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Abstract
We show how to modify the model of knowledge based on interpreted
systems developed by Halpern and Moses to give a new class of interpreted
systems, representational interpreted systems, in which the fact that an agent
knows that φ corresponds to a particular configuration in the agent’s internal
state. This permits an objective and constructive test for the agent’s knowledge in a way similar to the situated automata approach of Rosenschein and
Kaelbling. We prove that representational interpreted systems have the same
logical theory as interpreted systems, i.e., they satisfy the same formulas of
epistemic logic, and show how our approach can be used to ground action
selection in the state of the agent, allowing us to verify constructively that
the selection of a particular action in a particular environment is correct.
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Introduction

Formal models of agent systems are central both to deepening our understanding
of the notion of agency and to the principled design of agent systems. The concept
of knowledge plays a key role in many formal models in providing an abstract
account of the agent’s state and behaviour. Epistemic notions such as knowledge
and belief provide a compact and powerful way of describing, explaining and
predicting the behaviour of agents.
A common approach is to model the agent in an epistemic logic and prove
theorems about the agent’s behaviour in that logic (see, for example, [10, 4, 9,
13, 14, 5, 12, 19, 18, 21]). Such an approach is useful as an abstraction tool even
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when we have perfect knowledge of the design of the system, but can also be
applied when the system in question is not known to or is known not to employ
intentional notions1. In this paper we are concerned with ascribing knowledge
to agents. Such knowledge is often termed implicit knowledge and includes as
a subset the agent’s explicit knowledge, i.e., the knowledge the agent has access
to and can answer questions about (as studied in e.g., [7]). However if we are
ascribing knowledge we then have to define precisely what we mean by ‘the agent
knows that φ’. In many cases, the semantics of agent states is simply stipulated
by the designer, who assigns a particular meaning to a particular state or set of
states, and strives to design the agent in such a way that the stipulated semantics
holds. However such stipulations, by their very nature, cannot be objective, and
are prone to over-interpretation [11]. A key component of any theory of agent
systems is a formal model of agent knowledge which makes precise what it is for
an agent to know that φ. Such a model should be computationally grounded (in
the sense of [20]) and constructive. By computationally grounded we mean that
knowledge should be interpreted in terms of concrete computational notions such
as the runs of a program or system. By constructive we mean that we can tell
whether an agent knows that φ solely by inspecting the properties of the agent
(typically the configuration of the agent’s state). In addition, the model should not
require unreasonable properties of the agent (e.g., that the agent’s state is infinite).
In this paper, we present a formal model of knowledge ascription for agents
with partial knowledge which permits an objective and constructive test for the
agent’s knowledge. In the next section we introduce our theoretical framework
and formulate some postulates for a general model of knowledge ascription. We
then consider two existing models of knowledge in the light of these criteria, the
objective correlation approach of Rosenschein and Kaelbling [16] and the interpreted systems approach of Halpern and Moses [6]. In section 5 we then show
how to combine the interpreted systems and objective correlation approaches to
give a new class of interpreted systems, representational interpreted systems, in
which the fact that an agent knows that φ corresponds to a particular configuration
in the agent’s internal state. We prove that representational interpreted systems
have the same logical theory as interpreted systems, i.e., they satisfy the same
formulas of epistemic logic. Finally, in section 6 we show how our approach can
be used to ground action selection in the state of the agent, allowing us to verify
constructively that the selection of a particular action in a particular environment
is correct.
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Dennett [3] has termed this latter strategy “adopting the intentional stance.”
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2

Background

We begin by stating some background assumptions which should be satisfied by
any model of knowledge ascription applicable to agents with partial knowledge.
Our model of agents is deliberately abstract. We assume only that an agent has
a state which can be viewed as a set of variables or locations (following the terminology of [16]) together with the sets of values which can be assumed by the
locations. The set of possible states of the agent is the cross product of sets of
values for each location.
We assume that our agents and the implicit knowledge which we ascribe to
them satisfy the following postulates:
1. the agent may have only partial knowledge of its environment;
2. the agent can add to its knowledge over time;
3. the agent’s knowledge is uniquely encoded in its state; and
4. the agent’s state is finite.
We do not claim that these postulates exhaust the desirable properties of a theory
of knowledge ascription, rather our aim is to establish a minimal framework for ascribing knowledge. For example, a necessary property when ascribing knowledge
to imperfect reasoners is the absence of logical omniscience (see, for example,
[1, 2]); however implicit knowledge can be safely assumed to be closed under
logical consequence (see, for example, [10, 17, 5]).
The first postulate is necessary to model agents which are resource bounded in
the most general sense, for example, agents whose sensors do not return complete
knowledge of the environment or themselves. In particular, we do not require
that the agent know all facts which are true of the environment—it should be
possible that φ ∧ ¬Ki φ, where Ki φ means that agent i knows that φ. The second
postulate allows the agent to acquire new knowledge, (up to the point at which
its representational capacity is exhausted, see below). For example, if the agent
looks out of the window it may discover that it is raining. The third postulate
requires that the agent’s knowledge is encoded in some properties of its state. This
guarantees that our model of knowledge ascription is objective and constructively
verifiable. The fourth postulate is simply a restriction on all practical agents.
Taken together, the third and fourth postulates imply that the agent can only know
finitely many non-equivalent formulas.

2.1 Propositional epistemic logic
We model an agent’s implicit knowledge using propositional epistemic logic. A
language of propositional epistemic logic contains a set of propositional variables
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(primitive propositions) Φ = {p1 , . . . , pn , . . .}, boolean connectives ¬, ∧ (and
other definable connectives) and unary modal operators Ki for every agent i in
the set of agents A = {1, . . . , m}. A well formed formula (w.f.f.) is defined as
follows: if p is in Φ, it is a w.f.f.; if φ and ψ are well formed formulas, then so are
¬φ and φ ∧ ψ; if φ is a w.f.f. then so is Ki φ (where i ∈ A) which stands for ‘agent
i knows that φ’. Nothing else is a w.f.f.
The language of epistemic logic is usually interpreted with respect to (multimodal) Kripke structures. A Kripke structure M = (W, π, {Ri : i ∈ A}) is
a triple where W is a non-empty set of possible worlds (points, states), π is a
function which for every possible world and every propositional variable in Φ
produces a truth value of that proposition in that world (true or false), and for
every i ∈ A, Ri is a binary relation on W called the accessibility relation. The
relation M, w |= φ where w ∈ W (φ is true in w) is defined inductively as follows:
For a propositional variable p, M, w |= p iff π(w, p) = true.
M, w |= ¬ψ iff M, w |= ψ.
M, w |= ψ ∧ ψ  iff M, w |= ψ and M, w |= ψ  .
M, w |= Ki ψ iff for all w  such that Ri (w, w ), M, w  |= ψ.
For the logic of knowledge, Ri is usually assumed to be an equivalence relation
on W . The resulting logic is called S5.
In what follows we will use the language of epistemic logic to formulate the
properties of knowledge arising from different computational interpretations of
knowledge, and follow [5] considering Kripke structures corresponding to those
interpretations.

3

Knowledge as Objective Correlation

Perhaps the most straightforward approach to ascribing knowledge to an agent is
to define knowledge as an objective correlation between the state of the agent and
the state of the environment. The agent knows that φ if the agent’s state carries
information that φ, that is, if there is a part of the agent’s state which has specific
values if φ holds in the environment. We associate some location (or locations),
x, in the agent’s state with a proposition φ, and require that whenever x takes a
particular value (or values), say 1, φ is true. This definition has the advantage of
being objective and is constructively verifiable when the number of states in the
environment is finite.
This is essentially the approach taken by Rosenschein and Kaelbling [15, 16]
in their work on situated automata: “We say that when an agent . . . is in state v, it
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carries the information that φ if and only if whenever it is in state v, φ is true in
the world” [16]. Rosenschein and Kaelbling view an agent as an automaton made
up of parts or locations, each of which can take a finite set of values. Information can either be encoded ‘by location’, i.e., a particular location is devoted to
the representation of a particular proposition, or ‘by value’, i.e., the values of the
locations involved in representing the locations are critical, but the same combinations of values occurring at any (sequence of) locations would carry the same
information. In what follows, and without loss of generality, we only consider encoding by location. A location x having a certain value carries information about
any proposition which is true whenever x has that value.
The resulting model of agent knowledge satisfies S5 and has the advantage
that there is a precise relationship between the internal states of the agent and
conditions in its environment, allowing an objective attribution of semantics to
a value (or values) at a particular location (or set of locations). For example, it
gives a precise account of the degradation of information over time: “a location
containing a value at time t and continuing to hold that value until time t + k will
be assigned as its information content the disjunction of world conditions satisfied
at any time instant in the interval [t, t + k]” [16].
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Interpreted Systems

More recently, attention has switched to computationally grounded approaches
inspired by ideas in philosophical logic. In philosophical logic, knowledge and
belief are defined in terms of possible worlds: a person knows/believes that φ if φ
is true in all states of the world which the person considers possible (the general
idea was introduced in [8]). A natural adaptation to agents and computations is to
say that an agent knows that φ if in all states of the system where the agent has
the same local state, φ holds. The agent has no means of distinguishing different
global states if its own local state is the same in all of them, so it considers all of
them ‘possible’. A well known formalisation of this approach using the notion of
interpreted systems was given by Halpern and Moses [6] and further developed in
[5]. However, while interpreted systems are grounded, they are not constructive,
since they refer to a potentially infinite number of states.
One way to fix this would be to ground knowledge ascription in agent’s state
as in Rosenschein and Kaelbling. However, in interpreted systems, the definition of knowledge does not refer to the structure of the agent’s state. In fact
at different points in time the agent may be in completely different states while
knowing that φ. The mapping from states to propositions is many-to-many, and
we cannot ascribe knowledge to the agent by inspecting the agent’s state. In what
follows we show how to combine the interpreted systems and objective correla5

tion approaches to give representational interpreted systems, in which the agent’s
knowledge corresponds to a particular configuration of the agent’s internal state.
We show how to modify the interpreted systems approach so that there is a precise
correspondence between the contents of the agent’s state and the agent’s knowledge as defined in terms of all possible runs. We prove that our modification
leaves the logical properties of the approach (the set of formulas of the epistemic
logic which are satisfiable according to it) unaltered.
First we introduce notation and definitions based on [5].

4.1 Interpreted systems and Kripke structures
A global state g (of a system) consists of the state of the environment ge and local
states of all m agents in the environment, g1 , . . . , gm . A run is a function r from
the set of time points (assumed to be natural numbers) to the set of all global
states. A system R is the set of all possible runs. Denote the set of all global
states occurring in a run in R by G(R). Let Φ be the set of primitive propositions
which we want to use when talking about the system. An interpreted system I is
a system R together with a function π which for every propositional letter p ∈ Φ
and every global state g ∈ G(R) gives a truth value of p in g.
Every interpreted system I = (R, π) has a corresponding Kripke structure
M = (W, π M , {R1 , . . . , Rm }) where
W is the set of all pairs (r, n) where r ∈ R and n is a natural number (time
point);
π M ((r, n), p) = π(r(n), p);
(r, n) and (r  , n ) are in the relation Ri if in the global states r(n) and r  (n ) the
agent i is in the same local state.
Observe that in the absence of temporal operators which can use the information provided by time points, the truth of a formula at (r, n) really depends only
on the global state r(n). In what follows we make use of the lemma:
Lemma 1 Let I = (R, π) be an interpreted system, M a corresponding Kripke

structure as defined above, and M  = (W  , π  , {R1 , . . . , Rm
}) a different Kripke
structure defined as follows:
W  = G(R);
π  = π;
g and g  are in the relation Ri if gi = gi .
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Then M and M  satisfy the same formulas of epistemic propositional logic: M, (r, n) |=
φ ⇔ M  , r(n) |= φ.
Proof. The proof consists of a simple induction on the construction of φ.

✷

Discussion In the approach based on interpreted systems, agent i knows that
φ in a global state g if in all possible runs of the system where it has the same
local state gi, φ is true. This is not a constructive definition unless the system has
finitely many bounded runs. We cannot establish whether the agent knows that φ
by examining its state alone (without examining all possible runs) because there
is no particular state or partial state associated with knowing that φ. It is easy to
give an example when an agent knows that φ while being in several completely
different states.
The main question we are addressing in this paper is whether this is inevitable
or is it possible to keep the same framework but impose tighter constraints on
the agent state, associating a fixed part of the state with ‘knowing that φ’ as in
the Rosenschein and Kaelbling approach. In the next section, we show that it is
possible to modify the interpreted systems approach by specifying in detail the
representational state of the agent.

5

Encoding Knowledge in the Agent’s State

Consider an interpreted system I. Instead of abstracting from the content of the
agent’s state, we now want to see it as a collection of locations each holding
information concerning the agent’s knowledge of a particular formula. This immediately forces us to make the following assumption:
Assumption 1 Φ is finite.
In the case of a purely propositional language or even a modal language with
just one S5 modality this gives finitely many non-equivalent logical formulas.
If we have more than one epistemic modal operator as is the case for multiagent modal logics, the assumption that Φ is finite no longer guarantees that we
have finitely many equivalence classes. In fact, with just two modalities and one
propositional variable we can generate infinitely many non-equivalent formulas:
K1 p, K2 K1 p, K1 K2 K1 p, . . . . We could declare some arbitrary finite set of formulas to be of special interest to the agent, for example, we could restrict the
depth of nestings of modal operators to be at most 2. However, we believe that a
better approach is to relate the set of formulas the agents may know with the set
of conditions which are relevant for the agent’s action selection function.
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Suppose the agent can perform a finite set of actions ACT = {a1 , . . . , ax } including an empty no-op action. When designing the agent we can introduce the
following equivalence relation =a on the set of formulas of the logical language
we use: φ =a ψ if the action which we want the agent to perform in situations
where φ is true is the same as the action we want the agent to perform when
ψ is true. This gives rise to finitely many equivalence classes of formulas. We
pick a representative from each class and in this way get a finite set of formulas
corresponding to locations in the agent’s state. Note that all logically equivalent
formulas are in the same class by construction.
We can therefore assume that an agent can only have knowledge of finitely
many non-equivalent formulas, F orm(Φ) = {φ1 , . . . , φk }. We assume that the
local state of an agent is a collection of locations {xφ1 , . . . , xφk } where xφj (for
each j with 1 ≤ j ≤ k) holds a specific value corresponding to knowing that φj if
and only if the agent knows that φj .
Let us use a shorthand of xφj =  to denote this fact, keeping in mind that
xφj could be a complex location and  could in fact be a combination of particular values. We call this modification of an interpreted system a representational
interpreted system.
We are going to show that for every interpreted system there is a representational interpreted system satisfying the same formulas of epistemic logic. Before
defining such a system we briefly explain the idea. We take an interpreted system
I = (R, π) and a corresponding Kripke structure M and for every global state g
in G(R) we look at the set of formulas the agent knows at g : {φj : M, g |= Kφj }.
Note that we talk about M, g |= φ rather than M, (r, n) |= φ but Lemma 1
shows that this is well defined since the truth of a formula only depends on the
global state. Then we replace the agent’s state gi in g by a collection of locations
{xφ1 , . . . , xφk } where for all j, xφj =  if M, g |= Kφj and some different value
⊥ otherwise. The new agent state contains an explicit encoding of the agent’s
knowledge at g and will be the same in all global states when the agent knows the
same formulas.
First we need one more assumption:
Assumption 2 Let I = (R, π) be an interpreted system. For every p ∈ Φ and
g ∈ G(R) the value of π(g, p) depends only on the environment state ge .
This assumption is a departure from the definition of interpreted systems, however
we believe that it is not a very drastic one. Intuitively, we assume that the propositions which talk about such properties of the agent as its velocity, speed or battery
level can be easily made dependent on the environment state by making the corresponding variables be part of the environment rather than part of the agent. In
this view, all that really “belongs” to the agent is its local state which we describe
in terms of the agent’s knowledge rather than in terms of primitive propositions.
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Definition 1 Let M = (W, π, {R1 , . . . , Rm }) be a Kripke model corresponding
r
}) is a representational
to an interpreted system I. M r = (W r , π r , {R1r , . . . , Rm
model corresponding to M if it is obtained from M as follows:
W r = {(ge , r(g1 ), . . . , r(gm)) : (ge , g1 , . . . , gm ) ∈ G(R)} where r is a function
which takes an agent state gi ) and returns a new representational state containing locations {xφ1 , . . . , xφk } and for all j with 1 ≤ j ≤ k, xφj =  if
M, g |= Kφj and ⊥ otherwise.
π r ((ge , −), p) = π((ge , −), p) (note that by Assumption 2 π only depends on ge ).
Rir (g, g ) if in g and g  agent i has the same (representational) local state.
Theorem 1 For every formula φ ∈ F orm(Φ), a Kripke model M generated by an
interpreted system satisfying assumptions 1 and 2, and a representational Kripke
structure M r corresponding to M,
M, (ge , g1 , . . . , gm ) |= φ ⇔ M r , (ge , r(g1 ), . . . , r(gm)) |= φ
Proof. The proof is by induction on the construction of φ.
If φ is a propositional variable, its truth value depends only on ge : M, (ge , g1 , . . . , gm ) |=
p iff π((ge , g1 , . . . , gm ), p) = true iff π r ((ge , r(g1 ), . . . , r(gm)), p) = true
iff M r , (ge , r(g1), . . . , r(gm)) |= p.
The cases of φ = ¬ψ and φ = ψ ∧ ψ  are trivial;
Suppose φ = Kψ.
M, (ge , g1 , . . . , gm ) |= Ki ψ iff
for all ge , gj with j = i,

) |= ψ
M, (ge , g1 , . . . , gi , . . . , gm
which by the induction hypothesis is if and only if for all ge ,

)) |= ψ iff
M r , (ge , r(g1 ), . . . , r(gi ), . . . , r(gm
M r , (ge , r(g1 ), . . . , r(gi ), . . . , r(gm )) |= Ki ψ.
✷
Theorem 1 shows that given assumptions 1 and 2, interpreted systems and
representational interpreted systems have the same logical theory.
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Grounding Action Selection in the Agent’s State

In the interpreted systems approach, there is no requirement that the knowledge
ascribed to an agent is grounded in the state of the agent. While this view is
appropriate for many applications, in general agents must act on their knowledge.
In the foregoing, we have shown how we can ground the implicit knowledge we
ascribe to an agent in the agent’s state. In this section, we show how our approach
can be extended to ground action selection in the state of an agent.
We begin by defining a notion of correctness for agent actions. An action is
correct if it is at least as good as any other action, given the current state of the
environment. The notion of “at least as good as” could be defined in terms of an
explicit utility measure for environment states or in terms of those actions which
are rational given the agent’s goals or in some other way. In particular, we do not
require that there be a single correct action in a given state of the environment.
We shall say that a agent’s action selection function is locally correct if it selects a
correct action given the agent’s knowledge. That is, if action aφ is a correct action
when the environment is in a state such that φ is true, then an action selection
function is locally correct if it returns aφ whenever Kφ. We say an action selection
function is globally correct if it returns aφ whenever φ is true. Global correctness
implies an agent has perfect knowledge of its environment.
If we model an agent as an interpreted system, the agent’s knowledge is not
correlated with any particular features of the agent’s state, or even with any particular state. This makes it impossible to ground action selection in the state of the
agent. Different agent states may correspond to knowledge of the same proposition, and hence can’t be used a precondition for action selection. However representational interpreted systems are implementable in a way which standard interpreted systems are not. In our approach, knowledge of φ is explicitly grounded in
the state of the agent. Locations are correlated with (possibly infinitely many non
equivalent) formulas. If the selection of an action is conditional on knowledge that
φ (or some equivalence class of propositions), this in turn means that the action
should be selected when a certain unique location (or set of locations) has a particular value. We can use this fact to write a rule or procedure (or induce a finite state
machine as in [16]) which looks at the appropriate locations in the agent’s state
and triggers a correct action. Given an appropriate choice of =a equivalence and
an appropriate encoding between locations and sets of =a equivalent formulas, we
can require that locations correspond to the weakest preconditions for actions.
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7

Conclusion

Many researchers (e.g., [20]) have argued that models of agent knowledge should
be computationally grounded, and several computationally grounded definitions
of knowledge have been proposed in the literature. We believe that it is also
important that models of knowledge be constructive in the sense that is possible
to verify whether an agent has a knowledge of some proposition φ by inspecting
the agent’s state. Many of the computationally grounded models of knowledge
are not constructive in this sense. For example, while the influential definition of
knowledge based on the notion of interpreted systems [5] provides a definition
of knowledge based on computational notions, it abstracts completely from the
agent’s state. Under this definition, an agent knows that φ in a global state g if in
all possible runs of the system in all global states where the agent has the same
internal state as in g, φ is true. In most practical systems it is impossible to inspect
all possible runs and to verify whether the agent knows that φ in a given state.
In this paper we show that is possible to assume that some set of variables or
locations in the agent’s state always have particular values when the agent knows
that φ (a property which can be verified constructively) while retaining the definition of knowledge based on the interpreted systems. While knowing that φ does
not correspond to a particular part of the agent’s state in the original interpreted
system, it is possible to define a variant of interpreted systems called representational interpreted systems where this is the case. We show that this restriction
does not change the axiomatic properties of knowledge, namely that the logical
theory of representational interpreted systems and the logical theory of interpreted
systems are the same. We then show how representational interpreted systems can
be used to ground action selection in the state of agent, allowing us to verify constructively that the selection of a particular action in a particular environment is
correct.
Our ultimate goal is a formal theory of knowledge which allows to specify
agents which select appropriate actions given their knowledge. We believe that by
explicitly grounding the ascription of knowledge and the selection of correct actions in the state of the agent, we have taken the first step in a design methodology
that is similar in spirit to that of Rosenschein and Kaelbling.
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