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Graham Hutton

Lectuore 1 - Introduction

Lo,

BHLK GROUND

There are many different progamming iargmﬂes‘

T

Most courses focws on pr,,n_cL\ch aspects of
programming pacticolar langoages Such as:
o Languase festores ;
o Algprithms ard. data steuctores;
o Space and. time efficienay ;
o Design. methods.

b

This course fakes a more abstract approach,
“Focussing on some of the mathewatical concepts

l)thrhainﬁ programming lanuages in general
o Supkax;
o Operational semantics;
o Denckabional semantics;

® Lqmbo\ot CUlLUl.US ;
o T\jpe Useoﬂ:) ;
o Domain ‘H’)Qo(}j

The central fopic of the course s semantics.

WHAT 1S _SEMANTICS ?

Here are a few definitins :
o Oxfocd. Minddictionary

“Shudy of mesning”
o Collins Gem English Diclionary:
“Shay of Linpickic memning”
o Webster's New Dictionary

“Science of the meaning of words”
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WHEKE 1S SEMHAN [IC> Sluvicy ¢
Here are the three main areas

® Lineoisﬂcs and Philosophy :

The meaning of ertances in a
natoral Langqgt:)_e_ (ej Enjlisk);

o [Mathematics :
The nﬁqninj of {ferms mn o formal.
legic (o9, predicate [osic.) :

#* Comwﬁng ience

The mecmi(»j of progfams n a
progamivg anguage (24 C).

WHY SEMANTICS IMHITEKS

Pﬂ%fam &manjc{cs are useﬁzl, h o Number
of areas of Compub‘nﬁ , including -

@ DC):UM@'\%Q‘{ZI‘OV\

A formal semantics P(ow&es a COMP)QJcﬁ
anch pred&e sggiﬁcq{zév\ of a (Q"E)Uaf)ﬁ
for programmes and comPi(er widers.

e ol (eaSomhg
A formal @mantics 1§ & p(&requisi(ﬁ

foc go_gfs abovt a p(o@ramm{rﬁ fqnguaje
and- progams wotlen in it

L3,

o Lancg)\_)g_ge design
Semantic issves have a Sm(""f) influence
on the. design of prgamming fansuaﬁes.

e Eduation

A know\edae of semartics ges o deeper
udgrs’cqnolinf) of progaming \anﬂuaf)e:, which
will be usefol uhen learning news langoages,
and. when gomparing different Iarﬁuaaes.

L RQSQQG:k

The e\e%ance of ewvartics may inspie
You Lo think about app)binf) for o PhD.

pos'\hén I Programminj fangoaae fesearch.

COURSE TOPICS

D Sypbax

The Sg)vr{:acﬂc structure of progjrams  ds
tf.?‘.@.g S SPEC'&‘Fi&L bj o aramrmr,e‘j.:
7N
1 *
7N\

A 3 .

means

1-2%3

(@ Operational _semantics

The meaninj of progams as Arangition %sﬁn_;
is specified by frangition roles, eq -
a.(btc)
/"l‘\.
b c

StoP SToP |

a.(b+c)

&7



@ Denotational semantics
The meahing of progams as mathematical
Tunckions is specified bD (esion _@qm%:bn:, eq.:

x =1 Mmeans

® Lambda_calcolvs

R theory of Sonchions usedh 4o shudu
many ‘FOUho\chtomL j5s0es Th Sewantics, €. :

‘tﬂ)ﬁ X L) = X
fae £y =y
ot x = x false froe

‘F(§) = U QL,Q(S;X::!)'

)8

@ Dommm Jckeg_g

Solves +he foundational proHems with Hhe
Semartics of pewsive types and. values, eq. -

date. List = Nil 1 (ons Int List
len oo List »TInt

Ien Nil = O

len (Consn ns) = L 4 lenns

COURSE MATER AL

o | ecture notes : copies of my slides.

o extbock: none requ(rec(,bujc any bock

on Lthe semantics, (m;ﬂgs,or ﬁgc_l_r__g
of programning lanquages il be usefol

for chkﬂroun& rexding.

ASSESSMENT

o Non-assessed. exercises for each lecture -

® Ong writken. examination ({00%).

HASKELL

Througlnoujc the curse., the ]avwauaae Haskell
will be used for implementing evartic crcept

o Haskell 15 well-suited 4o the kind of
_stﬁgbo\(c mig_(a_fc_b;n Usedk in Semarrtics ;

. Implemenjcin\e) Hhe concepts Mpx fo make.
them easier o onderstand | avdl also
allows them fo be erculed ;

o (ulomdic ﬁnpe c\\zckirb in Haske ([ Ine’p;
{o avoid. miskakes in oot de€inidons j

o lechre 2 revises the basis of Haskell.
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A TASTE OF SEMANTICS

Tn most (anauaf)eg, the Booleans (fq)&e avd.
{:rue) are built-n fo the bngoage.

Question : is this Uzeorejcica\b neceSSag?

Rnswer @ 1o, *U'en an be encoded in a

SimPXQ ay Usivy) Jonctions T

The type of Booleans

““3?& %OOL = 0 -0 - 4

“The bagsic valves :

‘Erue,{:q\se HH QOOL

+rue Xy = X
false x Yy =9
The ”lgg}igg_L __ne_cLJ)C_\ﬁ__l'o_r\“ fonction
not ¥ gocl. — Kool
ot x = x falre trve
Examples :
not ‘FG(BQ = 'FC\\Se -Q\)Se e
= tre
nok bve = troe falre troe
= fle

EXERCISES

@D Tn o similar mamer {o the not exawle,

define a(:_looi al and. fonchion :
and. i Beol = Bool — Boel

@ Show that ypor defintion has the
Qerc&o\ behaviour for all possible
Cﬂm‘mhahéns of goo)ecm axz/)omen{s.

3 Repeat both exercises above for
'Uwe, “___(ij{co\!_ or " 'ﬁ)m‘[:lén.:
or i Bool — Borl — Bool

Lig,




princip\es of Proqmmmim\ Lanﬁu_c}ges
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Graham Hutton

Lecture 7 - Review of Haslell

LN TKODUCTION
This tourse assomes sore. Quperience. with
the. foncional proafamminj iqnﬁwj& ﬂ@_{eﬂ

For QXQMP}Q , Re:

[ecture notes  in funchional Pﬂammm{nﬂ,
Gm\mm Hu{:’con , Univ. of Noﬂirﬁ"ﬂm, (997,

We'll be using the Hugs 1.3 version of
Haskell., available for most sygkms ffom :

Hc{\o : /) www. ¢s. notk.ac.uk/
Depactment / Stff /mpj / hugs. bm.

This lecture reviews the basics of Haskell.

2.

STARTING HUGS _FROM UNIX

\nugs Sart HUSS j

h\xjs Cilenaves)  Stark and, load files.

USEFUL_COMMANDS LITHIN HUGS

| (filenamesy  Load files;

v Repert last load ;
ra (Filenamesd>  Lood extra files;
e (filename) Edit file;

e Edit last file,

4 <e><pve5§¢6n> Type an enyression.;
:? | st commands ;

:q Quit

LAYOUT

Tn a Sequence of definitions, cuch definition
must beain In p_@_q;gb the. Same lumn.

gd. = b+('.
tohere.
fb: ‘O;
c=15S"

0L=a,x2§

a = b+-C
where
b:(O
c=[S-5
d = ax2

Mmeans

COMMENTS
-~ B sing}e—hhe comment.

3= A molliple-line Comment,

which @n be nested . -¢

5



LONDITIONALS

abs x = i€ x >0 hen x else -x

GUARDS

Siﬁnom X ,’ :(<Oo
o == =
| x>0

PATTERN MATCHING

Troe
False

)
1
b

"
=~ O

no’c Fqlse
Y'IO{: Tﬂ)Q =

CASE _ANRLYSIS

YIO'EX:CQSQJCO‘F

Fqlse —b TNQ
TY"UQ -b R‘Se_

2.4

LIST COMPKEHENSIONS

[(ew) | x e, yexs]

pars s =

POS§)civeS ns = [n. } nens,n>0)

COV\CQJC x5 = [I , xS «xSS,xt—XS]
AREREVIATIONS

Txyz vers (£ x) y) 2

aobacod mrs aa(ba(cmd)

[1,2,3,%] naws 1:(2:(3:(4:0)

CCHeub "

mors [W e 1,161

BAS|C TYPES

Beol. Rooleans : False Troe
Injc Inleﬁers .-l 01..
Char Charackers: ... @' b
a bec.. \Variables

COMPOUND TYPES
[Q] LisJCS
(a,b)

Payrs

FUY\C’{:iom

o-b

TYPE DEFINITIONS

waﬁpe. Strig = [Char)

HPQ Table k v = [(k,v)]

DRTR DEFIN)TIONS

daba Geol = Fehe | Tee
date KResolt = Ecror )OK Tt
dedba Lisk a = Nil ‘CO“SG(US{G)

OVERLORDING

(+) 2 Noma 2 a-a-—a

(:.::) 3. Et&'—’—-’) a - 4. — gso(_

23



RECURSION

o

LNPUT/QUTRU

feo u Tk Tk The. librany file “Toks™ defires:
‘FGC O = i |
fac (n+1) = (n+2) % facn I0a - te é‘ﬁ’e"’rfﬂ{@“ﬂ({w& progams
That refun cesolts cf%ﬁp& a.
oyt i [4) - Tk Foopther with:
Lo 1= © etCh TO Cher
lonabh (x:xs) = 4 x Qetihac &
ey (:5) + levgth x5 g)e{Line + 0 Sl
har 0 Char =» 100
Flaten i: Thee a —» [4) pu’( SO & S{;n'nD - TJ0()
follen (lof x) = (3] PUfS{an 8 S{nho-! 200()
Fllen (Node L) = Flablen L+ Fletten sequece = [T00) = T00
cetom a0«
Examp)es =
=i LIBRARY FUNCTIONS
%e{qur i TO Char
opkChar = do x « aetCh Cor ceference, here are some of Hhe
P”JCC{"‘W * most COMMmb used | ilomr‘ﬁ fonctions
return x
pu{S%r 0 S{rmﬂ - JO() &&‘@3_&5
MS{:r [] = cetom () (X&) st Bool = Bool — Kool
PU{S‘EF (;(:15) = do Y::CS::“ ; (”) 10 ool = Bool — Kool
no't H @ool. -5 BOOL
3gtl_me ) S%ﬂng __\_fg};
cgfa’che = do x egefC%qr .
£y == S\t then () = a - [ —[a]
retorn nu (—H} i [a] - [a,] — [q:]
e\se_ hQOA % [ﬂ’) -3 &
do xS ‘-ae&Line, fal iz [a) - [})
return (x:xs) last 2 [ - a
lhl't b1 [4] -o[q)

A



(*)

iia) o dnt s a

E XHINVLE

nll 5 [a) = Kol
'Q\'\ﬂ‘uw. :: C«'} - Int LG{ U5 bdrfjce O Proafam 1%r disfhl:)ing a
dew 1 Ega 3 a- (DBl | e shouig the distribotion of o lit of
riese = [«] = [4) in{egﬁr cram macks in the ame O-1
Z\P © [a] - Dp] - (@,‘;)]
P@.E.S. Faf‘ va"\\o)e :
Mo () oa > dhoulble [57,68,4,61,..
snd. 1 (ab) o b o
0 %
Higher-crdec_fonckions 20
D ¢ FKKK
() w1 (bae) = (amb) = (a0 542 jfx*%*m*%w
SN R |
'F!uff o (ﬂ—-' EOOQ -3 [a? - [a_-:) -;8: 4;;;9‘&*%
9Q:
D‘ ‘q ‘ \r Y&r 2 Lrg
15 { a K
pagry & e EXERCISES

ShUAJMo«'k i Iw% - 100
dhowwack O = putSte * 0"
5\QOAMQ(k n = P()'&S{'r ( Y how Y\)

Dis?\aninb a line of a H;\e :

S\wtdhﬁe s Tnt = [le’] +TJo()
shodlme m ms =
do showmarck m
P‘J{'S(I\’ w: W
P/{S(Zfl.h st
where
Stas = [# )__ « [1..nom])
fom = Iewa’cl\ (filler valid ms)
valid x = (M <= x) &R (x c= m+9)
DfSP)q(‘?(V\S) a {_g@__e :
shostable  # [Td) » T00

Shotable. ms = Spyence. E‘mkﬂe (mx10) ms /m - [O.AI)

%

@ MOCHY) the shewlable pream Yo alo
O\isplq:) the min , Max, and averaae varke .

@ Define. as many) of he. [ibmry finctons

fom sides ZN and 212 as you can,
without lmkirg op theic definitions.

M s w\;en “:ﬁ%{lrﬁ
Hogs , upo
avoid dask'mﬁ with the pyilt-in definitions.

ypur definitions m

(L nesd. o rename the. funchons {o

5



princip}@S of pmﬁmwinj | anapa es
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Lecture 3 - Stﬁnjrax I

INTRODUCTION

At the lowest Jevel | a program cn be
? \/léwed SiMpb as a ;ir_x_r_t_ﬁ of chacacters .

Th exder 4o SMD the W@nio:) of proﬁmms
ata h\?)her el we first nead fo SJruoB

how proyams dre formed as S‘ér[n&s:

Meqninj —  <emarhics ;

‘FOTT\'\. = SV ﬂ}’a)( .

The next two lectures intreduce the basic
Mathemat ics Undev(«:){hj prosyom sbn{ax.

LOGIC

We begm by reviewing the. operators of
propositionl. (or Boolean) logie :

Netation meaning

Aa 8 “and.” ;

AvE ‘oc™;

A “net” ;
A=K "im‘o):és“;
AR “equivalent 40",

Note: the < operator is sometives fead
as " and only if”, abbreviated by “iff"

3z

Predicate loajic. exterds propositional. logic
0y introducivg fwo quantifiers :

Netaton ~ Deaning

Ve. PR "focall’;

T, P)  "dhere exists”
Exangles

V. (mGh(x) = Peron(e)) means
”EVQVD man s A Fefgon.“ ;
Ix. (Person () = 7 Man(x)) rieans

”Nojc euery pefson. is a ran "

3"3‘



SETS
A set is o llecton of bpcts, such thet :

Usefol Ope\“qhém o sets :

B The s of kel i et ol Union SuT = §xxeSvxeT}

® Doplicste obecks are not. important. Tolerseckion @ SnT = §x)xeSnaxeT}
The obyarks are vgally colled elewerty’ or rewbers’ Sobset SeT @ V. xeSxeT

Notation m.é.“.“.ing Equality S=T © S¢T~TeS

P “emply) set™; Product SxT = 3(9))xeSrveT

$0a10,-af  ewplicithy defieed set Poreet = P(S) = IT[TESS

$x | PG)}  mplicitly definek set™s | e an alo exed U ad N o s of ls -

xS "is awenler of; UX = §x] 35 SeX ~xeS3

x$ > "5 ot o mevler of NX = $x | VS. SeX = xeS¢
STRINGS s

Q sic_r_i_n_g over a finite set S is a finle Sequence
of elements of S, with dupliates permitted

Notation mecm'mg

€ “empky) sting

Qg Oy - Qn “ exph'ci{!g definah ste ffg“i
sat « (ov{o\{fmﬂdk“-

The unéer{t){v\g set of a sjcrmf) s USuan
called. the. *glp_‘ggkf of the stiing.

EXaMPJ_e_s
O and OO\ are both Sjcrinss over
H’\E O\\pbxalge{j §0,1§ of Hnarb dl‘?fs

34

Useful sets of 5%rm33

A" All slcrmy of l@__na_%_!} h
over {he alphabet A;

AN ALl n,@;eyp,{_b strings over fi;

9* BLL Sjtring)s over A

E xomples

20,137 = 3¢3

50,43 = $0,1%

$0,13 = so,01,10, 113

50,15* = $0,1,00,0,10,11, ..

5€,0,2,00,0,10,1, .}

0,137

1



f“orm”b, A" can be defined recursively b:j:

R® = §€
A™ = §xss | xeR A seR",

Tn o, A and R* are defined b&’
At

PtuvnRty Ru..
Us

Azl

il

A* - PPuPuRULURU.

€3 U R

1

N

ﬂ* 1S Uwq“b alled. the ”}_g leeve 9_[9&@1 of R,
afler the 103'\04'“ Slephen Kleewe (1909- 9.

31

GKHMMAKS

A grameer s 4 finite set of rules thet
describes o (Usmnp infinite) set of strims.

Example:  te grameer

nomber 1= £ | it nomber
L O\i@i{ = O , 1
on )7?_ (‘eoA as

D nober 15 eibher the emply strim €
or a o\iﬁi{ Followed bt) o Number ; @
Q\lf}‘;t is eithor O oc 1.

and\ descaibes ‘U?Q SEt 30,1§*o€ b\'mv'b nUMLerS.

Emmwya<@ﬁﬁ4magmmm»gaﬁ+wh
(N,T,s, P
where
o N isa finile set of nolemind gynbols;

o | isa finte st of {eominl %ml:ols,sock
Hot N aed T are disjoint, ie. NoT=g;

o SeN i He gart w&&rﬂe gammar ;

e Pc Nx(NuT)* s o Sinile st of
Proo\\)cﬁ(g’ n poles §or the. gfamar.

2lo.

34

ol

o The non-terminal Sﬂm'so(s N are the rames
ok ()moluchbv\ cdles, ard do rot apparr
i~ S’m’ngs describedt by the grimar;

o The torminl Sc\')mbols T o the. alphetet
'{;or the gﬁinos 86»'@1{6(1 bt)‘U\e grammir ;

o The start SS\MLOL S is the name of the
firsk predoctin role o be apphéd

o The produc’cwn nles P are pa\fs (h,b)
Whee heN 1o a novtenial sbol called

the "heed™ of He rle, ond. be OV“T)*
IS o gfcn'n:) of ij\\asls alled. Hhe "bedw”

38



BNF NOIHIION

Lo

(Gramwars are. usually defined Using ENF nofedion :

o ANF stands for Badkus -Nave Form, aflr
the two pioneers of the netstion;

o Produdion tules (hb)eP are written as -
Wb o hob;

o N set of Pmo\uc{(o'v\ roles

TN
h = by

L #= be
s abbreviaked Usiny an. “or” oy:em(ot :
hoss by | by || ba

3n.

EXHMPLE

/H\e ‘o\naf:) num[yer ammmqr :

Number iz £ f a\isi’c nomber
digt 2= O | 1
is formalised bJH»e Y-tvple (N.T,S,P) where
N = gwm’ger,dﬁgs"‘:}
T = $0,1%
S = number

P = 3( ﬂU“"\Je'rs ¢ >)
( rumber G\ifgijc humber ),
(d‘:){JC 5 0 )7
(digi‘c » L )?

343

EXERCISES

@ Translate the \Co“a»mf) info _E__n&lﬂ
) VxeN. (Bien(s) v OME);
b) Nxez. Jye2. y>x.

@ Translsle 4he wfouownrb jnto Fx@gie [%;_c_

Q> Some Pfog)fams have. b{»,s;
b) The. smallest m(vmt nomber 15 O,

(3 Evalude the QUowirb set. - expressions
Q) 31233 x $1,2,3%;
b $1,2,33";
9 U(P§1233).

3

@ Wrile down the fist fou vales of:
G) E 11213§+ :
b $1,2,3§%

© Us'ma BNF notatien , define o gamvar
bhat describes Jists of single digjts m
Haskell , such as [3,7, 2,1).

Hial = fole care Pk upor garmar
only describes valid lists.

© Formalise Hhe lils opamar 4 H-fope.

ES Y



principles of Pf‘oafammm\o}“ Laqﬁo_zalgg_s

Gf O\\f\om HUJ( on

Le&ur e LF - St)n‘hx II

DERIVATIONS

Q S{ring is derivable. within a 3@qu( f
it can. be cbhined from the start Spm’m(
btﬁ “FP(‘Qi"j O Sequence of producﬁbn rules.

ME]& : gwen the oyamar

Number == & I digi}c nomber
diﬂijc 2= 0 { 1

the str ine 10 is derivable as follows:

Nomber = O\\vai)t number
=) O\icz)'k dif)x'{ number
= digit digt
= 1 o{ii)if
= 10

Y

Notation : aiver\ o am\mmar G = ( N,T.S,P),
X =:G=> Y

meors that the Sjm‘n\c) Y€ (NoT)* 15 deriable
From the sjtrinj xX€e (NUT)* bﬁ aﬂo!vin\c)a\ §i.r3[§
prodncjdén ale fom G fo a slr_vatg_ oaurrence.
of o non-ferminal gom\ooL nox.

Note

The @MW G i = 1S osm“b omited
e i i der fom the conlext.

O\'tcoi‘t digt = 1 o\iai{: v’
dioit digit = dit 0 ¥
digjt digt = 1 0 X

L2 N

Formally, gjven. G = NTS,P> the relaion
= on strings (NUT)* can be defined by

x DY © Jste (NuT).
Jhb)eP.

x = Sh{t/\
b: Sb'(:

Example : the derivation
digit rurlec = digt dijt romber
is witnesed by the assiopments
digit ;
= &

number ;

O\igi’c number .

T S W
1

1]



USSWCUL (E\c&zbns on stnrgs:
y s dexiuable. from x by
C\‘PP\‘Q;VB P(GC&b nor oles ;

r = 9y Y is derivable from x b-)
applyivy one or mote ules;

A\
x?\j :

xr%}g roY is derivable mexkn

For Ma“n, =;=> can be defined FQC()(‘SNQRL/) bb:

1y O %=y
£33
1=G=>‘3 < dz L=z A 23y,

Tn 4o, =G*é> and. -—gé are defined bg.-

1%9 & HnéN.x%gy

app{tgir@ 26 or more. rules. x:?:?j & dneN. x=—g-§>3.
Exargles (fom slde 1)
No)ceS
digt digt = 10
=% o = is the traxsitive closure of = ;
nomber == 10 .
o =5 (s the reflexi fersitie closore of =2,
number £S5 humber
48, i‘-j
TERM'NOLOGY @ ¥ another opammar G’ 3eﬂera4f§ the same

Let G =<N,T‘S,P> be o ofamsrar. Then,

@ A string x & (V)™ that 15 derivable fom
the start swm\oot,t'.e. SZ5x, is collad

“A sebential fom of G

@ A sjtrinf) e T* of derminal sipmbols thet is
o odentiol form of G is ailled.

“A sedance of G

@ The set L(G) = $x|xeT*r STx§ of
all sentances of G is alled

“The langpage oprerater by G

44.

fanaxw:)a as G, then G and G are called
"Equitelad: oqammers”
Examples (for 4he number oyomwar)

o diojt L nonber is o sorential form;

o digt number digit is ot o sentential form ;

o 101 is o sertance;

o Ldigt 15 not a sentance ;

o The %mera{eb\ lamapwosg 15 the set 50,137

e An QC{U\VQLB'\‘E (Ofammqr iS:
nomber = € f nomber chartL
C‘\ﬁ){ e O 1 i

3



DERIVATION TREES

Tt s often more useful 1o represent a
derivation of a g{ring o5 o tree.

EXAMPLQ_ . the derivation

nombee =5 0\"3{{ nomber
= diaﬂ: o\fe)i{‘ number
= d(f)i’c dit\»)sd(
= 1 diaijc
= 10
can be represented bf) the free
numi;ei
O\i@'f NUMbEr
VRN
1 d!atjc number

o S

&9

ot mamg, Jh TYee) we wnSY oty d tollows :
o The root s the shrt St)rﬂlz:(, of the gmma ;
e FEoch branch

h
VAN
[Dl b, = b,
cmesPo,ds b an opp!im{tdn of the pmiuc&dn
h = by by - b

in. the derivation., whee @xh b: 15 a symbal ;

o The leves are the symbzls of tie derived
| Sjmﬁt)\ n Legt—{o—(‘fsk{: oder .

Note
Derivadion brees ae alio called. "patie tress”.

(While. eadh derivation. induces o singfe. tree, in
%evxemt each such 4ree represents many d Hflerent

decivabions of the came sérmi).

_E_@Mg_ . the derivation
nomber = dig(JC howber
= 1 romber
= 1 digit nober
= 1 0 nomber
=10
is alio represented by the tree on slde 4.8.
Nete

Eacl. derivation tree vepresents all the drriedions
of o S{ﬂ;\b that O\n\\:) difec n the order of
Opp(imﬁbn of te Pﬂo\mﬁdv\ rules.

4.0,

AMBIGUITY

Q S(awv\ar 15 M@g@ £ G\CVD Sentance has
a sirvole denvation {ree, ard gmblguggs otherwise.

w}i@.f both gramemars for Eimrg rombers. gjven
earlier 1 this lectue are wumb'cbooug, while the

followsing (equivaledt) oyammar 15 ambigw)s:
nomber == € | digit | nomber number

digit == O | 1.

For enmple, here ae fwo frees for 000 :
numbee nomber
i >7‘>er nber  nomber
o\ioi'r& namber bﬂ‘aer numé n\m\,e, d{lrj{ 1

o digt digt As‘j{{

O O ¢ O



EXRAMPLE

?.'ejc LS deve{op a g)rawmar {%r simp/e
arithmetic  expressions, made vp of ;

. Smak oliﬁi{s 0..9;

o ﬂ\eo‘aem&)rs + and *;

o Forentheses (and ).

Our finst a{ﬁemP{ 1S as {oUcwse

QKPF = expr + expr

| expr % expr
| (expr)
| digit

digit = O] 1]..]9.

LA

,H”\l‘g %‘(Ummqr %ane(\méef ‘@06 cercect (a”ﬁ‘ﬂﬁf ,
bt suffers from two ambigpity problems

@ % has ]ﬁ(ﬁ\rver pn'm’cir) Han +, but
e gramwmar does not reflect this.

Evample : 14743 s fwo derivation trees,
Correspondinﬁ o (142)x3 ard 14 (2%3),

Solution : rvxxiif? the. oyamc oS ollows:

Expr n= expr + expr | tom
lerm = dem ¥ teim j fackor
bodor == (expr) ) diﬂi%.

¢

Now , 147473 has o smtz}\g decivation tree.

&3

@ + and % are hoth asscitive bot
this makes the gammar ambiauoos.

_E_{a_w’olg_: 1+2+3 has Hwo derivation trees,
Cofrespomling o (1+Z)+3 and 1+ (243).

SO‘Uhc{h: Modhcg the gammar as follows:

Qxpr = expr+ {erm ; erm
torm 5= term % @acbrl factor

Locor 2= (exFr) f diﬁ{{_

3]

1]

New, +he oyammac s onardpiquovs.

N_gf_e.: L ensure thet progfams have a sinale
Semantics | the gamcs for proganming languages
axe. U&)q“x\/) (%o the st (oarQ UMMHOWS'

4.8,

EXERCISES

@ Write down to firther derivations of 10
Using fhe. oy on side 41.

@ Deﬁne -i-? in temms of =—f’9

@ o Draw the two derivabion trees for 14243
Usirg He genrar O side 412, and. the fo
for 14243 using the garmrar on slde. 4.13,

L:) D He sinsfe trees for both senfances
Usive Ye opamar on slde 414,

® Exted e egression opuma & hardle
enponeﬂﬁc\hbn A whick has hi(o\Er priority,
than + and %, and osseciades 4o the riglt.

418,
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(Sraham Huton

Leckure 5 - Opem{mml Sevantcs T

5.0.

TNTKOLUCTION

One approach to specifying the meaning

of progaams IS Qpem%x'omL Lantics.

Basic idea:

ﬂ@.@. fmgmms execute is syecéﬁéd abstrad(&
in tetms of sime temsitons.

Exanple
(142)%% — (%3 —> 83—
The next +thiee \eclures introdue. the basic

P_f_ir_w_cigj_@s of operajciomL mam\ics,ard showy

how Jcken can be implemen{ed in Haskell.

EXPRESSIONS

Let vs \Deﬁ}n bj csns'\derinﬁ the operational
sematics of Simp?e arthmetic Qxye&;ohf,
%ivev\ b‘j the. —fo“ewina gfammar :

Cxpr

s ex‘)r + {ev’m l Jcenv\

torm = {Qfm *‘FO&N H}z{m

‘F(AC‘:OV ] (“GX?C\) l value ‘ variable

where
volve  u= ... ] 4o 1 | ...
variable = A [ B \C

si

Injcui{ivel\ﬁ, uch expressions Can be evaluateol

fo an {n{eger value bt_/) ust'ng a sequence of

transibions | where each transition :

Rep\aces o sina\e application. of an.
operater o integer valves by the
Upproptiate ceplt (eq. 142—3);
oL

Replaces o single ocoriene of a
vaciade bvy s valve (eq. A—3),

‘.E.l(ﬂ'lﬂ(@.: (?)Ne“ A=3)

<l+2\‘* A— (3)—)&{51-*- xR —Zn3—9

&IJC OH»Q(‘ sequentes afe. Pombfe t00...

53



(142)% R — (D *A—(3)* 3—333—9

2

(1+2) %R —(1+D)x3— (3p3—> 33— 1

Th?ﬁa theee Loonsition Sppences can &Q Combined,

indo o simje tromsition gpaph foc (142)4R.:

TRANSITION  SYSTENS

Formally, o transition gaph (vsvally called

o transition gtykm> is o pair

S, =

 where

(HZ)*R ® S s o sa‘f of 5_%3&;;5‘;
(3\*R\. 1+ %3 o ~ C SxS is a set of “Leansitions".
A g
31‘3 e We q‘o%(evia& (#{Dé" b3 XY ;
9 o We tad x—y as "there 15 a
Teansition from shile x o stide 4 :
Example - (gjuen. A=3) PARSED_EXPRESSIONS

The tmnsition %skm for the. expession ( l+2)%Rk
IS gi\leﬂ b!j {he Pati‘ <S,-—*>, where :

S - $(kdR, ()sA, (K43,
xR, (3)¥3, 353,95

— = 3( (WDxR , R)sR ),
( (HO+R 5 (H)%3 ),
( (?3*'\ » 3¥R ),
( QW (B3 ),
( (w3, (3 ),
( S*Q , 3x73 )
( (3, 353 }’
(. 3%73 y 9 )%

54,

An opem{iOv\aL emantics for expressxohy N
oy tronsition %skm that Speciﬂér the paSsib)e

- evalvation 54693 fr all expressions

TE o5 comement fo define Ye semantics for
pacsed. expressions, defined. 1n Hakell by :

data Expr

l
\
|V
| Vac G‘xqr
demm SLTC‘N

5y



E_@Lﬂg@_ . the pr(esaon

(1+2) % A

can be parjed\ o aive

Ml ( Faren (Pl (Val 1) (Val 2)) (Vae B

which an be pictured as the tree

Molt

7N\

p(l" v \/a{ 'ﬁ'

Add
VAR
Va1 Val?2

_{\lg{_,g_-. Pacsin3 is an \‘mPa”innjc fopic a)mpu(uB
Science , vt we dont pecsie it further here.

STORES

The m€anin3 of vardbles m an expression will
be ogjven by o store ek canins the

corcent valve of each Vaviable

o\lt_'i:

 We represent a shre by
%ﬁpe Store = [ (Char, Tnt)]

andh define three ope(aJccdm on Stores :

@mm = Store

QMV{\Q = [:)

Lind . Chac = Shre — Tnt
fid o s = head [n|(bn)es,a==b]
um\al,e o (Chae = Tk = Shee o Shce

updabe a0 s = (@A) [ I(bmes,a /bl
54,

E.XEI‘P_}Q_’ gyiven the sthore
s = [("D),(%2), (3]

e \'\ONQ :

r? find €' s

2

7 find D' s

beﬁmm error:  $head [13
?UPO\Q{Q DY s F
[(0,9), (7,2), (€.2),(C.3)]
7 upd\ake ‘8’5 s

[(0,5), (1), (<\3)]

Sk,

SEMANTICS OF EXPRESSIONS

Now, %Rven o store s, the g\cergﬁiomt
semardics of ex‘aress\o}xs )5 formalised ”3

o transition sgskm (S, , uhere :

it

S = the set Expr of pated expesson;

Fhe lenst sobset of Expr x Exer
satisfjng the inference pules below.

—b

fi

In %QV'E(UL, we bm.%ﬁ
A, A, .
C

to mean Het R is an inference _r_ul_e_a that
allows vs fo conclode Hhat C dds provdec

tht oll the Q&_Umm A, ... B, hold.

A.
(®

s,



The voles $or addition :

(Poo1)
Add. (Val 0 (Val m) —» Val (n+m>
X — x' :
(Roo?)
QAA X y—> Hon x' Y
4 — Y
(Rov3)

po\c\ X 6*"9&0\1 9'

Tht is, the som of fuo valwes can make the
Farsiton 4o their sam (Aop1) | and the som
of two g}_(‘;feSlens can make o fransrton if

oither exP{esseo'n can (ADD2 avd. PDDZ).

AT

The rules for mutjcip\icaﬁbn_:

Mot (Val n) (Val ) — Vil 7o) (mTa)
Y —t X
(mutz)
mUUC X vy — Molt %’ y
EE— (mxr?)
Motk xy—Molt x y'
The_ruler for paientheses:
(PAREN 1)

Pacen ( Vel n)—sVal n

x — X!

: (PRREN2)
PQ(EW q —b Pcn‘@v\ x/

TL\Q ﬂ)lﬁ ‘G\Dr Jar \C\HQ\S

‘Fm& & S == n

(VAR)

Var a0 — Val n

qujt l'S, a Vol iade an make the fomnsition
to o vale i te vatiable is curtently
aSsicg)necL o the e bQ the store.

Nole

Thete. are no rles for valees Hhemselves
pecause. Jc\we\:) ave. qlr&ldv qpuuj evajuated

avd cqn make no further Fransitions.

SR

FXERCISES

D Ocaw +he transition graph for

A+ (248
where A=1 and B=3.

@ Exdend. the Expr w‘xye fo hardle exprentiation,
avd. define framsition roles for his o}oera}m

@ mOo\z% JCLLQ “&mmihdv\, (L)[_€§ '?OY‘ addr{tm Jo
thet the fict expression most be ﬁf{v) ovdudedd
before ewluation of the second can begin.

5%
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| ecture 6 - Opemjciom( Sevartics 1T

PROOF TREES

USiY\S inference (‘()I,QS} We. an g@ng(;{ud ED__o_f
trees fo werify thet  statements hold .

Here 1s an (austract) example :

— (a4 (rs)
() —— (#3)
%) %
(R1)

SUC\!\ P\'Omc {rees are built "bo{josm-ug“,yhrbﬁn
with the shlemed fo be proved:, and applying
inference rules ontil there are no assumphions

left or the sabenents are trivially troe.

Exange:
USihﬁ Un)oa(sed. notation the frarsition
(1+9) * A — () xR

Is vevified bkg the {o\lowivxj toroo€ {r@:"

(Anp2)

!+Z——-——og
(I+2)—()

(PRRENT)

- (muT?)

| (14)x R — (3) %R
That s, we First apﬂg the rule MULTZ 4o eliminde
the ue of # then QW[O the rule PARENZ o
oliminate the vse of (), and -Fim% apply the
role BODL o verify the use of +.

Given the state
s= [(7,3)]
Hhe allernative transition
(1+)# A — (1443
s vevified by e Following prof bree:

'Flnd, 'Hl s == 3
A—3
(1+2)% R — (1+2)%3

(ver)

(MuLT3)

That is, we first apply the cole MATS Ao eliminle
“LJ/\Q use of % , av\d ‘H*\QY\ Q?Pb the Y‘Ut.fi VAR 4o

x‘?‘x‘i% e ﬁex‘ﬁ‘n(em@mt_ of He vayiable b}) L;l,s value.




ING SEHRM TGS

L PPLEMEN | | HE

Fmanv) deriviny the poss{)afe transitions

‘&V QXPYESS\CY\S h\ h_gvm\ 1S ¢
] Laboricus - proo{: frees can be. Iarge ;

e Error prone - making mistakces 15 €asy,.

We now agtomate the precess bj ;‘mp}emaq{irs
Yo operational semantics of expressins . Hagkell,

The thp@meﬁm{im also ¢
® He\Ps detect avers

j the SqunJcid ;

o Cives grother view of the semantics.

&%,

ALFCRAE Y

Lﬂ\i{,‘( U slote, Lns ‘ [SRTARINIZ

eXpressins (s 9iver by & a Lransition relabion

—t C Expr % Ex(x
This can be imp)emenjcecl b&g o Haskell funchon

G{Rms i Store = EX\{)\”-P [Ex)or]

that ceturns fhe. list of all pessible dransitiens
for an ex{wesszém Sina & Qiven. sore.
Emmg{_e_: using unparsec(, notrbion

etars [(A7,3)] (1+2)%R

Shoold 3&% e list

[(R)xA | (142)x3]

65

The deSinition of etrans is o simple translation
of the inference rules into Haskell notation .

The cases for addition

Rad (\)a\_ n} (\fq[. m) — Val (n+m) (rov2)
ehtans s (Add (Valn) (Valw)) = [Val (nem)]

T}‘\a{ is, dhe case for the sum of two values

13 a direct trarslation. of +he role ADP1.

6.6,

X e X
(hop2)
RA& X9 —> ﬂc)& x Y
+
by Y
(hov3)

M&I‘j——t %xg’

l

etrans s (Add x y) =
[ﬂ‘w\ x' I %' « etrans s xj-H—

[Rdd x vy |y « etans s vy ]

That is, the case for the sum of fwo expesins
combines the Jwo cules RO awh APD3.

6%,



TBQ cases for MuHiph'ca(t(o:\

ckeans s (0l (Val n) (Val w)) = [Val (ham)]

oteans 5 (Molk x o) =

[MUUC X’ Y } X' e Q'X;rqng S 1] —H‘.

| [Mold x y |y’ « etrans s 9]

The coses for _patentheses

etrons s ( Paren. (VAL n\) = [ Val n]

otens 5 (Paren x) =

[ Paren x' | %'« etrars s x )

68.

“Ihe case for Variabes

e{rqm S (VQ( a} = [Vqt (ﬁm&a S>:}

T‘ne caye %c Valueg

etrans s (Val n) = []

Example

3iv€n

[('7,3))
Molt (Paren (RdA (Val 1) (Val 20) (Var ')

it

e

s

we have :

? e{fa\'\s S e

[MuH, (Pacen (Val ) (Vor B '),
Mult (Paren (Add. (Val 1) (Vul M (Val Z\j

N

64,

SEMANTICS AS TREES

The etrans function 3ewera(ﬁs all the passible
transitions for any expression. Offen, 1t 1s more
ueful to Sevxemk a wmplete tree Hat
captores all possible dowsibion sequences. .

Example - given fhe skale [(A,3)] the expretion
(142) * R 3enem{eg the following tree :

/(hf&\_* A
(3)+A ( \+z} %3
Z+h (33 (Q)#3
1 |
3 %3 3x3
i | l
q 9

(1"

We represent trees as follows :

data Teee a = Node a [Tree a]

devi\/infj Show

NOu), o Semantics for _e__x}ofe%:éns a8 {_r_;ee; can
be defined in ferms of the Hansition fonction

otins i Store — Expr — [ Expr)

b(j SiMP{b app‘trnf) chrans Jo 3iv€ a list, and
then  recursively 367:9\'0{#)3 he Hree For exch element:

etree i Stre - Ex}or — Tree. Expr

etree S5 €
NOC;Q e [ﬁ{'.'(ee s @f ‘l P_[t—- e‘l‘jtmr s pji‘

(3]




é.’ié‘.’:‘di‘- USinf) Un‘m{jm pota e,
ctree [('A,3)] (1+2)xR
qives the tree:

Node ((1+2)%R)
[ Nede ((3)#R)
[Node (3%A)
[Nede (23)
[Nede 9 [1]],
Nede ((3)#3)
[Nede (3%3)
[Nede 4 1777],
Nede ((1+7)%3)
[Nede ((3)%3)
[ Nede (333)

[Nede 4 (11777

&1,

PROPERTIES OF THE SEMANTICS

T s weful +o define the %?Iowing

OWQ'HOV\ on o tansition S&sé@m:

X —i* Y : Ej an be OHG(heC’\ from
% b? a seuence of

2ero ot more trangitions.
Formally, —%» can be defined by
+ n
X "—’3 =7 3116 N, X—'.B

where.

1—-8—"'8) & x:%

Al

2y es Fnoxosz a2 le

&

E.éf.t ( for expembm)

T all soes, ench expression. X ovaloales
fo ak megt one inteser valve :

X —i—' \/QL n X -—-i—» \/at m
n == m
Definition

Two expressions and. y are lledh equivalent,
writlen x~y, if they ovalate o the

same integer values in all stores :

X'\fﬂ iff x—ty\/al.n & 3—-5»\/01(,?1

Eamples

O#8 ~ BxA | bt AxA 2 AL

(412

EXERCISES

@ Oraw the proof trees for
A+ (248) — 1+ (2#6) |
B+ (1#8) — A+ (223)

where A=1 and B=3.

The two rewmining exercises build vpon the
covres;;ov\divzj execcises fom the  previous lectre.

@ Extewd ebrans fo handle exponentiation.

() Medify ctrns do implenent the pa
ransition roles for addition.

6.1
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Lecjwre_ f - Operajc{onak Semantics 111

4D

INTRODUCTION

T the last Hwo lectures, we -

o Defined an opercﬁ:ionat semantics for
Simple arithmetic expressions ;-

o Showed how the semantics can be
Lm?kmn{e& in Haskell.

T this Ie&we, we :

e Ex%en& Ye semantics o handle
pregrams N a s':mp’e fanaoage ;

o Fxlend the EmP(emen%n%iovL a((ordirg)j.

#i

PROGRAMS

We coniider Q_(_bﬁ[g_m_s in the fanﬁoage 3iven
b:) the -Fo“owin?) Srammar:

progy  si= variable := expr
l beﬂin. proqy ; ... ; pro end.
| f expr then prog ele preg £
| while expr do prog ed
| done
Notes

e The loaica( valwe False is represnted by the
iv&eysr 0, Tre by all other in%ef)evts ;

o The trivial progfam done is for idernal

vse within the sewantics on{(/).

2

Exangle

The 1%!!0«@&% program calwlales the IOM
Fibonacci number in e vaﬂ-q)p}e A .

beﬂin
A= 1
Bz 0
ﬂd}'\it.Q g dc
196(6\%?\,
A - R * @,;
R:= €+ (-1)
End.
od.
l Cad. }




UHNOED FRUGKH! O

As for ‘expres:sions, we define the Semantics
for patsed prograr, defined in Maskell bv:

da'%a PFOS = stfgﬁ, Char EXYX“
l Séqn [Progi)

| If ExPr Pr03 Prof)
| While Expr Pr03

| Tore

deri\;inq Show

é(ﬂ?p_‘g : ( the. Fibonacci proﬂmm)

Seqn [Rssiﬂn ‘B (Val 1),
Prssi‘o)rx 2 (Val. 10\,,

lhile (Var '8 (Sen

SEVIHN (1LY OF FRKUGKHINS

In’cui%ive\\o, Such programs can be executel

5'3 a seqvace of transitions between paits
of  pregiams and, shores, where euck Aransition:

Modifies the jorog in some wav ;
and,
Possibly mcdifies the shore in Some way.

Example :  Using unpacsed notation ,

RS

[Rsgiap. B (Mel4 (var A7) (Var €7, <§0€mkx, dene s €e=? end o TR YT
Rusiin 8" (el (v %) (il -0\ )] l
24
,,,,,,, o 25

/ \ ,
(e BezZoend , [(WD)] The roles for assignment
// . l - up&ale ans == 5’
< beg)m dene end., [(82),(p'2)] > (A1)

NCERCED

, [(82),(9,2]

me«“tg, the opafa{io\mL sevantics of progras. is
8%\401\ bt) o Fransition svsi’m S, -y, where :

S = He st Qrng%ore of pgﬁm‘
passed: programs and stores ;
v = the least sobset of SxS satisfying

Yhe inference tules helow.

F.é.

<sti‘3r\. a (Valn) , <> —Oome, 575

Thet IS, the assianmenjt of o valwe Can make the
‘Emhﬁi“% fo Oone with an UPJOLGA store.

X ——S—e X'
(RSSIN2)

<955'\r\r. o X, s\/-—»<95x53»~. ax, <\/

ﬂm{ s, the amﬁnmev#c of an g_an can pake
o Hansition if the expession itself an .

N_o_{_e_: o awid confusion, we write —5— for the

drarsition relabion for expresions: given a chore s,

F#



‘[ he rules Jor sequencing:

(san1
<Se‘\“ [T, 50— {Done, s )

Thet s, the Secloevxcing of 2e progmes can
Make the transition to Done.

(seEan?
<S€<\v\ (Donezps), 5>‘*<S€qn PS,S> )

That is, the sequencine of list b_esmr:) with
Dive can make the transition o the il of the list,

{Loysy—{pss™y
7
CSem (prp) 35— CSeps (o),

That 15, the sequencing of a list can make o
dransition i€ the hed of the list rhelf can.

(stan3)

78

[he roley 4or onditiorals :

n /=0

p . : (1F1)
\l£ (\/q{_ rﬂ' P A s\/—-*\/t? ) S}

Thet is . o conditional @n make e dransition
Yo the Fik branch iF the expession is Tree,
n==0

<I€ (Val w) P a. s>—~+<c\_f.\'>

Thd is, o cnditionl can make the drans tion
Jo the stk branch if the expessin 15 ol

(IF2)

X e S b x'

- (173)
\I\C < p 4, S\/—*\/\Iﬁc ¥ P ff}

Tht 5 @ corditional can make a Hransidign if
e araumenjc express ion el an.

The nole for loops :

' - HiE)
<W‘m\.e x p, S/*\\ﬂ? X (_SEW- [p,&i%ife % P—D DOne,s>

Thet is, a }OOF can take the dransition to
o conditional, such that :

o Tf the expression ewluales o Tree, we
exewle p one and b%»'n the leop again ;
o Tf the ex\mexs;&« ovalvales fo false, we

are. Finigheck 6)(660{3!\\() the. Joop.

Noke

There are no  roles K the trivial progar
Dove , beaause it is already fully) execoted
and @an Make no Lovther gavisitions itsel

30,

TMPLEMENTING THE SEMANTICS

Even wore 5o than with expressions, deriving the
Possible transitions for progiams bJ hard s :

'L__gbv_t_“j_o_k)}— l?(oof‘f!eescah bebgagi

o Etior prone - maki mishkes is €asy.

e now avtormte the proceg, by exerding the
Maskell rarsition fonction for expesrons,

ctians i Slore - Expr - [Expr]

b3 o trarsition fumction {f‘w 6’1%@ :
plrans i (?Foﬂ,.%«f& s [(Prog, Store)]
ﬂ{ defimtion of 9*.!‘rmﬁ 15 o Simrle rans lation

O‘F {LIQ inference roles mio HQJ}VQLL ()Owl.a‘l.ion,




The cases for Gﬁsi\cjnmeﬂﬁ:

update a n s == s’
<stigm a (\fa(.n),s>-'\/pone,s'>

4

P{:mns (Pssiqn a (Val n) 5) =
[ (Dene, update a n 5)]

(siens) J

X—5— X'

(Pssign. o, sp—(Assign a ', 5

i

pﬁans (H&s{g)n 4 x,s) =
”H.&sigw, ax', S> ] 2"« etpans s I:}

(RSsion2)

FR.

| he cags ol 5@}%’?{:{5:

pjﬂ(‘cms Q&VL L) 3 S> = [([f}cnefsﬂ

P{Yanj (SG% ( Dore 5357 , S \ = [ / S{t}r\, ps, 5}:}
P%WS (Seqm (peps),s) =
[(seqn (5'3ps), 57) | (¢« v (ps)]

The cases for coditionals :

plras (T€ (Wl Opass) = [(a.,5)]
plsans (T8 (Valn)p 4 55) = [(ps)]
phears (If x p a 5) =

(T« 7 5) |/ etmns s v

kN

ﬂwe case for [&’Ef.

phaws (Lhile x p, 5) =
[ (T6x(Sepn [ p, While x p)) Dene , 5)]
The case for done:
plans (Oore , ) =[]

SEMANTICS AS TREES

Now , o semantics for progams ag trees can
be definek by ecursively applyiny the
{ransi{('bh foncion for pregrams, as folows :

phee & ( Fregy, Shoie) — Trea. (Proy , Store)
p%req ps = Nede. ps [p%ree ps’ } ps’ e pi‘mm P-Yj

7.1

EXERCISES

@ be OU{ ) few SW\‘&“ pr%mms DJin\rj
Yhe functions pirans ad phrec.

@ Using piree, write a Pm@mm% a@llate
the number of ransitions in the Hree
for 4he Fibonact progam or skde 74

Note : o amuer 15 Proba\;lp a lot
biajer Fhan upo MiaH ik ¥

FIS
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LGCJCUFQ 8 - Denojcajtiomt Semantics |

INTRODUCTION

Qno’c‘ner 0\0??00{3!'\ fo Speci%ins the MEGWE)
of programs 1S denctational semantics.

Basic idea.:

What programs - mean I 5pec{€ied abdm&ln
i derms of mathewatical functions.

EXOMP\Q :

Jw2«3] = 9

The next three. lectures introduce the basic
principles of devchational sevantics  avd sheu

how Jd\ez) can be implemented in Haskell .

EXPRESSIONS

Let s bégih bj considering Hhe denottionl
semantics of cor simple arithmetic  expressions ,
5ivew. 'o-:) the ‘Fol\owinﬁ da‘!n’tbpe:

dot Expr = PAd Dy B

| Molt Expr Expe
| Paven Expr
| el Tt
| Var Char
derivi»\ﬁ Show

Injcuijrivehﬁ,&)c\\ ex\oressiom an be  eualvated
direc%l\:) o an in{f@@' value bg

$.2.

Q@pladng each applim{bn of M,M,M
[)_Qge_,r_\ bj the a\o‘om?ﬂa’ce fonction on inlceﬂec ;

and,
@ep\m‘nﬂ ech valve b3 the Underlying in%er ;

and,

Kgp‘acinﬁ esch variable by ks fn{%er value |

Bosge.
/\ “‘
Mot Vol 3 =—» */ \3

\fo_(./i éol. 2 !/ \7

= 5

33



Ef.‘.’ﬁ’ﬁ!ﬁ’ (Sivem A=3)

Mol

x
SN N\
pm’en_ Var ‘A’ 1d 3
- - | —~ 9
Add +
/N /N
Val 1 Val 2 1 2
/nh"l is,
03 X
Molt *
Vaven, (s rep)aceo( bj d.
Val i
\ar o ’{:W} a S

Exangle : gjuen 4he store
s = [(7.3)]

the denotation ( USinﬁ Uhparfecl nofa%ion)

[ (+Dx0]s = 4

Is  verified b:r) the \Q)“owiﬁfj calawlation :
- [w)s » [8)s
ﬂl+2ﬂ5 * ﬁﬁ_BS

([1s + [20s) * [A]s
s) N dﬂ]}s

[(142}*(?”5

I

3]

il

84

2.6,

SEMANTICS OF EXPRESSIONS

The denctational semantics of ex‘ore&s:w
s ﬁiven bj o Valuakion function

)I ]} : Exyr 5 Store. —» It

Such that [eﬂs is the inlceger valve dencded
bg) the expresion € 3iven the stre s :

[ < o]s = Lads + [o)s
N ) R EE 1
[fae <] s = L<)s

[ n] s = v

[\fav- a} < = dinda s

25

COMPOSITIONALITY

The valvation function [ ] Hoc expressions

i5 - ompositionl, in the sense that

The denctakion of each g)o(essiah IS
defined P‘”E\D in derms of the
denckutions of its g}_&_e_xge_ss_@s.

Evame
A xals = 1d)s o+ Iyle
expessxén subexpessins

Composijtiom}i’cy of 4he semantics simplifies
reasoning about expressions, beavse it allows os

Jo sobstibole  equals e equals.’

&7




_E_Z(__omp_‘g . we an substitute equab for éq«nﬁ;

within an addition expression :

[ Pdd x 5]] = | Add =’ o

Proof: for amy store s,
[ Add = ol

]

x]s + [u]s
«]s + Qyls

__Rdci ' g;’ﬁs

1

i

83

DENOTHTONHL  SEMHNTICS

Formaug), o denohotional semantics of a

1aw3m3e L is given 173 o par
0,11

where

o D is a set of "comantic valves

° [[ B LoD s a Valuation funclion”;

otk

The denctation of each L -sestance is

defined purely in terms of the
dQV\GJW(Zt'OY\S 0? i%& L—wbsemt,anceg'

24,

Exavle
The devclational sewantics for expressions Fxpr

s gjuen by the gair <D, [1) wheee :
D = Stre — Int
I

} . EXPrf-* (S’rore -*"Ih%) =
the fonckion defired on slide 8.5.

Notes

é ﬂ!e Semnjcic Vatoes are 'Fvn&ions - Hu’S
i often 4the @se in denatationdl semantics;

o For wore complited laopoges D may be

recursively defined., which causes  problems.
We will retun o this later on.

.

IMPLEMENTING THE SEMANTICS

@emuse sewantic. valves UsoaUU involve foncions,

and. valuakion functions are vecuisive it 15 natvaal

fo inplement denottionl sewantics in Haskell.
Evande: Hhe valoation fuaction

[ ] : Ex{x s Shore — Int
(an he mplemented by a Haskell function
y Tnt

E\/&L o Ex\or — Store -

The defnibion of cwl. is o ditect translation of
e defintion of I7 into Haskell notation .

2R



G\faﬁ (QAL\ X g)) S = eval x s + eva'. Y S
vl ( Mol 9) S

H

el x5 * enlys

eal  (Yaen x) s = eval x s
eval ( Vac a} s = fidas

E_Xg_vd% : 6W€Yt

e = Mt (Yaen (Add (Val 1) [Val oW (Vac 8')
[(73)]

S =

we ‘ﬁave :

? Q\J(LL e s

i

3.

LOMPAKING THE SEMANTICS

We now have fuwo sewantics for expresions :

e fAn Qperqjciom(_ @ewmartics © o transition
relakion —» defined. ";7 inference. (ules ;

o devxojc,gsciofmk Sequjdcs: a valvation
funchion | ] defined by cecorsion.

This faises Hwo naloral questions.

@ How are ‘U«a semantics simi]ar?

T expresions are pperakionally, equiva lewt
precisely when they are denciationally equal :

N AT

33

@ How ace the semantics different ?

The QPQ(&"QiOV}QL sewanitics is concerned with @
an expression. @nlutes, avch is soitable for
S*UA\jing oyemjtim\ ssues , Sk as

o Pedudion owder;
o TTime cowlexi%b;
® S?ace Uiaﬁe.

The dgvng&aJtional. semantics 1S o\a{«) concetned, with
what an expression cudluates 1o and is Soitable

fot Shdb\v% dencldional Issves, il as:

® Expreggﬁ,,\ equiuqlewce ;

e EX!?YESS\(;\'\ Yransformation.

2.%.

EXERCISES

@ T Haskell, define a denotational. semantics
unparse. < EXPP — S{rim)

that conveds an expression into a Sirinﬂ.

@ Rému the function Folde ’HMJC proeses
lists ‘)9 rep\adng ach (%) btj a i»)\'vch
Foaction , and. [1 by o given valve.

Q) Define awalogoos Forction folde fhat

beCQSSeS QXV{ESSID;GS )}9 (epfacing ébcL
Covstructor btg a given fonction .

b) Using fole , redefine the function

G\AL i EKVC —3 (que - Tadd

218
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L eclure 9 - Denotational Semantics I1

9.0,

LIN [ INUDUL | U|Y

Tn the last lecture, we :

o [efined o denotational Semantics for

Simlo)e arithmetic gx‘we&ss'om ;

¢ Sl’)O(NQd\ how the sewantics can be
MP)QN___@@ i Haskell.

T thic lectoe, we :

o Exlond the semantics To havdle.

progtams in oof simple |anguage;

o Exted the imp’ewev\{a%iow accomlmg}g

LANR

PROGRAMS

Reall our a\ajca%pe for prosgams:

data PrOﬂ = sticym Char Expr

{ Segn [Proa ]

| Tf Bxpe P(‘Qj Fog
f Lohile ExYx 10rc>3

| Done

der\vinﬁ Show

QS’ we saw earlsér, 5ucL progfams can [pe
Crecuked. bf) o suence of ransitions.

Tntuitively, such progiams an alo be
erecuted, direc%(\\/) 1o o {inal store.

9.2.

EXQMEL@_ : Usini») onpqr;ed notation,

begm A= ; Bi=2 end

l

L(e.2), (r1)]

.EZQ'_“R}E:’ ‘Hna Fibonacci prograr

begjn Rie1; Be=10 5 while B de
b@“ 9“9;@; B = B+ (-1) end od end

l

[('%,0) , ('R, 2£2%900))

93
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FOFMa“tﬁ, the denctational semartics Hor proagains

PFC.C) s Siven b& the p:ui" <D, UD, where :

D = ‘Hﬂe Se'{I Store — Store of
fonctions from stores to stores :

[ ﬂ . Prog—a (S‘Eore—»a S%Oré) = ‘U,}g
Funchion defined by Yhe awes below

Nole

To ovoid confusion , we write EJ ] for the
eualuakion function for ;exgess;’om, and. P l[]

Tor the evduation fimction for pregrams.

4.4,

T{ne case for assignmev&:

PE stiﬁn a x]} S = updajca 0. (_E[Jc] s) S

That s, an qssiav\mevxjc can be exected by

ficst e\nhn%ing the expresiion. , ard. Lhen
v ajcir\c:) the stoe with the reslt.

’”\e cases for Sﬁqufhcinﬁr

Pl Sen O] s - &

That s, the sequence of zerd progam
an be erecvted bg doirg nothing.

PlSeqn (p:ps)] s = PlSan ps] (PIpls)

That is o non- evw,g{@ sequence. (an be exewéed
btj Fiest executing the firgt program and.

then rewrsiveb execdt‘mg the remainiog
progoms - Lsiny the resulting store.

The cose for conditionals :

PgPBS 3 EEXDS /=0
Plgds | EEJS == 0

PHIWCIPq])s:

That is, o conditional can be exewted bf

fisk evaluahi ing the expression, avdh then
recumuev execo’cmg eitho, the. fitst of second.

‘Omm\n depevc\ rey on dhe. value of the result.

4.

The case for loops :

P [ While = P]] 5 =
PH:I’F x (Sec}n [p, Lohile xp:‘} DoneES

The is, o lop can be erected by

Qxew(‘mﬁ the appmpr{a{e Cowdijtiom(.

N_Q_{_g: this 15 the same {echnique wed
i the oyem{iom(, semantics of /oops,

,\}

/ﬂqe_ aye for dowe
l Pchme.B s =S

93



COMPOSITIONALITY

B’i"ﬁ“ . the valuation fonction P[] for

progfams s not cow»posiju'ov\at, because :

| TL)Q O\QV\O'{?QHDV\ of o lm\o {S ﬁQ—_t_.
defived porelv in dorms of the
demjcajticvxs of ihs Sbl;componenjfs.

firt Presew‘c, we. have :
- PlWhle x o] = Pl..x.. p]] '

To be Covaosijtionat, we. require :

puwhile x p] = .. E[x]... PLp]-.

5.

To ﬁg the pro\o)em ; W fiest define :

\C@P S = PH(A)L’}\L& pd PBS

Then, f{ Can L>€ shown Jd'rajc:

\CO() s - S , E[IZ]S == 0
loop (Ple]s) | Ef=]s /= ©

That is, the lecp Fonckion first evalustes
the expression X and. then :
o Tf dhe renltis Folse, does no%ina;

o T 4o resolt is Troe, ovecvtes the
pvo%mm p and then recu(s'we\ﬂ OPP'F%

loc\o {o Jc}\e f&ouing stoce.

L LY

Tuminﬁ ‘Un‘mgs aroond., we. Now have :
Plwhile = pls = \OOP s, where

}QOP s = {S 3 EHI:DS ==0
| eop (PLp)) , ELDs /=0

which 15 a Composiﬂom( definition, beawse :

Plunle = p] = - ElA] ..PIp ..

Noke

The \Or&dem s solved. }7:9 MO\)}nS He.
requlsion anch the Covdlﬁionat 'me the.

ilﬁd?_ggi_c level 4o Yhe sewantic }QVC(.

b

TMPLEMENTING THE SEMANTICS
The valation Fuonction

Pl ] - Prog — Store — Stere

“can be imp)emen%eot bﬁﬁ o Haskell function

p\/aL i Prog - Store — Store

Tke definition of P\/aL s G direct taans [ation
of He déefinition of PI7 into Haskell notation.

p\/aL' (stign‘ a x)s = upda%e, a (evalxs) s

pval (Seqn [) s =5
‘pVaL (Seqn (pipsh s = pm(, (Ser ps) (pval p <

N,



F eval x s /=0 then
P\/at P S

else
pvaL q s

pvaﬁ (If xpq)s =

pual (While s p) s = loop s
where.
{OOP S= f\Ce\laLIS == 0 ‘U?erx

S
else
(oofa ( F\faL {7 S)
PVO.(, (/DOHQ\S = S
Note

A d\_e;v\_(ialdona( semandics 1S E‘SSGW%ia% an
ﬁg«yﬁ_@( weiten in o Tonclional _?a_vgy_a_e,

q4.

EAEKCISES

Ih Sowe. pbﬁro\mminj }anﬁoaf)ej ( for @xampfe C),
e distinction between progams and.

xpressions 15 removed. , St Ahat :

® P(oafams can tetuin values ;

o Exyvegs;dm (an mw\@ the store.

EXQW\?_@_:
begin'
A= B:=10;
while Be=B-1 do
9 = R4 A
od.
end.
s,

Ovr GXiSJcin«j 6famwmar5 for pmﬁmms and.
expressions  can be combined 1o 3iue a

ayfammar for such a \qwﬁuaae, as follows:

P(‘og i
bec:)\'n pro9 ;

prr sem QXpr & ‘EE(W\ I%efm

2= term # Wﬁtzc_lwr }‘Fac’(o«'

Lerm

fockor  a:= (prooﬂ l valve l variable

! 1

The g_"\_g_m_f}gg ae marked. with a box |

9.1

@ Define o\ajcajckjpe Prctg for pameok

programs in this qrammar bﬁ (bmlvininj
the exisjcinj dc&\%jpes P@) and. Expr.

@ Define o denotational semantics

CHN)

'FOr SUC\r\ Progfams, w\vere :

D = ,\SJcOfe — (In{,g%ove\
E]} ; Pféﬂ - ('S%Di'e - (&“&%reﬁ

3 Impkmewlc oo semantics m Haskell.

a.5s.




LNTRODUCTION

Tn Ahis leclue, we

principf@: of pf‘ogmmmmﬂ | anava es e Work {{/\mug(a the exercises from

' leclore 4 on the  whitehoard .
Gra%am HUHOn

Léclcure 10 - Denokational Sewantics 11T
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princip}es of Proq\‘amminq Langg_gﬂes
\ ~J "~ —

Groham Hutton.

LGCJ{UFQ 11 - Lam‘o&a chi(u{us I

fle.

LN TKODUCTION

Tn c_@@i@gl SQW\CMJE[@, PTCSW‘S are aiwen
Mécmmﬂ in dems of wathemabial functions.

Question :

What 15 an appropr{a{e basic §ar)30a3e
for sjtudﬂins such fimctions themseler ?

:B_W_:er.,:

ﬂwa ?aw»bda calev s, c{e\)e,oped fo@ Alonzo
Clhorch and Haskell (w@ in the 19205 < 19405

The V)QX{ thwee Iéc{wes intreduce the
basic Mrpﬂ of Hhe lamlda caleslus.

[IAR

SYNTAX

ExpfeSSiOM in the lambda calculus are

built from thiee basic components :

o \Vorigbles

An arbi%rarg QXY)(EJSiOn an be repfesen{ei
by o (non-mutable) varigble ;

o RAbstractions
A fnclion @n be defined b@ ab racﬁ'nj

over o vatiable in an expression. ;

® BQF“CQ%\‘OY\S

A funclion can be gppb‘_egi t0 an argumevf:

expression {o g)ielo\ a rewlt expregion.

2.

Formally, the %»ﬁgj of lankda expressions

s 6i\)€\'\ bb the 'Fowow'nhﬁ Sfammqr:

GXPIA o= var (Vmiaues>
| (X\mr . 8><pr> (abstractions)
| (expr expr) (applications)

where var is an (infinite) set of variables.

Nekes

o The gfammar is unambigpous, 'Uu‘ooﬁh the.
use of pofevx%e;eg in exwessfony;

o A\ is the Greek [lether " lambda ;

i3,



Abstractions are nameless finctions;

The lambda calcolus is a b_xﬁ&@r -ofder

(ov%oaae: %@iens (an )?e wfreeb paﬂ@d
as 1ar30mevx%s ol relumed as results,

Funclions have one arﬁwen%: fundlions
LA)}HA more. Uﬁan one Gfaumen'?: an EQ

defined as corrred. fundlions. For example :
(Aa.(%b!x».
o In Halell (Xa.x) is writen \a » x,

/% 3

HESTRACTIONS

In%oi)civehﬁ, an abstraction

(ha.x)
mpresevxlcs the Lunchion that when oP,o/ied
to an g{gomen{ expression Y,

((ha. ) u)

Lﬁie\ds the expression x with exch ocorrence
of a replaed bg) y its result.

(6\){ .. there are _55)__\35_@ oompfim{iom )

o (ha.a) is the "':den{i%g“ Fonction that

fokes an expression a as its argument,

v \L/)ie\ds a Uhcha_v\ﬁm\ as its resolt ;

e ( A, (-F -F» is the "self gyp\ica{icm” function

Tt tokes o fonction £ oas it are)umew{,ami
(oie\ds £ applied. 1o ibself as s esolt;

@ O\a. ( A ( £ a}) (s the teverse app({ca%iovf

fonckion that tokes an expression. O and-
o fonckion T as its argomenics,av\o\ tOieHg

F apph‘ai lo a os ibs resol t.

iLé.

PRRENTHESES

To cedue the number of pa(ew%loeses reaxofreci
i lambda expressions , a nomber  of

vaxjradic canvenjripn 5 are 0ormaf]3 vsed.

o The ovtermost Pa(@mjc%efes con e
omitked . For QmMpfe:

means (}\a..a)

M. a

@ Qpp)i(a)cm 1S aS;Umed fo aﬁsoo'a)ce Jco

e left. For GXQM)D}Q:

faye mas (£99)2)

153




e A Sequence. of abstractions an be written

osiny - o sinﬁle A For example -

ANa bc.x means (Xa.(%lo.()xc.x}))‘

e QP\OliCaJcion is assomed. To have Maf»er
P,Y_Q__Q_Q.Q\.QVJE_@ Hhae abs{raéion. For Gmn«?kz

>\(1. a o Means O\a.(aa))
wt ((haa) ) ;

ha. Ab.a b naw Da (b @b)

ot (ha. (Wo.a) b))
(O\.a.(%,a» H

or

3.

OPERHTIONRL SEMANTICS

Injcui)civel\g, lambda. emvessi(ms an be
evaluated. btg usingy o sequence of

Lansitions, where each ransition :

Re\p\acej %) anca\e app?icc&l'on of an

alogjcradion {0 an ex}oressim Eg
the aﬂoropri&e result .

Example

(ha . M. fa) xq
| l
D4+ =) 4

i

SNe
< 7

omallyy, the operational semantics is given
bb 7 ‘EMY\S({)‘OYL SbS{QM <S . ~'> , w(aere:

S = Hhe set of lambda. gpressfom
ﬂe\nem{ed\ b‘f) the expr afammar ;

— = the least svbset of SxS sajciy@'nj
the inference. roles below.

The roles for dbstraction

(res1)
(ha.%) 5) — X ]:Lj/a]

That is, the app\icajciOW of an abstraction
(ha.x) o an expression y can make. the

Fransition to x with each occoence. of @

re\o\oceot b(ﬁ Y, writlen. ¢ [u/a],

o,

X ——

0\&.5() — (Xa.x')

(ReS2)

That IS, an abstraction can wake a Lravsition

i s (ovv\powew{ epression. ain,

The roles for agf\icajcim

X —s X'

(RPP1)
(x v)—(x"v)
y —— Y
o — 9] (APP2)

That is, an gpp)ic&iom an wake o Hranstion

i€ either expression. can.




Notes

o There are no roles fer variables themeehes,
becawe. thew) tepresent arbitraryy exprésions,

which c@an wake no fansitions ;

o for (vwc\&ad historical reasons, the  RES7
rle is DSUGNU clled. B-redoction,

| whece B i the Greek letter beta’)

o R-reduction is the kﬁ% e - all the
other rules sim\o(y express that the
@—redu&im rule an keapp}xécj (n an conlext.

.z,

E Xamp_lg_ :

G}uew. {he. cl\g&_y_r_e;@a_ﬁg@:

TROE = Ma.Ab.a

FHLSE = >\a. >\19. b

NoT = Af. f FALSE TREE
e \ﬂave:

NOT FRLSE

= ZDeEm%eov; of MOT§
(M. f FALSE TRUE) FRLSE
% 6— r‘educfioné

—»

FALSE FALSE TRLF

= § Definition of FRISES
(Na. Nb. b) FALSE TRUE
3 B-veduction $
(No.b) TRUE
$ b-reduction 3
TRUE

‘-’
-

That 1o, we have :

NOT FALSE 2 TRUE

DUO“\O , We O\SO lnave :

NOT TRUDE X FRISE

EXERCISES

@ FuuD poreuthesize the Following expressions :
(ha.b. b)) FRALSE TRUE

(Zb.b) TeUE |

@ Diaw the proof dree for:

(Aa. Mb. b) FRISE TRUE —s (Wb.b) TRLE

@ Withoot Dsivs o Yecusive abbre\)ia{iow,ﬁno( o

1QM\D€£ eﬁ{xeSS(OV\ whae. ovaluation never ‘{emim{es,

Hjj_\t'- \Dok ’ﬁ){ on QT\{XQSsio\n mc {Ae qco(m (7( x\

i
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SORSTITUTION

LIVTKOVUCTION

T he last lectuce , we:
@ De?ineo( ’Hﬁ’. %yﬁg_x of ‘Ure ;’amlsdq CG(CO{US,'

o [ofined an Qpera)ciomt sewantics for
Jhe. ]awguage in derms of B-teduction.

T thic lectue, we:
@ Formalise )dﬂe_ notion of Subs%)}co%im
used. in B-redoction ;

o Jhow how it an be imy]emen{eo\ in Haskel(

12K

BOUND VRRIARLES

va\corw\%, we. write
x [y/a]
‘?or the cesult of Subs{ilcuﬂ'nﬁ the ex?ressfon

‘j ?DF auch oxurrence of the varigble a

in the expression . For example :

a [y/e]
b [y/a]
(aa) [y/a] = (9v)
(ab) [w/a] = (9b)

Cob . there are sbitle meems.

Y
b

Iy

[$]

i

lze

ﬁ Paf{icu[ar occuttene of a variable n

o Iambda Q@ression is called. :

® @om\dv . i it onus withn an

abstraction. for that vaviable ;
® }ie_g, otherwise.

Fure

ra . (o b)
VAR
bad  free

23




Notes

o A voridble can be boord in more e

one wag) n a sing)fa expveismn

Example :

(( >\a.a) (Xa.a\)
!

1
baund. bound.
e N varible can occor both bound and

fee in as ir%’e express fon.

Exomple:

((Aa.c) a)
[ A

bomdh

HLVHH EQUIVHLENCE

Tntudively, lambda erpessions that onk,

| diffec in theic navning of bound Vamlo’er

'Ffee.. 2.8,

- shoold. be (&@afded\ as equal

EXCIW&?I_&E :
| xa.. a = >\}7 'L7

>\<l.>\L>. alﬁ = M’>>\an
Na . 2b. ab %b.%a.ab

This kied of mm)i{b is called. £-epivalerce
hete ® o the Greek lottar ‘alpha’”

ns.

PRORLEMS

The Poesen{ notion of sobstitution does st
preserve. o- Qqui\Ja)encq, dve o two pronr
with the treatment of boued vatiables.

(@) Loond. variables shold not be sdbsfituted

Com\‘der ‘H’)Q A= ec{uim(emjr ex}messiom

and

(ha.a) « (Xb.b) a

Qpp)\ﬁi% the. substitution [g/a] fo each gives

awd (Wb 4

(hay) 4

which are not o(»@quim?m(:.

{1.6.

Soto{ion : modi% the definition of sbstilution
to cmlj substidute for free variables :

(e write x [yfa] for the reslt of |
Su\os)ci{u{inﬂ the expressiova Y for each

free  occurrence of the variable d

i the expresion .

E_E_)Eg_!_wég_: ayplsjinﬁ {_tj”*j to
(ha.a) « and- (Wbb) a
P T
boved,  free free

nows gjes the - equivalent ~ expressions

<>\a‘,a\; Y and. (b5 .

7




L) Bound Variables mag__[_equtre rengming.

Consider Uré o<~ec(uiva?@njt erpressions

( Ab. a) and- ()\c_ a)
free free

In x [3/6{} \ bound varidbles m x,ﬁ
Shoold be  renamed. aj (EQUNQ& fo engure
Nk no free vacidole m oy becomes

beord. in the result of x [y/a].

T

QFP\\OMS) Hhe substitution [b/a] o each glves E.Z@Tf?lﬁ" appl\\/)ing [bja]) o

b whk (b
o )
bound- free

Which are Qpi( ot—@quf\/ajéwl:‘

Selubion : moo\hfb the definition of substitution
+o rerame bourdh Vaciables f rec!uireclz

FORMALISING SUESTITUTION.
The case for varidbles :
a| = 20" =b
b [y/a] b . atb

That 1S, gubsjci)cu{irg an ex}orexsion Y foc the
wsriable o in the arigble b gives Y if
the variables are equal , and. b otherwise.

ﬂve case. wfor agpls'cqjciom:
(1. 1) [y/a] = (a[n/a] %))

Thak 19, 50‘95%3{05«\3 n dn Q}Qfﬁ(c«{im reduces
fo 50\95%%&1“3 in the tuio SUkexpre:siom,

0.

(Mo.a)  ad  (hca)

how %ives the Mﬂ@i’f‘.‘ﬁi‘)& expressions

A ad Deb
revnamed. unchqn«aéck

7.9,

ﬂwe case for dbstraction :

(No.x) [y/fa] =

a=bh
a b~ bdfuly)

Q#B ~ béf\//\jﬁ A
b'é v (x) » Vé{\/@

>\‘o.x L
Ab. (x [v]])
K(XE’. x') [yla],

where.

(] i(\( z'] _ the st of free \laﬁa\p)es mz;

e
] :(,’ . & {b/hj

2



(hﬂt lSt ()\b?() La/q_} 3;\}95

® Ab.x an(/)anﬂed i€ w=b, since in s
(aje U«rere are no fee. occutrances of

w in (Mo.x) fo substitule for;

o Ab.(x [3/0&]) if a#b and there are

o free caumences of b iny, sine m

Uis aje b does not require fenaming;

® (M) x') [lﬁ/a] £ a+b ad there are
free ouurtences of b in Y since.
thiy @e b ggqm (enaming o a new

Varidlle b’ before so‘osfh{ujcinf).

i,

ELC I NG oo 1 U eIy

Reﬁme«\%mg expresions, with inteopys a5 varibles

date Expr = Var Tnt
| B Tt Byr
) F)PF Exyr Ex)or
d\eﬂvir}ﬁ Show

Ca\culajc}nj JJ»Q {fﬁ_@ \@ﬂhﬁ@ in an @xmsmn:

{ree
‘(:f e ( Var a>

’FTQQ (%S a xj
free (Rpp x Y)

i EX(N — [Int]

[a]
. revove a ({ree )
free 3 ++ free y

1

1

rewove i fga D ao [a1 = (a7

fEppve XL XS = ){A! W& XS,

0= i

s,

freh, o [Tt] - Int
fred. as = maximom as + 1
The  substidution finction
subst ¢ Ex;o‘r b Expr —» Int — Bpr
bt (Var b) y a

la=b =9
}oH\eYNiSQ = \/arb

subst (pr x1 xZ) Y«
= HYP ( whst x1 Y a) ( bt %2 Y a)

st (Rbs b x) Yy«

| a==h . B b
’ not (C\P,m b («.(ree Lm = Bk b (juLxS% X t/)q)
| ofherwise ST L bk (bt b ) Yy

there.
b = fieh (ree x + freey)
2 = sk x (arb) b

1744,

EXERCISES
(@) Tdertfyy the fieeboordh variabes . -

(ha.ab) (Mbab)

@ USMS the O\Q\C}ni%io;\ of Sobf&ijwjubﬁ on
Slides 1210 and 1211, evaluate :

(( ha.a) a) [blal:
(>\\9. b cﬂ U?/ai}-

B Check your ansues o @ vsing the
Hegkell imf\gmen{a{m of sobstitution.

2.




Pr mciples of P(‘O\o\Jmmminq Lanaggg@i

Gfa\nam HUJ[JEon

LQCJtU\’e \% - Lambdo\ Ca\cufug III

13p.

LN TROVUC TTUN

The Mecaleohs is a very prinitive langusge,
Providinﬁ Oh\\g ‘Bﬂ_@_@; ?(og(ammmﬂ Fea{o{er.-

] \/a\r‘ta\oles
o Nustrackions ( nameless funckions) ;

(P\a(e\one(S for GXPYQSSionS>,'

® ﬁgy\m}c{m ( the ”mmpujmjcio»\“ mechanism).

However, despi%e, its Simpl{c{%g:

ﬂ\e X-(alcu\uﬁ }\05 te expressivg power |
to re\me}ew{ any da{a%ye , proafam ; o
fang)oaoje Lecdoie. from a9 (feﬂu@*{iﬂu 3‘1’%3\3039'

This lechure shous how o fews Zommon da%{bm,

pregams , and lavepase festues can be represented.

I3

5C0LEANS

Je have alreao\f) seen how the  Boolens

an be rep(esew’cec}\ in the Decaleulus -

TRUE = Aa.Ab.a
FALSE = ha.Ab.b

“hese definitions fray - Seem sjt(av_)%e, bt Uweb
;owxjc the definition of fmclions on Goolems,

ol as the ”IOSicq( nESaJcion " function :

NOT = Af. f FALSE TRUE

o example, we have
NOT TRUF £, FPRLE

N FPLQF—-—J—&—» TRIE

3z

Notes -

o The repesenfations for TRUE ard
FRLSE can be wotivaled , but his is
\OQ\ﬁowk the scope of his coorse ;

@ ﬂae wclexibili% of the X—Calcw\u; fnéans
JE\I\QJ( Jd’réfe are afso a numlyer o€

‘@B L erackions, Such s

TRIE FRISE —E b, FALSE

TRUE NCT o Hb.

NOToNeT Mo TRUE

133




FRD

In J(\f\e >\~Ca\co)U§ , Q& P_QLF of exgess:‘ow

(,u) can be represented as follows:

(X,L{)\. = >\‘F ‘F X ﬂ

ﬂf)ain, H\is definition Mav) eem i@ﬁf}g,
bot # sopports the definition of functions
on paifs , such dg the  "relockion" functions :

FST =
SND =

>\P P TRUE
NP FRLSE

For exawxp)e, we have : ...

34

FST (x2,9)

= § Definition of FST §
(. p TREE) (x)

— 3 B-reduction §
(1,95 TRUE

= 3 Definition of (1)}
D\’g f x 3) TRUE

— g @—redluc‘ciow%

TRUE = Y
- ED@?‘mi{ioh of TRUE, €~red0cjticm}

Duclly, e obo have

N 7 .
SN (X,'ﬁ\é NN 0

BS,

NATURAL NUMBERS

There are tany - oas o re?resem’c the

notural nombers in the M-caleolos.

The ori%inal representation. is dve o Q/onzo
Chutdn . and is alled the Church numerals :

>\‘(\>\Q A
Mo ha. fa
= >\‘F >\&.‘?(’Fa>

e (£ (Fa)

I

1

0
1
2
3

M e, BLE(F )
N

n times

.

e,

For example, Vsing these definitions Fhe “sucessor”

Lonction on naturals an be defined %:

U = A Afha, o F (fa)

Exaongl:
SUcC o
= § Defintion of SUCC S
(. Mo ha. n £ (Fa)) ¢
— $ B-rediction §
M ha. 0 £ (fa)
= 5 Definition of C
N o, O e a) £ [£)
— % B-reduction §

337




At AL (Aacar [T a)
g B»reAchciong

M. a fa
g Definition of 1;

1

—s

fl

v R Aew other primitives (such as addition)
Can he defined, in a Similac vy 1o SUCC;

. The predecesior forckion PRED is hatder
Yo define . bub s possible teo ;

Other  funchions (S%\'\ as mﬂﬁp‘i(a{ion and\
@(ponemﬁalc'm@ recxuire G %Yeajcmenlt of
recufsion in the M-calculus.

3.%.

The solution smuolves f_y}g\ggﬁs:

73(' {Qﬁ_y_ol@ of a fonckion £ is an
eqxession % Hhat i oncl«»amﬁed\ bg
k app\\f)iﬂs i ﬂ\q{ ,.l',s’ ‘F x o= X,

._n {UW} :

A {r_ﬁp__om} opeer is o function fix |
‘Hnal( gives -ﬁ‘xpo'mju, mn that fiy £ s
o) %Xpox'njc of any fonckion £, That

s, + (\Clkﬂ = fix £

ot s Suppose Now that . o ‘f:/kpo'mﬁ ope(a%or
% can be defined. in the N-calelus ...

340,

NLLUR O U

va Haskeu, e  Can dQ\Cine %m{{o\q; b@
USWB cecursion.  fof e?@“’\plﬁz

toc = \n— f ne=0 the
.
elie
n % fac (n-1)

Qvestion :

Ts it possible o represent recursive
fonckions 1 Hhe  h-calevlus, which has

no boilt-n recursion meckanism?

Qnswe\r:

X8

Qmazinﬂlxo, Ljes f

Then ( Uiy the  Hagkell St)rr\nx foc numbers
| and. @oo]eav\s) J we define 1’_9:_@ fonctions -

'FQC' = >\‘€>\ﬂ, )\C n=:0 then

1
6{39_
n x (1)
fac = jffx fac’
NO)(QS:

@ ‘FGC' and. ffac; are p_@gx_-recufsiue;

o fac' s oblataed From the oriamat fac
definition log adoling an extfa ‘oamme{er

£ do replace the use of recutsion.




Finally, we calcolate as follows

| ‘FQC

= g De\qni%ion of {dcg
Fre fa!

= ch{x is a 'ﬁ'x‘ao{n% operajcor§
Wfoc"(ﬁx fac')

= % Definition of 'fac'g
Moo i nez 0 then

! (wctk fac)

else
now f(n-2)

§ @»feo\ucjcionE

3.

>\ﬂ. \F n=:=0 J((’?@r\

1
else

no+ (Fix fac’) (n-1)
= gDewcichiovx of fac g |

>\fl . l{: == 0O ‘é"\éfn
1
elie

n * ‘Fac (n—i}

That S,

ﬂ\e ON=YeCursive defintion of Fac Usi
i s qug_t Lo the recursive defintion

Y\ﬂ
!

E4:3

JEFINING B FIXPOINT OPERATOR

ﬂeré Gre. tnany * Ways Jo define o
‘&XPOM opemlcor In ‘H)e %'(alcofus,

The wost Tamovs one is called Y':

(< M (ha. f (a0) (o4 (aa)
" N————
(%) )
Jofes

® Y is non-recuisive ;

e Y comPrESef fwo identical SUBexyxemw (%),
Howan, ONA Comptises o idedical helices.
To s Soslr a Goincidence ... @

i3.1s.

EXERCISES

@ Show thd Y is o ﬁxm’n’t cm&or.

@ (Fuvx \Orok)ecﬂ Imp}emew% the oFe(aJuomL
semantics of the hecaloolus from ]e&ure

11 i Hatkell . Then ‘HS ook Some
eramples usle) the (eY)(esevxjsmL,iom of
booleans ete. given in. this Jecture.

1K,




p&“mcip?es of proqramminq /_anzjuages
i U =) | [

G( a\nam Hujc%on

Leckore [ - Domain TBemj T

%0.

TNTRODUCTION

As we have seen Fhe lambda coleuls
an he 3iven an Qpechs'omL semantics .

Question

Can. the lambdo calevls gl be 3{\/‘%

o denctakipnal semantics 7

YQY\SLAJ(EF :

Yes - due fo Dana Scott and Christopher
Slcrac%eg 'S deve?oPmewlt of domain
jg_]/lg@%) in the ear@ [970s.

The next three lectures infrodue the

basic pm_qd_e_s of domain {%eorﬂ.

L3

OUNDATIONAL PROBLEMS

ecall tht o donotational semantics of
)cmg)\)ae)e L i %NQVL bg) 7 pa{r
heve

o D is a set of semantic valves;

o []:L->Dis a valuation function,

defined in & CQMPasi{ionaL Mmanner.

n?ov%unajtelxg, there are. fuwo foordational gob)ahj
ith using plam. sets and functions.

42

@ Kecutsively defined. progiams

Considec the. Haskell progfarns

‘{: o IY\%: —b Iﬂ{—
o Tnk — Tat

defined. recors'\ve\ﬁ bg

*{"\ n = I no+ L (%)
o < g n (%)
_Q_\Oerajciona”b_:

E\Iq)UaJtinj fo or 9n for Omj n i Int
will )_QQ}Q focever withoot %N‘mg a resyl

A3



.B‘..i dehofa{éom”f)_:

o No funclion £: 22 on the
set Z of injaeﬂefs satisfies (*) ;

e B.Vlij function 9 Z-Z salisfies ().

:onc?usiov\ :
e

To Pm\o‘er?g) dal with the denctational
Semantics of recursion (or itefation) , we
need. an exPHci% notion of  “looping”

m the set Q\C semantic Valves. J

4.9

5 o simpler exanopl@, considec

D D — 2

114

or any Z-clemert st 7. (anor’s theoten
Yates that D = P(D) has no solution.

ine POO) = D -2, it follows that

also has no solution .

=~ i -~y
2 D 2

onclusion

Hje}\gg_r-g_tﬂ_@_r }ang)ua@es lead. fo Spéchfica{ions
For sets of sewantic values JtlmJE have

no (Y)Oh*“{;ﬁ‘\){aw solvdions .

)

1%¢,

) KQCU(SNQ@ detined semantic domams

FO( a deno’ca%iovmt ‘Semavw%ics of 'U‘re [ambda
Calcolus, we requice a set D such thet

D = D-vD
wheve
e O 1 i the set of (Hotal)

funckions from set S do set T

o O | mea thee 15 a b;}ec%im
(1-h-1 corresmr%av@ between. S and T,

Froblem -

The on]g so}ujﬁon is the rivial one
O o any 1-element set 1

%5

LIFTED SETS

QS a \_C_Lf.i ;ft_gg o SOIvinS the prob)ems,
we assome  each seb of semantic valves

onlains  a Sloeciat element L, such Heat

1o PYOV\omcecL “puttom,
an undefined value ;

awn. €ror \/a\ue}

1 represents
a I_QOP_‘Q‘Z) (ompo%a%mm

FOYMU&\)\O, 6&\1@/\ Y et S

The "lifled set’” S, w the set
Sug_?,},w%ere_ 145
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Given the M@anmj of L, there is a natural

" indorrabion conleat” omleﬁn3 c oon § -

4 e\men{s O€ S

E_Oj_\“_la\ly), the o\rdermﬁ c s defined bﬁ):

x ey & x=y v x=L

Utes

» To avoid contusion, we sometimes
Subsceipt L avd E with therr

Uv\deflti)ing sebs ag m Lg or Eg.

with the dardocd ovdem‘ng < on N

Fb e ) e LAY e e

l

0O
Exande: 0<2, bt 0L ad 140,
becavie from an information content po{n’(

of view, T and 1 ave (ncomparable,.

4.5

YAMPLE

)s'mj [ifled. sels rather than plain sets

oles our eaclier problem with -

’Fh,:wfnJrl (*)

;'QOFM, addition must quciS{‘? 1 am =L,

‘%q)( S, add‘mﬁ an undefined value {6 an
r\{etf)er gives an. undefined. valve .

Jow, frno= L s the unique {function

: 2, — 2, Sq)cis(\i)ing) (x), which expresses
vag%aﬁovm”l:) Hat Fn {_Q_Opé WFO(evef.

Mo,

Now congider the Haskell definition -

and. t+ (Beel Gool) —» Bunl
awd (b,) = b 4

Clearly, the teqired denctation has iy -
B

 x B — B,
Where
o B is the set %?{L‘ixé!“‘f.‘ﬂ? of Boclears ;

o Ox] = $(xy) lxeSh yei s te
Cactesian go&u(ﬁ oF sebs S and T

z,x <7l

L3

o Uont cofie the ord«erinf’ = on N, :

%9,

POINTED POSETS



be’(“\la{,lOYL: ﬁ(ﬂe 15 a aturgl Inturmation
ot R

Content odering £ on the set B, x B, :
(False Falie) (False Toe) (Trve, False) (Trve, Tree)

< XX

§ (J. False) (_L Tewe)  (Tre

S

(1,4)

/I:(\H‘

i.V\'&UiJ(‘\O{\, :

The information. conteat of a pati“ of

dleweds is incfeased by increasing ho
mformation. content of either (or both)

Undec this O@erin?), 5, x B, 1s not itself
a lifted set, bot o ‘pointed poset "

Fom\a\\\?/ a Poin&d Fose% s a Jcrip)e

//~

(S, L, 8y
Lnere

o O is a set;

o LS ic an element of S;

xS s o elation on S| such

S
S

that for all x,y,z € S

COmponenJC of the par. - ( ointedness)
X e X (reflexivity) w
# X EY ~yeX (Mﬂ.sgmme%rg} @ Qi\)e«/\ the pom)ceo\ posejc A, diawn as
X =
: SN zévo
FoOXEY M YEZ Gmwsi%‘wi{v) SUCL{ 1
X cz l
1
'_Q_C_{‘. it S ad T oare E)O’“%ed Pmdj dvaws the Poiv&e& p&sejc Pyl

hen 30 is J[Le product Sx T, with :

"LSXT (‘LS 3 “LT>
<X'ﬁ\ ‘S><T<>£ ) ® xegx Y Er Y
ack: in denotational semantics, semantic

1\\;65 hajcu‘“a“b\ foom ["C)’v\.{ed f(.VQ{S :

@ Shew that & S and T are both
pow&eo\ POSQJ(S, Jch o Is Sx7T

@ Define Lo and £, such thit
ST s ol o pointed paet,

1315
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L NTKODUCTION

In the last lecture | ve:

o Foond thet using sels of semantic. vakes

prir\dpsés of Proa\fammino\ Languaaes
1§ U %) 1 N N
T dewojtq)tiﬁv\at somantics cavsed. some.

fevvdatioml Prob?emg with recersion

G\" a}\am HUJCJCOYL

 J POSJE\)LQI‘E& JC]an“ SEWanlx,ic. \[Q}.LE“F Y\,_";‘E{jv'qf,;‘){x

LQC}CUV\Q 15 - Doman T%eorg) 11 form @m{ed ?a___(:‘ijgﬁwgrde@f, s

Tn *L-WS fe:{ure) we :
o tustulale further sh A on dee voad.
JCQ C\i\)i!)o\ a SQ{)S{C({M}} C?Gnr,'wiuvﬁ,
f\’@j\’}(lw{i)\(ﬁ “’i RO,CU(S‘)WE% %c—igned, f"FC{‘\!"le,

150,
5.1

MONDTONIC_FUNCTIONS
| FOWM“@, %NQVL POM\:@A, Poy:fgg S und. ‘T}

T4 sewmantic valves form poin{eCJ, posets o Boncdion £ ST is morotonic if
JE\'\evx progfams !mu \f\a{omnfﬁ deno{e 'fuv)céiw

\VI- E U 1) & £74)
betuseen po%&e& pcgeju. T’E)}ES' X EY 2 (=) g, 1Y),

P

@O{: e D__Qi a{L ‘{:UY\CHOV\S e «SUH:G\DJQI m}b) \\} O‘\:QZ
Hhose lﬁ\‘\a}@ preseyve the ¥Y\€D(W):&Jc56w onlait Mt\wojtonic Lunchions e Lo -
Of(leﬁmss, n the serse. that orderings bk ate not vequiced o preenie
U L
g 1. F JE'() ~{D(’ w]ﬂ\C\r\ ”1L f/_,f;\, =L
IﬂCfeaSiﬂ% ’H)e_ Mﬁ)rm{iow COV\JEB/\)C OF the. one ‘H NS ,\ '
| L are called. steict JTunctions.
arﬁomech {o a funckion Increases e 2505
”L'V\&rwnjciovx ontent of its cesolt. Fa &
_ " ) I\m de\/\c%‘\cm‘, g@mnjdcg} prgams mﬁmf,’u
soce fonckiont ate called. "monotonic 3 ‘
devpke  monsionic Lonchiont.

52,
K3




yomples : COUMGINING L NFURIH |OM
. B — B Monotonic ? Two elements of a pointed. paet can
omebimes be  “onionad.” fo ombine the
F(x se W e Se Tvue doakils \'\f\%rmajc‘\ovx Cva)L@A% of Jc%.e e\emevw&,
/ \/ (?uw‘t»o»)>
,L"'”"”\" _L .E.EC.EL“{Z\.@. :
T e Consder the. ‘JOSV\L.QLL WEJ' B, % By

Fale  True=—TFalie  Trv ok
alse alje. /fe \/ &( ¢ 3

\ '// \ Lunckion
+ =% F\se Falie)  (Flse, Tree) (%p fle' (T, Tﬂé\
o< / K,

/\
FO\ Se. TV\JQ/,EC_\IQ\.WUQ. L e bt (Fase J_\ (l Fa\ASe\; N (Twe
FLVET IV
(L0
E‘-@’ In %enemk,however, not all elements of

(False, L) u (1, Twe) = (False, Troe) o pointed poset can be combined using L1,

becage Liongle: in B B,

<F(\\S€)'Wue\z is the Jﬁgﬂ(ﬁ Q\GM@(\{ of the (Fa\se, _L) 0 (Tfue, 1\
poseja b subsomes both ( False, L)
ad, (L Twe) onder the & orderiog. Joes pot e, becawse

There is no (least) clowert of the

NM‘\M%: POS@JC Lot sbomes both elements
(L Falie) u (Tooe, 1) o= (e, False) |
Sim]@r)\s,
(False, L) v (1,1 = (False, 1)
(l, False) 0 (1, TT\E\, Jdoes vt exist ;
(Fise 1) o (Falie Tue) = [Tl T) «
| | <‘Cq\..\q, Fq\be\; u (MSQ T*‘ke\ dees ek QXf_s)”.,

56,
153,




LERd | UTVER BOUND

Formally gluen a Poin{efk poet S, the

“Jeash upper bound ™ (o Lob) of o eleworts
yoweS s umquely characderised (if

b oexists) b‘ﬁ Hhe following fuwo pmperﬁm:

@.‘(Eiug A

“The lub subsomes both s andk Y 7

oy £y

= xu}ﬁEZ

@ VzeS. <&z~ yez

“The lub s Heo @_JE ekemen)c
ot SU‘?SUMQ) bot x and. i "

5.3,

We  n alie extend. b v sefs of elements
( rathee than just two e[emenﬁﬁ in the obuious
Ay with UQS =1 a5 the bae-ase.

Noke

The abstract notion of 4 least opper

beond. operator U %enem\ises rgiLy

TCC\M; lar Conm‘e{e cp@i‘é\thVS.

txam@e_: onsider the Sﬁw)e Poseﬁ

Trve

|

;\f\‘i.\Q

54

ln{‘\xs ase , XUy a\uuags exists , anh

s defimed b\:) the "?v\?owivg eojuations :

Fae v Fale = Fake
Falle v Tre = Tre
Troe u Fale = Toe
Te v e = Tre

That s, u is the ”l@%}@ﬁ of @)oem}coo.

é(_q_vi\{y_lg_: for any ot S, the puwerset
(S} forms a poiw]ceo\ poset. with L= ¢
nd E %i\;@m bu) 59}3 inclusion. €

T this ase, UX alays exists |
(s jiven bﬁ 2t onoe JX.
For exaw»(;)e, wnsider P{1,2,3§ :

{13?’)

.
35
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KECUKSION _BINU_ FIAFOIN [

As we Saw in lectore. 13, (@cmwe\j
defined. progmems can. be expresseds oS

EKP.Q‘}E&S of f\Oﬂ'Fecu(B‘Ne\ﬁ definedd programs.

{:qc’ CE o i ne=0 the
1
else
nox f(n-1)
toc = fix fac’

)\qere TC oIS o wE{#,xgpoch _og:em)con

s,

Hence ) %i\finﬁ o denotational semantics o
Cecvrsively) defined progfams can be ceduced.

fo the simplec problem of gjving o
ervantics fo the ‘_E;g oPeraJtot

gml né( e ae @ ‘cew Q_Qb_?ems:

@ S(}W\G MC’(\OJCO/\\Q
posets  do not have o fixpein®

@ Some such {unctions have. rany
Fixpoints - hicw ane. Sheald, e, cheose ?

@ T there an eHective tan

g,’_(,_vyx\w{e Jﬂe /iewed Xuml ?

V\C 10N O x} nL{fL

5.3

:"IXEKCESES
D Let N be the Poivx{eck Poge{:

N elements

[ Rl Bl TaditTor

There 15 one. monshonic. Function 1~

L @

T{')Qfe ace. thiee monckonic ﬁm&ions 2 — 2
o= "Beg

A ]

; a> (Urike down the. monotonic fonckions $ — 3

@° 2o

LI —

5.4,

E) Wrike o Haskell predam 1o calwlate
‘lc\xe an\ber O\C Momjcamc \.Cuncjcsms

N — N for an arbitmy N,

o~

‘g : S — S on o Poivx{ed Pc,&e% >
4t does vt have & fixm}x,{

Hik : S must be infinite.

@) Live o few cther orcrele eample

of o leat upper bound: c?e(alor L,

@ Give an em\v\p\e of o monotonic fonction

1545



Pringi ples_of Proagumming angoages
B | ~J

Gm\ﬁam HU’H:OY\_

Lec’wr € \é - D@mam Theorﬂ 11T

6o,

LN | RODUCTION

| In Jﬂ\e \CXS% \QL{Ufe, We. pﬁu(a{e& Jt‘wa{:
e Semantic valies feam ol nted. y_)_qejj;

@ Praafams dev\ojce movxo{oﬂ{c 'ﬁm&ms.

T this lectire we findh thet +o giie a

devoftional semantics to pauisiie progiams,

these Q?Dsjtu(q{ﬂ must be ;ﬂ%ﬁ@@{ 1o

o Serantic valves fem complete prels;

L4 Pfogfams deno%c continuous Fomckions.

1193

_HRINS

Yo o first SEp fo complete posels, we

rtedue the. simple notion. of & chain .

ol chan within o poset is a

ek of tolally cdered. clements :

j_\_@_g . o i @n be infinite
in either (or both) diections.

¢ e .-—-._..___.‘.'

ormally , 0 cham is o sobset T€S of
p@&{ S, JSich Hhet

\fx,«g)e T, xgoy v

2.

st

COMPLETE PCSETS

Tt is nalural 4o think of a chain a5 a
set of elements that is ”_Sgsﬁg Somewhere

\

It
Somewhere”

e @ 0"“""...

Tn a <’ow\§>1e{e poselt, the chams H_ggi
thete " in the sense that -

Evevxg chan has a Jeat opper bound.

within He p@&@L ( bot not r?étﬁ&(aréfv)

\

I ) -
c\n{‘mm }i‘ﬂ& Cnaw H:éeg\c.\,

3.




f“cxmaub Y comp\e{e pasel (o0 ¢po)
s o poset S such that -

The ot vppec boonde L4 T eists
withie S doe all chaing T€S.

\;0{8 N

Sinte the eva% seb ¢ is a trividl
chan , and- L‘@ =1, every Cpo hay

a L, andis hence (ggjrdceak pQSeJt.

In dencheatioval gemn{{q, Ematic valves

m{mm‘”\i\} \(OHV\ Q_mp_[ie a)&;@b )

s

e Haskell datadype

Jae
Cdaba Neb = Zero | Sec Not
orms @ cpo, a5 follows :
Seee (S Zeve)
Suec Zero uuc\(sk@/m
o D

A
T Ahis ase, the lub of the infinite dham
is the

o c Swee L& Sue (Suee L) E L

finlle valve defined by inf = Suec inf,

6.6,

Lrangle

Fug

. Cvery) {inite pointed posel 15 a cpo.

ﬁnfj (r\owemp{}g\ finite Cham has
%@S_Jt e\emevu{, which 18 {90) definition
the  least Upper beord, foc the chain.

Jc%e, nfinite poin*ﬁdv r:@e% ot
S Ho{f A CPO:

‘M-\é‘.

nodoml nombers odered bf) £

X

% There is no %f_e_@i notural
% Aumber , and hence no lub
O

Toc the chain of all matuals

8%

CONTINUODS FUNCTIONS

TE semantic valuer form cpos, then pregrams

will r\q{waﬂb denote Lunctions between Cpas.

not all fonchions are svitable onlg

Bok ...
those  that prefece the s)rdﬁf(@iﬂg

tockwe  of cpos, namel}ﬁ:

on elements ;

@ The p_cd'gl ordering €

@ The f.@uﬁ Q{Zpﬁm L of chains.

BUL\ ’Gmcjf s are Ca“é‘d\ Con n\)ou\

itz




{"OT\MQ“EJ) s 3&\18’(\ CPL\S 5 and. T7 A {Unc,lh‘im,

LS T »w onlinvoos if:
@ £ is wonobonic;

@ f(LX) = Lifx]seXf
all hOﬂ—emp% Chains X €95,

Us'ma non-em]a’rg) chains i @ ensurer that
(orbinuous forclions need net be strict.

T denolabional semantics Pmafamg r\a{um%

dencte.  continuows fuv\&ions.
)

E)‘QMVL&; . let N7 be the qo fomed by
Qd(}\‘mg in@niﬁj fo the. naturals ordeed ED ¢

o0

Tfinityy 0 s the lub for
e chain of dll natuals

1O Rl SRS AR

Then, o corbinuous ¢ N2 s debired o

FC\X,‘{ , Xz {:‘;
Tvee , 20

(-5

.

THE_FIXPOINT THEOREM

Eemu,k: 6\\)m3 ) dem!tajci onal emantics 1o

(ecotgwe\g definedh programs reduces 1o gjviny
o semantics Jo. the fix opera%w.

Tk\is S gi\lew b«) the ,’ﬁXE@)‘nf Hheotem " -

E\ier:) (DAtNUoVs Lonction. f: S=S on o

cpo S has o “least fixpoint™ Fix (F),
which @n be Compo{eo\ as 1he lob of
the infinite Cham L & £ £ FHEANE -

Foﬂwa\\ : |
fix(®) = LS e NS
L - :

.w.

Note : the notadion (1) mams

CE(F @)
N’

n-+times

andy 15 &rma\lv defined bﬂ:

X

£

i

£ ()
~§:M1 (1\

Nole: the fack Hhat £ is the leat
fixpoink of £ combines duwo properties
@ 1 (Fix(£) = Fix(®)

“Lile) is o fxpoirt of 7

i

@ VreS f6) = x > fin(fl g @

te (. sy - o ,
{913




m 6\\1\9“ id ibl -» oy detined a:);

Falle Twe  Fabe Tvoe
\ / ; We \na\;e:
1 L
fix (id - U % " (1) ] ne N}
= Lj S:_L , 'CU,—D, i (‘0\(‘\‘\\? ?
- LJ g j— 1 ’L) 'l ' %

=

- ——

fample + gjven. o :
Fole Toe— Fabe True

NN/

)gl - B, defined. ‘:x\/)

, we have :

tl%amp‘._g_: %Nen the Haskell da%a{g}pe
Cxajc& Nak = Zeo I Swee Zevo
C%'S{ Hen ﬁr mp lv\

wh = Sue inf

Jt\qe recorsi ve

Can be exgessed as a \Cixpoer. )99:

Lix inf?

An = Suee n

nt =
inf" =

Recavse Mot dendes o o (see slide 1£4), and
inf" con be verified as dé’nojdnf) 0 Cortinooos

fix (F) = U%L o), £y,
X - Lj g L€ Falie . % % "LU’\CEl Lw ‘,%;g CFO ‘{Ine WF}XP@XY)% ‘L;I’/‘QQ(E’M
= ﬁa%e | (oo \)t, Lsed J'L ’B\\P U\(“* T(P s _g_;’i
nf EXERCISES
$ definition of inf $ @ mod'\% the GXamp(e on slide 169 4c
i inf! ‘:}‘WQ O excwplg of o Fonckion that
=% fixpoint theren o morckeic, bt fontinuas
LI § L (), o (i (1), o ]
: !X{JO\Y\L Yheorem o i ale

$ definition of it {

LS Sl Se(Sead)y oo
3 P‘DW{D of chjcg
Suce (Suee (Soc (-

hat \S the ‘FixPoih)E Lheorem %NBS the
prCJved denckcdion for inf ]

@ Use +

u\Q d@(}oj&lﬂO\'\ Oé Tt {G_CLCY!C&, ,VfLOV‘
%C’\C = X(L - !‘p n==C ‘H}Qu

elie
n ¥ Lo (n A

5%




