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Question 1: [25 pts]

Untyped λ-calculus

(a) [8 pts]

Give a definition of normal form. Give a short statement of the conflu-
ence property of λ-terms and explain its consequence on the uniqueness
of normal forms.

(b) [8 pts]

For each of the following λ-terms, state if it is normalizable and, in case
it is, write its normal form.

1. (λx.λy.x y) (λz.z z) (λu.u u)

2. (λx.λy.y) (λz.z z) (λu.u u)

3. (λx.λy.(x y) x) (λu.λv.u) (λz.z)

4. (λx.λy.(x x) y)(λx.λy.(x x) y)(λz.z)

(c) [9 pts]

One of the principal ideas of the λ-calculus is that programs and data
structures are the same. Explain what it means and illustrate it by
defining the Church numerals and implementing the exponential oper-
ation.
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Question 2: [25 pts]

Simply typed λ-calculus

(a) [8 pts]

Give a clear and short explanation of the properties of Progress and
Subject Reduction (also called Preservation) of a type system.

(b) [8 pts]

The following are incomplete terms in the simply typed λ-calculus with
a base type o. Rewrite the terms, replacing each question mark with a
type; also state what type each resulting term has:

1. λx :?. λy :?. λz :?. z (x y) y

2. λx :?. λy :?. x (y x)

3. λx :?. λy :?. λz :?. x y z

(c) [9 pts]

What type do the Church numerals have in the simply typed λ calculus?

Explain why, for certain operations, we need to have types of natural
numbers at different levels.

Illustrate it by showing how the exponential operation needs to take
arguments of different types.
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Question 3: [25 pts]

System T and Inductive Types

(a) [8 pts]

Write the rules for the type Nat of natural numbers in system T:

– Introduction rules (constructors);

– Elimination rule (recursor);

– Reduction rules (computation).

(b) [8 pts]

Implement, using the recursor of system T, the function that sums the
squares of the natural numbers up to a certain point:

sumsq n = 02 + 12 + 22 + 32 + · · · + n2

(You can assume that you already have a term plus for addition and a
term square for squaring.)

(c) [9 pts]

Write the rules of introduction, elimination and reduction for the type
TreeA of binary trees with elements of a type A in the leaves. A tree is
either a leaf containing an member of A or a node with two children,
which are in turn trees.
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Question 4: [25 pts]

System F and Coinductive Types

(a) [8 pts]

Explain the notion of polymorphism and give the rules of introduction,
elimination and reduction of the second-order universal quantifier.

(b) [8 pts]

What is the type of natural numbers in system F? Show how the ex-
ponential operation can be defined, with both arguments in the same
type.

(c) [9 pts]

Give a definition of pointed stream coalgebra on a type A and explain
how it computes an infinite sequence of elements of A.

Assume that you have two stream coalgebras x and y, computing
streams x1, x2, x3 . . . and y1, y2, y3 . . .. Construct another coalgebra that
computes the interleaving of the two streams: x1, y1, x2, y2, x3, y3 . . ..
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