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Plan of the lecture

• Practicalities
• Aims and objectives of the course
• Plan of the course
• Relational model: what are relations, some terminology
• Relational algebra
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Practicalities: assessment

• 100 % exam
• I will be setting non-assessed exercises after each 

significant topic
• If you can do the exercises, the exam should not be a 

problem (it will contain similar questions) 
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Textbook

• Recommended textbook: 
Jeffrey Ullman, Jennifer Widom. A first course in database 

systems. Second edition, Prentice Hall, 2002. (Although it 
is called “a first course”, some material is quite advanced). 
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Aims and objectives of the course

• The aim is to understand the mathematical model 
underlying relational databases; to understand how theory 
and practice are linked.

• Objectives:
– be able to apply formal methods of database design 

(normalisation)
– be able to express database queries as relational algebra 

expressions
– be able to rewrite queries using relational algebra laws 
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In particular…

• How to use relational algebra equations to optimise queries
• How to derive new functional dependencies from other 

functional dependencies, and why this is useful
• What relational algebra has to do with first order logic
• How to define relations recursively (relational algebra 

meets logic programming)
• How to query the web (semistructured data and XPath)
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Plan of the course 

• Revision: relational model 
• Relational algebra 
• Query optimisation
• Dependencies and normalisation in depth
• Deductive databases 
• Semistructured data 
• Exam revision
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Relational model: importance 

• E.F. Codd: proposed relational model in 1970
• Turing Award recipient 1981
• Enormous impact
• Essentially introduced a new data type: everything in a 

database is a relation; operations are given by relational 
algebra.
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Relational algebra

• Relational algebra and predicate logic (two different ways 
of reasoning about relations) have been around since the 
beginning of the 20th century

• Studied by logicians and mathematicians: Frege, Russell 
and Whitehead, Tarski...

• Codd did not invent relational algebra - he realised that 
that’s what databases should be based on.
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Early databases

• Used different formats and models of data
• Data not portable
• Very fragile relationship with applications using the 

database
• Operations with data (searching, sorting) re-implemented 

again and again when new kinds of data introduced or 
database changed

• No way of designing a query language which would not be 
specific to a given database and to decide when it contains 
all the necessary operations.
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Advantages of relational model

• Data independence (physical and logical). Data becomes 
robust and interchangeable. Economy of programming 
effort.

• Database language design 
• Query optimisation
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Relational model

• Database stores and manipulates relations
• What is a relation?
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Relations

• Recall from the first year math course:
an n-ary relation R over a set (domain) A is a set of n-tuples 

of elements from A (R ⊆ An)
• n is called the degree (or arity) of R.
• For example, here is a binary relation R (relation of degree 

2) on a set A:
A = {London, Moscow, Nottingham}
R = {<London, Moscow>, <Moscow, London>, <London, 

Nottingham>, <Nottingham, London>}
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Relation as a table

City1 City2

London
Moscow
London
Nottingham

Moscow
London
Nottingham
London
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Relations and properties

• It is useful to think of a database relation as the set of 
tuples satisfying some real world predicate p. 

• For example, <city1, city2> is in R if, and only if,  there is 
a direct flight between city1 and city2 .

• Or, more generally, <a1, ..,an> ∈ R if, and only if,  
P(a1,..,an) is true (for some pre-defined predicate P).
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Relations over multiple domains

• Usually database relations are thought of as containing 
tuples where elements of a tuple come from different 
sets/domains. 

• For example, a ternary relation  (relation of degree 3) 
between a film title, a person who directed it, and the year 
it was released:

Film = {<Insomnia, Christopher Nolan, 2002>,  <Insomnia, 
Erik Skjoldbjaerg, 1997>,  <Magnolia, Paul Thomas 
Anderson, 1999>}
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Relations over multiple domains 2

• Domain A1: set of titles 
• Domain A2: set of people
• Domain A3: set of years
• Cartesian product of A1, A2 , A3:

A1 ×A2 ×A3 = {<a1, a2, a3>: a1 ∈ A1, a2 ∈ A2, a3 ∈ A3}
• Relation Film is a subset of A1×A2×A3.
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Relations over multiple domains

• Cartesian product of sets A1 ,A2 ,…, An is the set 
A1 ×A2 ×... ×An = {<a1,…,an>: ai ∈ Ai, for 1≤ i ≤ n}
• A relation R over n (not necessarily disjoint) domains    

A1 ,A2 ,…, An is a subset of the Cartesian product 
A1×A2×... ×An .

• in mathematical notation: R ⊆ A1 ×A2 ×... ×An . 
• Database relations are always finite.
• The number of tuples in R is called the cardinality of R.
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Schema

• A schema (of a database relation R) is a set of attributes 
S={S1,…Sn} (where n is the degree of R). Each attribute 
name is unique (even if they have the same domains!).

• For example, the scheme of our example relation Film is 
{Title, Director, Year}. 

• Both Title and Director could have an associated domain 
of strings of at most 200 characters.
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Named and unnamed perspective

• Once the order of attributes in the relation schema is fixed, 
we know what each element in a tuple stands for.

• For example, <Insomnia, Nolan, 2002> stands for a film 
with the title Insomnia directed by Nolan and released in 
2002. If the order is fixed, we do not need to add attribute 
names to particular attribute values. This is called 
unnamed perspective on relations.

• Alternative named approach identifies tuples with sets of 
attribute name/attribute value pairs:  {(Title,Insomnia), 
(Director,Nolan), (Year,2002)}. 
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Picture: relation Film

Title Director Year
Insomnia Nolan 2002
Magnolia
Insomnia

Anderson 1999
Skjoldbjaerg 1997

Memento Nolan 2000

Strings < 200 Strings < 200 1000 <n<9999
domains

attributes

tuplescardinality

degree

Gattaca Niccol 1997
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Relational algebra

• Data is represented as relations.
• Manipulation of data (query and update operations) 

corresponds to operations on relations
• Relational algebra describes those operations. They take 

relations as arguments and produce new relations.

• Think of numbers and corresponding operators +,−,\, * or 
booleans and corresponding operators &,|,! (and, or, not).

• Relational algebra contains two kinds of operators: 
common set-theoretic ones and operators specific to 
relations (for example projecting on one of the attributes). 
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Union 

• Standard set-theoretic definition of union:
• A ∪ B = {x: x ∈ A or x ∈ B}
• {a,b,c} ∪ {a,d,e} = {a,b,c,d,e}
• For relations, we want the result to be a relation again: a 

set R ⊆ A1× … × An for some n and domains A1,…,An.
– So we don’t want to take a union of two relations which 

have different degree and attribute domains:
– R = {<Moscow, London>, <London, Moscow>} and
– S = {<Insomnia, Nolan, 2002>}
– R ∪ S = {<Moscow, London>, <London, Moscow>, 

<Insomnia, Nolan, 2002>} - not a relation!
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Union-compatible relations

• Two relations R and S are union-compatible if if they have 
schemas with identical sets of attributes, and domains for 
each attribute are the same in R and S.

• Before we can compute the union, the attributes should 
also be ordered the same way in R and S.
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Union of two relations

Let R and S be two union-compatible relations. Then their 
union R ∪ S is a relation over the same schema as R and 
S which contains tuples from both relations:

R ∪ S = {x: x ∈ R or x ∈ S}.
• Note that union is a partial operation on relations: it is only 

defined for some (compatible) relations, not for all of 
them.

• Similar to division (result of division by 0 is not defined).
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Example: shopping lists

R                                 S                             R  ∪ S

Cheese 1.34
Milk 0.80
Bread 0.60
Eggs 1.20

Soap 1.00
Cream 5.00 Cheese 1.34

Milk 0.80
Bread 0.60
Eggs 1.20
Soap 1.00
Cream 5.00

Soap 1.00

Product Price Product Price Product Price
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Difference of two relations

Let R and S be two union-compatible relations. Then their 
difference  R − S is a relation over the same schema as R 
and S which contains tuples which are in R but not in S:

R − S = {x: x ∈ R and x ∉ S}.
• Note that difference is also a partial operation on relations.
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Example

R                                 S                             R  − S

Cheese 1.34
Milk 0.80
Bread 0.60
Eggs 1.20

Soap 1.00
Cream 5.00 Cheese 1.34

Milk 0.80
Bread 0.60
Eggs 1.20

Soap 1.00

Product Price Product Price Product Price
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Intersection of two relations

Let R and S be two union-compatible relations. Then their 
intersection is a relation R ∩ S over the same schema 
which contains tuples which are both in R and S:

R ∩ S = {x: x ∈ R and x ∈ S} 
• Note that intersection is also a partial operation on 

relations.
• If two relations have different degree or different domains 

their usual set theoretic intersection is empty. In relational 
algebra, it is not defined.
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Example

R                                 S                             R  ∩ S

Cheese 1.34
Milk 0.80
Bread 0.60
Eggs 1.20

Soap 1.00
Cream 5.00 Soap 1.00

Soap 1.00

Product Price Product Price Product Price
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Cartesian product

• Cartesian product is a total operation on relations.
• Usual set theoretic definition of product: 
R × S = {<x,y>: x ∈ R, y ∈ S}
• Under the standard definition,  if <Cheese, 1.34> ∈ R and 

<Soap,1.00> ∈ S, then
< <Cheese, 1.34>, <Soap,1.00>> ∈ R × S 
(the result is a pair of tuples).
• Extended Cartesian product flattens the result in a 4-

element tuple: <Cheese, 1.34, Soap, 1.00> 
• For the rest of the course, “product” means extended 

product.
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Extended Cartesian product of 
relations
Let R  be a relation with a schema {A1, …, An } and S a 

relation over schema {B1, …, Bm }. Then their 
extended Cartesian product R × S  is a relation over schema 

{A1, …, An , B1, …, Bm } such that 
R × S = 
{<c1,…,cn,cn+1,…,cn+m>:  c1, …,cn ∈ R,  cn+1,…,cn+m ∈ S}
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Example

Cheese 1.34
Milk 0.80
Bread 0.60
Eggs 1.20

Soap 1.00
Cream 5.00 Cheese 1.34

Milk 0.80
Bread 0.60
Eggs 1.20

Soap 1.00

Cream 5.00
Cream 5.00
Cream 5.00
Cream 5.00

Cheese 1.34 Soap 1.00
Milk 0.80 Soap 1.00
Bread 0.60 Soap 1.00
Eggs 1.20 Soap 1.00
Soap 1.00 Soap 1.00

Soap 1.00 Cream 5.00

R S R×S
Product Price Product Price Product Price S.Product S.Price
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Notation

• If a is an n-tuple over a set of attributes S={Att1,…,Attn} 
and X ⊆ S, then a(X) is a tuple over attributes in X which 
has the same values for those predicates as a.

• For example, if a = <Insomnia, Nolan, 2002> over 
S={Title, Director, Year> and X = {Title, Year} then   
a(X) = <Insomnia, 2002>.
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Projection

• Let R be a relation over schema S, and X ⊆ S. Then 
projection of R on X is a relation π X(R) over schema X 
such that

π X(R) = { a(X): a ∈R }
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Example: πLastN, UID ( R)

FirstN Init

Alfred V
John E

LastN UID

Aho ava
Hopcroft jeh

Jeffrey D Ullman jdu
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Example: πLastN, UID ( R)

FirstN Init

Alfred V
John E

LastN UID

Aho ava
Hopcroft jeh

Jeffrey D Ullman jdu

πLastN, UID ( R) :LastN UID

Aho ava
Hopcorft jeh
Ullman jdu
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Example: πLastN, UID ( R)

FirstN Init

Alfred V
John E

LastN

Aho ava
Hopcroft jeh

Jeffrey D Ullman jdu

πLastN, UID ( R):

LastN UID

Aho ava
Hopcroft jeh
Ullman jdu

UID
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Comparability

• It is possible to compare values in the same domain using 
=  and ≠ (perhaps also  ≤, ≥, <, > and other comparators).

• In some cases, it makes sense to compare values from 
different attribute domains: for example, if both are 
domains contain strings, or both contain dates.

• For example, 1991 > 1997 is a meaningful comparison 
(which happens to be false), “Magnolia” = 5 is not.

• Attributes X and Y are said to be Θ-comparable (where Θ
is any comparator) if for any x in the domain of X and y in 
the domain of y, x Θ y is either true or false but not 
undefined. 
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Selection

• Let R be a relation over schema S = {Att1,…,Attn} and α
is a condition which is written using {and, or, not} and 
expressions of the form Atti Θ Attj or Atti Θ v, where v is a 
value from the domain of Atti . 

• Then selection from R subject to condition α is defined as 
follows:

σ α (R) = {<a1 ,…,an> ∈ R: α (a1 ,…,an )}
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Example: selection from Film 

• σ Year < 2002 and Director = Nolan (Film):

Title Director Year
Insomnia Nolan 2002
Magnolia
Insomnia

Anderson 1999
Skjoldbjaerg 1997

Memento Nolan 2000
Gattaca Niccol 1997
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Example: selection from Film 

• σ Year < 2002 and Director = Nolan (Film):

Title Director Year
Insomnia Nolan 2002
Magnolia
Insomnia

Anderson 1999
Skjoldbjaerg 1997

Memento Nolan 2000
Gattaca Niccol 1997
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Example: selection from Film 

• σ Year < 2002 and Director = Nolan (Film):

Title Director Year
Insomnia Nolan 2002
Magnolia
Insomnia

Anderson 1999
Skjoldbjaerg 1997

Memento Nolan 2000
Gattaca Niccol 1997
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Example: selection from Film 

• σ Year < 2002 and Director = Nolan (Film):

Title Director Year
Insomnia Nolan 2002
Magnolia
Insomnia

Anderson 1999
Skjoldbjaerg 1997

Memento Nolan 2000
Gattaca Niccol 1997
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Example: selection from Film 

• σ Year < 2002 and Director = Nolan (Film):

Title Director Year
Insomnia Nolan 2002
Magnolia
Insomnia

Anderson 1999
Skjoldbjaerg 1997

Memento Nolan 2000
Gattaca Niccol 1997

Lecture 1: Relational model 46

Example: selection from Film 

• σ Year < 2002 and Director = Nolan (Film):

Title Director Year
Insomnia Nolan 2002
Magnolia
Insomnia

Anderson 1999
Skjoldbjaerg 1997

Memento Nolan 2000
Gattaca Niccol 1997
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Example: selection from Film 

• σ Year < 2002 and Director = Nolan (Film):

Title Director Year

Memento Nolan 2000
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Revision: set notation

• A = {a1, a2, a3} 
• a1 ∈ A (element of)
• {a1, a2} ⊆ A and {a1, a2} ⊂ A (subset and proper subset)
• B = {a ∈ A: p(a)} (B is the set of elements a of A such the 

proposition p(a) is true) 
• A × B (Cartesian product)
• An = A × A × ... × A (n times)
• A ∩ B (intersection)
• A ∪ B (union)
• A − B (difference; elements of A which are not in B)
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Set revision questions

• Are A = {1,2,3} and B = {2,3,1} the same set (A = B)?
• Given a set A = {0,1,2,3,4}; what is the set B={a∈A:a<0}? 
• How many different binary relations are possible on the set 

A = {a1, a2, a3}?
• If A has k elements, how many different relations of 

degree n are possible on the set A? What is the cardinality 
of the largest relation?

• What is the Cartesian product of the two sets A={a1,a2,a3} 
and B = {b1, b2}?

• If A1 ⊆ B1 and A2 ⊆ B2 , is it true that A1 × A2 ⊆ B1 ×B2?


