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ABSTRACT
It is often advantageous to be able to extract resource requirements
in resource logics of strategic ability, rather than to verify whether
a fixed resource requirement is sufficient for achieving a goal. We
study Parameterised Resource-Bounded Alternating Time Temporal
Logic where parameter extraction is possible. We give a parameter
extraction algorithm and show that parameter extraction can be done
in 2EXPTIME, and this bound is tight. A longer version of this note
appeared in AAAI 2020 [2].

1 INTRODUCTION
We show how to compute the resources required by a successful
strategy for a coalition of agents where the goal of the coalition is
specified as an achievement or non-termination property in temporal
logic. For positive formulas (where no modal operator is in the scope
of a negation), we compute the set of Pareto optimal resource values,
as in games on multi-weighted graphs [5, 6].

2 SYNTAX AND SEMANTICS
The syntax of ParRB±ATL(n,r) is defined relative to the following
three sets:

• Aдt = {a1, . . . ,an } is a set of n ≥ 1 agents
• Res = {res1, . . . , resr } is a set of r ≥ 1 resource types
• Π denotes a set of propositions, and Var a countably infinite

set of variables.

We write ParRB±ATL(n,r) for the logic ParRB±ATL with n
agents and r resources, interpreted over models with the same num-
bers of agents and resources. When talking about all possible n and
r , we write ParRB±ATL.

Formulas of ParRB±ATL(n,r) are defined by the following syntax

φ ::= p | ¬φ | φ ∨ψ | ⟨⟨Ax⟩⟩⃝φ | ⟨⟨Ax⟩⟩□φ | ⟨⟨Ax⟩⟩φU ψ

where p ∈ Π is a proposition, A ⊆ Aдt , and x is a sequence of
variables x1, . . . ,xr from Var of length r , intuitively placeholders
for amounts of resource 1 to resource r .

The models of the logic ParRB±ATL are resource-bounded con-
current game structures (RB-CGS) introduced in [3].

Definition 2.1. A resource-bounded concurrent game structure is
a tuple M = (Aдt ,Res,Π, S,π ,Act ,d, c,δ ) where:

• Aдt ,Res,Π as above,
• set of states S , assignment π : Π → ℘(S ), partial transition

function are as in CGS;
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• Act is a non-empty set of actions which includes idle, and
d : S × Aдt → ℘(Act ) is a function which assigns to each
s ∈ S a set of actions available to each agent a ∈ Aдt . For
every s ∈ S and a ∈ Aдt , idle ∈ d (s,a).
• c : S × Aдt × Act → Zr is a partial function which maps a

state s, and agent a and an action α ∈ d (s,a) to a vector of
integers where the integer in position i indicates consumption
or production of resource resi by the action (positive value for
consumption and negative value for production). We stipulate
that c (s,a, idle ) = 0 for all s ∈ S and a ∈ Aдt where 0 =
(0, . . . , 0) ∈ Nr .

The notational conventions and definitions of joint actions, out-
comes, perfect recall strategies, and infinite computations consistent
with a strategy are standard for ATL; we refer the reader to [2].

The cost of a joint action σ by agents in coalition A is defined as:

cost (s,σ ) =
∑
a∈A

c (s,a,σa )

(component-wise sum of vectors of costs for all individual actions
in σ ).

Given a bound b ∈ Nr , a computation λ ∈ out (s, FA ) (a compu-
tation starting in state s which is consistent with A’s strategy FA) is
b-consistent with FA iff, for every i ≥ 0,

i∑
j=0

cost (λ[j], FA (λ[0, j])) ≤ b

(the cost of any prefix of the computation is (component-wise, for
each resource value) below the bound b). Note that this definition
implies that if agents start with resource allocation b, then on every
prefix of the computation the amount of resources they have is never
below 0. Furthermore, the constraint on b-consistent computations
involves only action costs for agents from the coalition A (and not
on the agents outside A).

FA is a b-strategy iff for any state s, all computations consistent
with this strategy starting in s are b-consistent.

Given an RB-CGS M , a state s of M , the truth of a ParRB±ATL
formula φ with respect to M , s and assignment v from the set of
variables to N is defined inductively on the structure of φ as follows:
• M, s,v |= p iff s ∈ π (p);
• M, s,v |= ¬ϕ iff M, s,v ̸ |= ϕ;
• M, s,v |= ϕ ∨ψ iff M, s,v |= ϕ or M, s,v |= ψ ;
• M, s,v |= ⟨⟨Ax⟩⟩⃝ϕ iff there exists a v (x)-strategy FA such

that for all λ ∈ out (s, FA ): M, λ[1],v |= ϕ;
• M, s,v |= ⟨⟨Ax⟩⟩□ϕ iff there exists a v (x)-strategy FA such

that for all λ ∈ out (s, FA ) and i ≥ 0: M, λ[i],v |= ϕ;
• M, s,v |= ⟨⟨Ax⟩⟩ϕU ψ iff there exists a v (x)-strategy FA

such that for all λ ∈ out (s, FA ), there exists i ≥ 0 such that
M, λ[i],v |= ψ and M, λ[j],v |= ϕ for all j ∈ {0, . . . , i − 1}.
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3 PROBLEM AND COMPLEXITY RESULTS
We show how to characterise the resource values for which a formula
of ParRB±ATL holds. For positive formulas (possibly with nested
modalities) this can be used to extract the Pareto optimal values of
resources required to satisfy the formula.

Definition 3.1. The following problem is the function form of the
model-checking problem for ParRB±ATL(n,r).

Input: n, r ≥ 1 (in unary), a ParRB±ATL(n,r) formula φ, a
finite model M , and a state s.

Output: Compute a formula γ describing the set of assignments
v such that M, s,v |= φ, where γ is of the following form (for
b ∈ N):

γ := x ≥ b | ⊤ | ⊥ | ¬γ | γ ∧ γ | γ ∨ γ

Note that such a formula always exists. For each subformula
starting with a coalition modality of the form ⟨⟨Ax⟩⟩ψ , the set of
assignments satisfying it can be described by a finite disjunction of
the form x ≥ b1 ∨ . . . ∨ x ≥ bk . This is because there are finitely
many Pareto optimal values b for x (such that a b-consistent strategy
satisfyingψ exists, and there is no b′ < b such that a b′-consistent
strategy exists). If there is a b-consistent strategy satisfyingψ , then
for every resource allocation b′ ≥ b, the same strategy is also b′-
consistent, hence all assignments satisfying ⟨⟨Ax⟩⟩ψ can be described
by a disjunction of the form x ≥ b1∨ . . .∨x ≥ bk , where b1, . . . , bk
are Pareto-optimal values for x. Nestings of coalition modalities give
rise to conjunctions of constraints, and boolean combinations to cor-
responding boolean combinations of constraints (see Algorithm 1).

THEOREM 3.2. The function form of the model-checking problem
for ParRB±ATL can be solved in 2EXPTIME.

2EXPTIME lower bound is an easy consequence of 2EXPTIME-
hardness of the model-checking problem for RB±ATL (where in-
stead of variables x all modalities have concrete values b), the result
shown in [1]. The model-checking problem for RB±ATL can be
solved using the function form of the model-checking problem for
ParRB±ATL as follows: compute the constraint formula γ , and then
check in linear time whether the concrete bounds in the RB±ATL
formula satisfy γ .

To prove the upper bound, we need the notion of a witness for a
formula starting with a strategic modality ⟨⟨A⟩⟩. It is a partial strategy
which can be represented as a finite tree where nodes are pairs of
a state and a resource amount coalition A has in that state. The
leaves of the tree represent either achivement of the goal (the second
argument of Until modality), or a state on a non-consuming loop for
a Box modality. Note that for Until (achievement) formulas such a
partial strategy can be expanded to a complete strategy for the same
initial resource allocation by choosing the idle action after the goal
formula is achieved.

A witness w for M, s, x 7→ b |= ⟨⟨Ax⟩⟩ψ1U ψ2 (⟨⟨Ax⟩⟩□ϕ) is a
finite tree with root (s, b) where
• all nodes of the tree are of the form (s ′, b′) where s ′ is a state

(resulting from executing the joint action in the state of the
parent node) and b′ the vector of resource amounts A have in
s ′ as a result, and b′ ≥ 0,
• in all leaf nodes (s ′, b′) of the tree, s ′ satisfiesψ2
• in all non-leaf nodes (s ′, b′) of the tree, s ′ satisfiesψ1

• (in all nodes, s ′ satisfies ϕ)

∥w ∥ is the norm of the witness (the maximal value in any b′).
maxM is the largest absolute value of an action cost in M .
The crux of establishing a 2EXPTIME upper bound for the

ParRB±ATL model-checking problem is showing that there is a
maximal value of the amount of resource needed to reach a partic-
ular state or to enter and execute a non-resource-consuming loop,
and this bound depends only on the model and not on the property
to be checked. The proof of theorem builds on the results of [6]
to show that if a witness for ⟨⟨Ax⟩⟩ψ1U ψ2 (⟨⟨Ax⟩⟩□ϕ) being true in
M, s exists, then there exists a witness w with ∥w ∥ ≤ BM where
BM = (4( |S | + 1) ·maxM )2(r+3)

3
.

4 MODEL-CHECKING ALGORITHM
Algorithm 1, given a model M and a ParRB±ATL formula φ with
variables x1, . . . ,xn , returns a set of pairs ∥ϕ∥M of the form (s,γ )
where s is a state and γ a constraint formula defining the set of
assignments v to x1, . . . ,xn such that M, s,v |= ϕ. This set is finite
because the set of states is finite, and γ is a finite formula (as argued
after the definition of the model-checking problem; essentially this
is due to the finite number of Pareto values for variables in each
subformula starting with a coalition modality, and this in turn is due
to the fixed number of resource types, and monotonicity of coalition
modalities).

Algorithm 1 Computing ∥ϕ0∥

1: function PARRB±ATL-MC(M, ϕ0)
2: for ϕ′ ∈ Sub (ϕ0) do
3: case ϕ′ = p
4: ∥p ∥M ← {(s, ⊤) : s ∈ π (p ) } ∪ {(s, ⊥) : s < π (p ) }
5: case ϕ′ = ¬ψ
6: ∥¬ψ ∥M ← {(s, ¬γ ) : (s, γ ) ∈ ∥ψ ∥M }
7: case ϕ′ = ψ1 ∧ψ2
8: ∥ψ1 ∧ψ2 ∥M ← {(s, γ1 ∧ γ2) : (s, γ1) ∈ ∥ψ1 ∥M ∧

(s, γ2) ∈ ∥ψ2 ∥M }

9: case ϕ′ = ψ1 ∨ψ2
10: ∥ψ1 ∨ψ2 ∥M ← {(s, γ1 ∨ γ2) : (s, γ1) ∈ ∥ψ1 ∥M ∧

(s, γ2) ∈ ∥ψ2 ∥M }

11: case ϕ′ = ⟨⟨Ax⟩⟩⃝ψ
12: ∥⟨⟨Ax⟩⟩⃝ψ ∥M ← {(s, γ ) :

γ =
∨
σ ∈DA (s )∧out (s,σ )⊆∥ψ ∥ x ≥ cost (σ , s ) }

13: case ϕ′ = ⟨⟨Ax⟩⟩ψ1 U ψ2
14: ∥⟨⟨Ax⟩⟩ψ1 U ψ2 ∥ ← {(s, γ ) :

γ =
∨
w∈W (M,s,⟨⟨Ax⟩⟩ψ1U ψ2 ) γ (w ) }

15: case ϕ′ = ⟨⟨Ax⟩⟩□ψ
16: ∥⟨⟨Ax⟩⟩□ψ ∥ ← {(s, γ ) : γ =

∨
w∈W (M,s,⟨⟨Ax⟩⟩□ψ ) γ (w ) }

17: return ∥ϕ0 ∥M

In the algorithm, W (M, s, ⟨⟨Ax⟩⟩ψ1U ψ2) (W (M, s, ⟨⟨Ax⟩⟩□ψ )) is
the set of all possible non-dominated (minimal) witnesses w for
⟨⟨Ax⟩⟩ψ1U ψ2 (W (M, s, ⟨⟨Ax⟩⟩□ψ )) being true in M, s with ∥w ∥ ≤
BM .1 The definition of a witness is modified for the general case,

1A witness is non-dominated if there is no other witness where the largest resource
vector anywhere in the tree (the norm) is strictly less, and no other norm-minimal
witness with a strictly smaller value at the root exists.
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replacing the requirement thatψ1,ψ2 or ϕ is true in s ′ with a require-
ment that s ′ satisfies ψ1,ψ2 or ϕ for some assignment to x (that s ′

is associated with a satisfiable constraint formula). Intuitively, if s ′

satisfies a propositional variable p, then the corresponding constraint
is ⊤, and if s ′ satisfies ¬⟨⟨Ax⟩⟩ψ1U ψ2 for values of x less than b,
the corresponding constraint is x < b. γ (w ) is a formula describing
constraints on variables in the witness w .

The complexity result follows because the set of non-dominated
witnesses W (M, s,ϕ ′) for each subformula ϕ ′ of ϕ0 can be com-
puted in AEXSPACE (by an alternating Turing machine [4] using
exponential space). Hence the whole algorithm can be executed in
AEXSPACE which is equivalent to 2EXPTIME.

If ϕ is a positive formula then the corresponding constraint for-
mula γ only has subformulas of the form x ≥ b. Since the constraint
formula describes non-dominated witnesses, it specifies the optimal
values of resource parameters b (the Pareto frontier).

5 CONCLUSION
Algorithm 1 returns a set of states satisfying a ParRB±ATL formula
together with a constraint formula describing the set of assignments
to resource variables for which the ParRB±ATL formula is true
in that state. The algorithm can be easily modified to return the
witness (finite representation of the strategy). The complexity of the
algorithm is very high (2EXPTIME). However, only the number of

resource types and the loд of the largest cost in the model (loдmaxM )
are in the exponent; the running time is polynomial in the number of
states and transitions in the model.

In future work we plan to implement the algorithm.
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