), where b is an
individual name. Invalid case.
∗ hj is composed using three [0, σ] and one (4 ∗ σ,+∞):
BEQ(a, a), BEQ(a, b), BEQ(b, c), BEQ(c, d), FAR(d, a) form a cy-
cle. By Fact 14, BEQ(a, b), BEQ(b, c), BEQ(c, d) → ¬FAR(d, a),
and ¬FAR(d, a) ∧ FAR(d, a)→ ⊥.
∗ hj is composed using one [0, σ], one (σ, 2 ∗ σ] and one (4 ∗ σ,+∞)

one BEQ, one NEAR and one FAR, using Fact 11.
• lower(hj) = 2 ∗ σ: by Lemma 19, hj has the following cases:
∗ hj = (2 ∗ σ, 4 ∗ σ]: invalid case
∗ hj = (σ, 2 ∗ σ] ◦ (4 ∗ σ,+∞) : invalid case.
∗ hj is composed using two [0, σ] and one (4 ∗ σ,+∞):
two BEQ, one FAR, using Fact 13.

• lower(hj) = 3 ∗ σ: by Lemma 18, hj = [0, σ] ◦ (4 ∗ σ,+∞). Invalid case.
• lower(hj) = 4 ∗ σ: by Lemma 9, hj = (4 ∗ σ,+∞). Invalid case.

– upper(hi) = σ: by Lemma 9, hi = [0, σ], so we have one BEQ in the cycle.
• lower(hj) = σ: by Lemma 20, hj has the following cases:
∗ hj = (σ, 2 ∗ σ]: invalid case.
∗ hj = [0, σ] ◦ (2 ∗ σ, 4 ∗ σ]: one BEQ, one ¬NEAR, using Axiom 5.
∗ hj is composed using three [0, σ] and one (4 ∗ σ,+∞):
three BEQ and one FAR in the cycle, using Fact 15.
∗ hj is composed using one [0, σ], one (σ, 2 ∗ σ] and one (4 ∗ σ,+∞)
one BEQ, one NEAR and one FAR, using Axiom 6, Fact 8.

• lower(hj) = 2 ∗ σ: by Lemma 19, hj has the following cases:
∗ hj = (2 ∗ σ, 4 ∗ σ]: invalid case
∗ hj = (σ, 2 ∗ σ] ◦ (4 ∗ σ,+∞):
one NEAR, one FAR in the cycle, using Fact 11.
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∗ hj is composed using two [0, σ] and one (4 ∗ σ,+∞):
two BEQ, one FAR in the cycle, using Fact 14.

• lower(hj) = 3 ∗ σ: by Lemma 18, hj = [0, σ] ◦ (4 ∗ σ,+∞).
one BEQ, one FAR, using Fact 13.
• lower(hj) = 4 ∗ σ: by Lemma 9, hj = (4 ∗ σ,+∞). Invalid case.

– upper(hi) = 2 ∗ σ: by Lemma 15, hi has the following cases:
• hi = (σ, 2 ∗ σ]: one NEAR
∗ lower(hj) = 2 ∗ σ: by Lemma 19, hj has the following cases:
· hj = (2 ∗ σ, 4 ∗ σ]: invalid case.
· hj = (σ, 2 ∗ σ] ◦ (4 ∗ σ,+∞) :
one NEAR, one FAR in the cycle, using Axiom 7.
· hj is composed using two [0, σ] and one (4 ∗ σ,+∞):
two BEQ, one FAR in the cycle, using Axiom 6, Fact 8.

∗ lower(hj) = 3 ∗ σ: by Lemma 18, hj = [0, σ] ◦ (4 ∗ σ,+∞).
one BEQ, one FAR, using Fact 11.
∗ lower(hj) = 4 ∗ σ: by Lemma 9, hj = (4 ∗ σ,+∞). Invalid case.

• hi = [0, σ] ◦ [0, σ]: two BEQ
∗ lower(hj) = 2 ∗ σ: by Lemma 19, hj has the following cases:
· hj = (2 ∗ σ, 4 ∗ σ]: one ¬NEAR, using Axiom 5.
· hj = (σ, 2 ∗ σ] ◦ (4 ∗ σ,+∞) :
one NEAR, one FAR in the cycle, using Axiom 6, Fact 8.
· hj is composed using two [0, σ] and one (4 ∗ σ,+∞):
two BEQ, one FAR in the cycle, using Fact 15.

∗ lower(hj) = 3 ∗ σ: by Lemma 18, hj = [0, σ] ◦ (4 ∗ σ,+∞).
one BEQ, one FAR, using Fact 14.
∗ lower(hj) = 4 ∗ σ: by Lemma 9, hj = (4 ∗ σ,+∞).
one FAR, using Fact 13.

– upper(hi) = 3 ∗ σ: by Lemma 16, hi has the following cases:
• hi = [0, σ] ◦ (σ, 2 ∗ σ]: one BEQ, one NEAR
∗ lower(hj) = 3 ∗ σ: by Lemma 18, hj = [0, σ] ◦ (4 ∗ σ,+∞).
one BEQ, one FAR, using Axiom 6, Fact 8.
∗ lower(hj) = 4 ∗ σ: by Lemma 9, hj = (4 ∗ σ,+∞).
one FAR, using Fact 11.

• hi = [0, σ] ◦ [0, σ] ◦ [0, σ]: three BEQ
∗ lower(hj) = 3 ∗ σ: by Lemma 18, hj = [0, σ] ◦ (4 ∗ σ,+∞).
one BEQ, one FAR, using Fact 15.
∗ lower(hj) = 4 ∗ σ: by Lemma 9, hj = (4 ∗ σ,+∞).
one FAR, using Fact 14.

– lower(hj) = 4 ∗ σ: by Lemma 9, hj = (4 ∗ σ,+∞), one FAR in cycle.
• upper(hi) = 4 ∗ σ: by Lemma 17, hi has the following cases:
∗ hi = (2 ∗ σ, 4 ∗ σ]: invalid case;
∗ hi = (σ, 2 ∗ σ] ◦ (σ, 2 ∗ σ]: two NEAR in cycle, using Axiom 7.
∗ hi = [0, σ] ◦ [0, σ] ◦ [0, σ] ◦ [0, σ]:
four BEQ in cycle, using Fact 15.
∗ hi is composed from two [0, σ] and one (σ, 2 ∗ σ]:

two BEQ, one NEAR in cycle, using Axiom 6, Fact 8.
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In each case, ⊥ is derivable using the corresponding axiom, this contradicts the
assumption that Σ+ is consistent. Therefore, D(Σ+) is path-consistent. QED.

Theorem 2. If a finite set of formulas Σ is LNF-consistent, there exists a met-
ric model satisfying it.

Proof. Given Σ, by Lemma 1, we can construct a MCS Σ+ containing it. If
Σ is LNF-consistent, so is Σ+, and hence by Lemma 22 and Lemma 14 there
is a metric space (Δ, d) such that all constraints in D(Σ+) are satisfied by d.
Extend this to a model M by setting I(a) = a for every a occurring in Σ. By
the definition of D(Σ+) (Definition 6) and by properties of maximal consistent
sets (Proposition 1), for every φ ∈ Σ+,

φ ∈ Σ+ ⇔ M |= φ

hence since Σ ⊆ Σ+, M satisfies all formulas in Σ.

4 Preliminary Experimental Results

In this section, we sketch how the Logic of NEAR and FAR can be used to debug
matchings between different geospatial ontologies. At the moment, we do not
have a complete implementation of all LNF rules in a tableau theorem prover.
Preliminary experiments reported below use standard OWL-DL reasoning in
Pellet together with the statement about disjointness of NEAR and FAR roles.

In our experiments, we used the two data sets mentioned in the Introduction:
OSGB and OSM ontologies representing respectively 713 and 253 objects in
Nottingham7. We investigated how many incorrect matchings are found by using
the logic of NEAR and FAR to check consistency. To do this, we generated
initial matchings between objects by using purely lexical matching of their labels.
Then given σ = 20m and initial matchings, we generated correct NEAR and
FAR facts for all matched objects based on their location. That is, for every
object which has a match in the other data set, we generated NEAR and FAR
relations to every other object which also has a match to some object in the
other data set. For example, if we have two matchings, OSGB : a = OSM : b
and OSGB : c = OSM : d, we generate NEAR and FAR relations for (a, b),
(a, c), (a, d), (b, c), . . . , and also NEAR(a, a), NEAR(b, b), NEAR(c, c) and
NEAR(d, d). Then we used Pellet to detect inconsistencies in the resulting set
of statements (the two data sets, the matchings between individuals, and the
NEAR and FAR relations). Intuitively, each inconsistency contains a wrong
matching between two individuals. The experiments are performed on an Intel
Dual Core 2.00 GHz, 3.00 GB RAM personal computer from command line.
Times are in seconds, averaged over 5 runs.

Below is an example of the kind of inconsistencies arising between NEAR and
FAR relations for wrong matchings.

7 The data used in experiments is available online
http://www.cs.nott.ac.uk/~hxd/GeoMap.html

http://www.cs.nott.ac.uk/~hxd/GeoMap.html
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Table 1. Detecting errors in lexical matchings between OSGB and OSM instances
using the logic of NEAR and FAR

number of matches 108
number of matched objects 133
number of NEAR,FAR facts 16907
time (seconds) 47
number of errors found 72

Example 3. The object a in OSGB and the object b in OSM are lexically
matched (10), since both have the same label, for example ‘Prezzo Ristorante’.
However, there exists an object c, for example ‘Blue Bell Inn’, in OSGB such
that a is far from it (11), whilst b is close to it (12).

OSGB : a = OSM : b (10)

(OSGB : c, OSGB : a) ∈ FAR (11)

(OSGB : c, OSM : b) ∈ NEAR (12)

From (10) and (12), we have (OSGB : c, OSGB : a) ∈ NEAR, which contradicts
(11), since NEAR and FAR are disjoint. Therefore, (10) is incorrect.

5 Conclusion

We presented a logic LNF which formalises concepts of being ‘definitely near’
and ‘definitely far’ with respect to a metric distance and a fixed margin of
error. We give a sound and complete axiomatisation for this logic. In our future
work, we plan to extend the logic from single points to polygon geometries,
and provide decision procedures for the logics. The concepts formalised in the
logic are motivated by using metric constraints to find errors in matches between
geospatial objects from different ontologies.We present preliminary experimental
results which illustrate the use of the logic.
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