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Abstract. We propose a new qualitative spatial logic for reasoning
about part-whole relations between geometries (sets of points) rep-
resented in different geospatial datasets, in particular crowd-sourced
datasets. Since geometries in crowd-sourced data can be less inac-
curate or precise, we buffer geometries by a margin of error or level
of tolerance σ, and define part-whole relation for buffered geome-
tries. The relations between geometries considered in the logic are:
buffered part of (BPT), Near and Far. We provide a sound and com-
plete axiomatisation of the logic with respect to metric models, and
show that its satisfiability problem is NP-complete.

1 MOTIVATION
This work is motivated by our previous work [2] on integrating
authoritative geospatial information and crowd-sourced or volun-
teered geospatial information. Geometry representations of the same
location or place in different datasets are usually not exactly the
same. Objects are also sometimes represented at different levels of
granularity. For example, consider geometries of objects in Not-
tingham city centre given by the Ordnance Survey of Great Britain
(OSGB) [6] and by the OpenStreetMap (OSM) [5] in Figure 1. The
position and shape of the Prezzo Ristorante are represented differ-
ently in OSGB (light) and OSM (dark). The Victoria Shopping Cen-
tre is represented as a whole in OSM, and as several shops in OSGB.

Figure 1. Prezzo Ristorante (left) and Victoria Shopping Centre (right)

In order to integrate the datasets, we need to determine which
objects are the same and sometimes (as in the example of Victoria
Shopping Centre) which objects in one dataset are parts of objects
in another. One way to produce such matches is to use locations and
geometries of objects, although of course we also use any lexical
labels associated with the objects, such as names of restaurants etc.
The generated matches are seen as assumptions, and are retractable if
found incorrect. We check correctness of matches by checking their
logical consistency. Some of the checks use ontology reasoning (if
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an object is classified as a restaurant in one dataset and as a bank in
another, together with an axiom stating that the concepts of Restau-
rant and Bank are disjoint, a contradiction can be derived). Other
checks are performed using spatial reasoning. In [3], we proposed
a spatial logic LNF that contains relations of being buffered equal
(BEQ), Near and Far to validate ‘sameAs’ matches of objects: if it is
conjectured that a1 is ‘sameAs’ b1 and that a2 is ‘sameAs’ b2, then
a contradiction can be derived if NEAR(a1, a2) and FAR(b1, b2).
However, LNF is not appropriate for verifying ‘partOf’ matches. In
this paper, we are proposing a logic where we can formalise for ex-
ample the following simple argument: a cannot be part of b1 and of
b2 where FAR(b1, b2) holds. The main concepts of this logic, which
we call a Logic of ParT and whole for Buffered geometries (LBPT),
are explained in the next section. We also compare it to existing spa-
tial logics.

2 BPT, NEAR, FAR
For the application described in the previous section, we found it
difficult to use formalisms such as RCC and other topology or mere-
ology theories [1], since they presuppose accurate geometries or re-
gions with sharp boundaries. Unlike existing models for spatial re-
lations between indeterminate regions or objects with broad bound-
aries based on rough set theory [7], we could not define a certain
inner region, because the same location can be represented using
two disconnected polygons from authoritative and crowd-sourced
geospatial datasets respectively, which requires that the whole region
within the buffer [4] of a geometry is uncertain. The first logic we de-
signed for debugging geometry matches, LNF [3], has the ‘buffered
equal’ relation as a basic relation, which turns out to be less useful
when the data is represented at different levels of abstraction (such
as a shopping centre in one set and a collection of shops in another).
In [3], we gave a sound and complete axiomatisation for LNF, but
only with respect to geometries consisting of a single point. In this
paper, we start with the ‘buffered part of’ relation as the basic rela-
tion, and interpret geometries as sets of points.

As shown in Figure 2.a, by buffering the solid circle c by σ, where
σ indicates the margin of error or level of tolerance, we obtain a
larger circle, denoted as buffer(c,σ), where every point is within
σ distance from c. For a geometry c which is possibly represented
inaccurately within the margin of error σ, the actual accurate repre-
sentation is assumed to be somewhere within buffer(c,σ). A geom-
etry g is buffered part of a geometry h, if g is within buffer(h,σ)
(Figure 2.b).

We also have NEAR and FAR relations in the logic LBPT. They
formalise concepts of being ‘possibly connected’ (given a possible
displacement by σ) and ‘definitely disconnected’ (even if displaced
by σ) respectively. Two geometries are possibly connected iff their σ
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Figure 2. a. a buffer; b. three dashed circles are buffered part of (BPT) the
solid circle; c. NEAR; d. FAR

buffers are connected. Figure 2.c and Figure 2.d show the boundary
case of being NEAR, where distance(g , h) = 2σ (their buffers are
externally connected) and the case where two geometries are far apart
and cannot possibly correspond to connected objects respectively.

3 SYNTAX, SEMANTICS AND AXIOMS
The language L(LBPT ) contains a set of individual names (terms),
three binary predicates NEAR, FAR and BPT , and logical con-
nectives, ¬,∧,∨,→.

Applying predicate letters to terms yields atomic formulas, e.g.
BPT (a, b). Every atomic formula is a well-formed formulas (wffs).
If α and β are wffs, then ¬α, α ∧ β, α ∨ β, α→ β are wffs.

The language L(LBPT ) contains binary predicates NEAR,
FAR and BPT . The formal definition of the alphabet is as follows:

We interpret the logic over models which are based on a metric
space (similar to other spatial logics, such as [8] and [1]).

Definition 1 (Metric Space) A metric space is a pair (∆, d), where
∆ is a set and d is a metric on ∆, i.e., a function d : ∆×∆ −→ R≥0

such that for any x, y, z ∈ ∆, the following holds:

1. d(x, y) = 0 iff x = y;
2. d(x, y) = d(y, x);
3. d(x, z) ≤ d(x, y) + d(y, z).

Definition 2 (Metric Model) A metric model M is a tuple
(∆, d, I,σ), where (∆, d) is a metric space, I is an interpretation
function which maps each constant to a set of elements in ∆, and
σ ∈ R>0 is the margin of error. The notion of M |= φ (φ is true in
model M ) is defined as follows:

• M |= BPT (a, b) iff ∀pa ∈ I (a)∃pb ∈ I (b) : d(pa , pb) ∈ [0 ,σ];
• M |= NEAR(a, b) iff ∃pa ∈ I (a)∃pb ∈ I (b) : d(pa , pb) ∈ [0 , 2σ];
• M |= FAR(a, b) iff ∀pa ∈ I (a)∀pb ∈ I (b) : d(pa , pb) ∈ (4σ,+∞);
• M |= ¬α iff M ̸|= α;
• M |= α ∧ β iff M |= α and M |= β;
• M |= α ∨ β iff M |= α or M |= β;
• M |= α→ β iff M ̸|= α or M |= β

where a, b are individual names, α,β are wffs.

A formula α is valid (|= α) if for every metric model M , M |= α.
The logic LBPT is the set of all valid formulas of L(LBPT ).

The following calculus (that we will also refer to as LBPT) has
been proved sound and complete for LBPT:

A 0 All tautologies of classical propositional logic
A 1 BPT (a, a);

A 2 NEAR(a, b)→ NEAR(b, a);
A 3 FAR(a, b)→ FAR(b, a);
A 4 BPT (a, b) ∧ BPT (b, c)→ NEAR(c, a);
A 5 BPT (b, a) ∧ BPT (b, c)→ NEAR(c, a);
A 6 BPT (b, a) ∧NEAR(b, c) ∧ BPT (c, d)→ ¬FAR(d , a);
A 7 NEAR(a, b) ∧ BPT (b, c) ∧ BPT (c, d)→ ¬FAR(d , a);
MP Modus ponens: φ, φ→ ψ ⊢ ψ.

The notion of derivability Γ ⊢ φ in LBPT is standard. A formula φ
is LBPT-derivable if ⊢ φ. A set Γ is (LBPT) inconsistent if for some
formula φ it derives both φ and ¬φ.

4 SOUNDNESS, COMPLETENESS,
DECIDABILITY AND COMPLEXITY

We proved that LBPT is sound and complete for metric models.

Theorem 1 (Soundness) Every LBPT derivable formula is valid:
⊢ φ⇒ |= φ.

Theorem 2 (Completeness) Every LBTP valid formula is deriv-
able: |= φ⇒ ⊢ φ.

For completeness, we actually proved that given a finite consistent
set of formulas, we can build a satisfying metric model for it. This
shows that ̸⊢ φ ⇏|= φ and by contraposition we get completeness.
From the bound on the size of the satisfying model, we also have the
following theorem:

Theorem 3 (Decidability and Complexity) The LBPT satisfiabil-
ity problem is NP-complete.

Detailed proofs can be found here: www.cs.nott.ac.uk/
˜hxd/report/lbpt.pdf.

5 CONCLUSION
We presented a logic LBPT which formalizes the concepts of being
‘possibly part of’ (BPT), ‘possibly connected’ (NEAR) and ‘defi-
nitely disconnected’ (FAR). We provided a sound and complete ax-
iomatistion of it with respect to metric models and showed that its
satisfiability problem is NP-complete. A LBPT reasoner is under de-
velopment and testing, for validating ‘partOf’ matches between ob-
jects from authoritative and crowd-sourced geospatial datasets.
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