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Abstract Interpretation

Abstract interpretation is a technigue for approximating the execution
behaviour of a computer program.

For example, abstract interpretation aims to answer questions like

IS 231x15x44x26x179x182 even? and
IS 231x15x44x26x179x182 divisible by six?

without performing the multiplications.

NB The examples areeliberatelysimple.



Even

231x15x44x26x179x 182 Is even
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e Interpret each number as true or false depending on whether the
number Is even or not.

e Interpret multiplication as logical “or”.

e In this case, the result esxact



Divisible by Six

231x15x44x26x179x 182 is divisible by six
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e Interpret each number as true or false depending on whether the
number is divisible by six or not.

e Interpret multiplication as logical “or”.

e In this case, the result safein the sense thattaue answer can be
relied upon.

Abstract interpretations are typically used to gpafeanswers to difficult
computations.



Theorems-For-Free (Reynolds, Wadler)

Example: the functiofold has type
a «— Listaxax (a<—axa)

for all instances of the type parameter

From this type, a “theorem-for-free” is that, for all lists of integersand
all integeram,

evenfold(msm,(x)) = fold(List.evenms,evenm,(V)) .

Another “theorem-for-free” is that, for all lists of integerssand all
Integersm,

divblebys.fold(msm,(x)) = fold(List.divblebys.ms, divbleby.m, (®))

If there is some “abstract interpretation”of multiplication such that, for
all integersmandn,

divblebys.(mxn) = divbleby.m® divbleby.n .

But no such function exists.



Relation on Functions

Definition
(f,g) e RS = (Vuvi: (f.u,gv)eR <= (uv)eS

In words, f andg mapSrelated values t&-related values.

(fold, fold) € (va:: a « Listaxax (a«axa)) .
In particular,

(fold, fold) € dk « List.dkx dkx (dk« dkxdk)
where, for allm,

dkm = k\m .

That is, for allms m, ®, bs band®,
dkfoldilmsm,®) = fold(bsb,®)

bs=ListdkmsA b=dkm A (Vmn:: dk.(m®n) = dkmoedkn) .



More Examples

Recall

(f,g) e RS = (Vuvi (f.u,gv)eR < (u,v)€S .
Example 1:

(f,f)e C—=< = (Vuv.: fuCfv<=u=xv) .

Note that, iff andg are monotonic then, after some simplification:
(f,g) e C—=< = (Vu: f.uCgu .

Thus,C « < Is the usuapointwise-orderingon monotonic functions.

Example 2: For functionk andk,

(f,g) € h—k’ = f = hegek .



Galois Connections And Pair Algebras

We say that the pair of functions ( f*) is a Galois connection between the
posets A ,C) and (B, <) if f € 4—B andf! c B—4 and, for allxin B
and allyin 4,

fxXCy = x=< fly .

A binary relationR on the posetsq ,C) and (B, <) is called apair algebra
if there are functionsg € 43 and f# € B« 4 such that, for alk in B and
allyin 4,

(y,X)eR = fXxCy
and

(y,X)ER = x= ffy .
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Example — Divisible by k

For all (strictly) positive integerk andmand all booleans,
k\m< b = m/ (if bthenkelsel) .
(Readk\mas “k dividesm” and m/k as ‘mis divisible byk”.)

This is a Galois connection between the functkgr{denoted bydk earlier)
and the function mappinigto if b then k elsel.

The partial orderings ard&pol, <) and fosint, /).

The pair algebr# relates booleah to positive integem exactly when
k\m < b.

(bomeP = kkm<«<b .



Recall

(fold, fold) € (vVa:: a « Listaxax (a<axa))

k\m< b = m/ (if bthenkelsel) .

Define
dkm = k\m and kd.b = if bthenkelsel .

Then
dkm<b = m/ kdb .

Extend(dk, kd) to type offold:
DK = dk « Listkd x kd” x (kd” « dkxdk)

and

KD = kd « Listdk x dk’ x (dk «—kdxkd) .
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Extension of Galois adjointsk andkd
DK = dk « Listkd x kd” x (kd” «— dkxdKk)

KD = kd « Listdk x dk’ x (dk’ « kdxkd)

Theorem The pair(DK , KD) is a Galois connection between functions of

type
Bool « List.Boolx Boolx (Bool<— BoolxBool)

(ordered pointwise by=) and functions of type

Posint < List.PosIntx PosIntx (Posint— PosIntx Posini)

(ordered pointwise by).
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Recall: pair algebra
(bomeP = kkm<«<b .
Equivalently:

(b,m) eP dkm<«<Db .

Theorem-For-Freeobtained by instantiating type parameado P

(fold, fold) € P « ListPxPx (P—PxP) .

That is, for allmgs m, and monotoni® and®,

dkfoldimsm,®) <« fold(List.dkms,dkm,®)

(Vm,n:: dk.(men) < dkmedkn) .
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Safety Is “For Free”

Given a parametrically polymorphic functidnof type (vVa::t) where
t =u+«vand a collection of Galois connectiorabg, , corn,) between the
posets @, ,C,) and (B;, <5) (one for each type parameter) we

e extend the Galois connection talys , con) between the posets
(A, &) and B, =)

e extend the corresponding pair algebPado a pair algebr#,.

Theorem For Free (f,f) € R
Our Theorem =i ¢ (abs)” C B C (abs) *;

Safety Corollary abgef C, <=, feabs
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Discussion

e Calculate abstract interpretations.
o Safety “for free”.

e Effectiveness maximised by maximising parametricity.
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