
Properties of Interval Type–2
Defuzzification Operators

Thomas A. Runkler
Siemens AG

Corporate Technology
81730 Munich, Germany

Email: Thomas.Runkler@siemens.com

Simon Coupland
Centre for Computational Intelligence

De Montfort University
The Gateway, Leicester, LE1 9BH, UK

Email: simonc@dmu.ac.uk

Robert John
ASAP, School of Computer Science

University of Nottingham
Wollaton Road, Nottingham, NG8 1BB, UK

Email: Robert.John@nottingham.ac.uk

Abstract—Interval type–2 defuzzification maps an interval
type–2 fuzzy set to a crisp number. We show that the seman-
tic meaning of the interval type–2 fuzzy set (the associated
opportunity or risk) has to be considered in the choice of an
appropriate interval type–2 defuzzification method. Motivated
by a list of “axioms” for type–1 defuzzification we introduce
twelve mathematical properties for interval type–2 defuzzification
that serve as a theoretical framework to assess different interval
type–2 defuzzification methods. We show that the well–known
Karnik–Mendel algorithm violates at least four of these twelve
properties.

Index Terms—interval type–2 fuzzy systems, defuzzification,
Karnik–Mendel algorithm, centroid

I. I NTRODUCTION

When choosing a defuzzification operator for a given appli-
cation it is important to understand the semantic properties of
that operator, i.e. to have a sound understanding of how that
operator will behave. This is true for defuzzication operators
for all types of fuzzy set. In this paper we explore this by
providing a set of axioms which can be used to understand
the properties of a given type–2 defuzzification operator.

Defuzzification is a mapping of a fuzzy set to a crisp
number. A type–1 fuzzy set is defined by a membership
function u : X → [0, 1]. If not stated otherwise, we consider
fuzzy sets over one–dimensional continuous intervalsX =
[xmin, xmax]. Type–1 defuzzification is defined by a function
d(u(x)) ∈ X . In this paper we consider the defuzzification
of interval type–2 fuzzy sets. An interval type–2 fuzzy set
is defined by two membership functions, a lower memberhip
function u : X → [0, 1] and an upper memberhip function
u : X → [0, 1], where

u(x) ≤ u(x) (1)

for all x ∈ X . Interval type–2 defuzzification is defined by a
function d(u(x), u(x)) ∈ X .

Type–1 defuzzification is a very active field of research
since the early 1990’s. For an overview of the wide range
of different type–1 defuzzification methods presented in the
literature we refer to [16], [17]. An important basis for the
scientific work on type–1 defuzzification is a list of desirable
properties (so–calledaxioms) of type–1 defuzzification oper-
ators [18]. With currently more than 120 citations, this work
has become an important reference for type–1 defuzzification,

for example in fuzzy control systems [15], [19], in decision
making processes [5], [8], in issues of software and hardware
implementations [1], [2], [12], [13], [20], and in specific
defuzzification tasks such as parametric defuzzification [11],
defuzzification of ordered fuzzy numbers [10], or orientation
sensitive defuzzification [3]. Recently, the monotonicityprop-
erty proposed in [18] has been considered for type reduction
in interval type–2 fuzzy sets [7]. Motivated by this work [7],
the authors started to extend the list of properties of type–
1 defuzzification [18] to type–2 defuzzification. This paper
presents first results of this work. It is structured as follows:
In Section 2 we present an illustrative example for interval
type–2 defuzzification and discuss the effect of semantics
on the choice of an appropriate defuzzification method. In
Section 3 we introduce a list of twelve mathematical properties
for interval type–2 defuzzification that are motivated by the
corresponding properties for type–1 defuzzification from [18].
In Section 4 we examine the Karnik–Mendel defuzzification
[9], one of the most popular methods for interval type–2
defuzzification, with respect to the properties presented in
Section 3. In Section 5 we finally summarize our conclusions.

II. SEMANTICS OF INTERVAL TYPE–2 DEFUZZIFICATION

What is the semantic meaning of interval type–2 defuzzifi-
cation? Consider the following scenario (which is motivated
by Jim Bezdek’s poisonous drinks example [4]): Assume you
have two bottles with liquids, the first one has a membership
between0 and 0.5 in the set of poisonous liquids, and the
second one has a membership between0.1 and 0.2. This
situation can be modeled by the interval type-2 memberships
u = 0 and u = 0.5 for bottle 1, andu = 0.1 and u = 0.2
for bottle 2. Which one would you drink? If you want to
stay alive, then you might want to pick bottle 2, since the
maximum poison membership is only0.2. This decision can be
viewed as an interval type–2 defuzzification over the discrete
set{bottle 1, bottle 2} based on the membership functions

u(x) =

{

0 if x = bottle 1

0.1 if x = bottle 2
(2)

u(x) =

{

0.5 if x = bottle 1

0.2 if x = bottle 2
(3)



Notice that our decision (defuzzification) is based only on the
uppermembershipsu: We pick the argument that minimizesu.
Now, let’s assume you have another two bottles with liquids,
one has a membership between0.5 and1 in the set ofhealthy
liquids, the other one between0.8 and 0.9. Which of these
would you drink? You might want to pick the second one
again, since the minimum healthy membership is at least
0.8, so this time our decision (defuzzification) is based only
on the lower membershipsu: We pick the argument that
maximizesu. So, if the objects described by interval type–2
fuzzy sets arepoisonous liquids, then we defuzzify based on
the upper membership function, and if the objects arehealthy
liquids, then we defuzzify based on thelower membership
function. We can conclude that the semantic meaning of the
interval type–2 fuzzy sets has to be taken into account in
defuzzification. In our example we have to specify what kind
of opportunity or risk is expressed by the membership values
in order to perform a reasonable defuzzification. Similar and
possibly more amusing examples can be constructed using
beer or other kinds of drinks. Of course, if we were concerned
with a different problem, say control, we would want quite
different properties from the defuzzification operator. The
meaning of sets and how we intend to use them heavily
influences our choice of defuzzifcation operator.

III. PROPERTIES OFINTERVAL TYPE–2 DEFUZZIFICATION

Independent of the semantics of the interval type–2 fuzzy
sets we define twelve mathematical properties of interval type–
2 defuzzification that are motivated by the “axioms” for type–1
defuzzification from [18].

Interval type–2 fuzzy sets contain type–1 fuzzy sets as
special cases, if the upper and lower membership functions
are equal,

u(x) = u(x) = u(x) (4)

In this way, interval type–2 defuzzification operators can
also be used to defuzzify type–1 fuzzy sets. Because of
this correspondence we define properties for interval type–
2 defuzzification operators in the following way: For a given
interval type–2 defuzzification operator, if any of the interval
type–2 defuzzification properties presented in this section
holds for arbitraryu(x) and u(x), then for the special case
in (4) the corresponding type–1 defuzzification property also
holds. So, each of the properties for interval type–2 defuzzi-
fication presented here can be viewed as an extension of a
corresponding property for type–1 defuzzification.

Zero element

For the type–1 case, a zero element is defined as a mem-
bership function with constant non–zero membership, and the
defuzzification was expected to yield the mean ofX . For the
interval type–2 case, we define accordingly

u(x) = a (5)

u(x) = b (6)
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Fig. 1. Zero and one element.

wherea, b ∈ (0, 1] anda ≤ b, and require

d(u(x), u(x)) =
xmax − xmin

2
(7)

Fig. 1 (left) illustrates the zero element property. The area
between the lower memberhip functionu(x) and the upper
memberhip functionu(x) is shown in grey. The defuzzification
result is at the middle of both membership functions.

One element

In the type–1 case, a one element is defined as a membership
function that is constantly zero, except at an arbitraryx = xc,
where it is one, and the defuzzification is required to yieldxc.
We use the delta function

δ(x) =

{

1 for x = 0

0 otherwise
(8)

and define accordingly for the interval type–2 case

u(x) = a · δ(x − xc) (9)

u(x) = b · δ(x − xc) (10)

wherea, b ∈ (0, 1] anda ≤ b, and require

d(u(x), u(x)) = xc (11)

Fig. 1 (right) illustrates the one element property. The one
element appears as a vertical grey line between the points
u(xc) andu(xc). All other values ofu(x) andu(x) are zero
and are therefore on the vertical axis. The defuzzification result
is at d = xc.

Weak Monotonicity

For the type–1 case, monotonicity is defined by four sub–
properties:

1) removing something fromu right of d will not move d
to the right,

2) adding something tou right of d will not moved to the
left,

3) removing something fromu left of d will not move d
to the left, and

4) adding something tou left of d will not move d to the
right,

where d refers to the type–1 defuzzification resultd(u(x)).
For the interval type–2 case define accordingly the following
eight sub–properties:

1) removing something fromu right of d will not move d
to the right,



2) removing something fromu right of d will not move d
to the right,

3) adding something tou right of d will not moved to the
left,

4) adding something tou right of d will not moved to the
left,

5) removing something fromu left of d will not move d
to the left,

6) removing something fromu left of d will not move d
to the left,

7) adding something tou left of d will not move d to the
right, and

8) adding something tou left of d will not move d to the
right,

where d refers to the interval type–2 defuzzification result
d(u(x), u(x)), more formally:

u′(x)

{

= u(x) for x ≤ d

≤ u(x) otherwise
⇒ d(u′, u) ≤ d(u, u) (12)

u′(x)

{

= u(x) for x ≤ d

≤ u(x) otherwise
⇒ d(u, u′) ≤ d(u, u) (13)

u′(x)

{

= u(x) for x ≤ d

≥ u(x) otherwise
⇒ d(u′, u) ≥ d(u, u) (14)

u′(x)

{

= u(x) for x ≤ d

≥ u(x) otherwise
⇒ d(u, u′) ≥ d(u, u) (15)

u′(x)

{

= u(x) for x ≥ d

≤ u(x) otherwise
⇒ d(u′, u) ≥ d(u, u) (16)

u′(x)

{

= u(x) for x ≥ d

≤ u(x) otherwise
⇒ d(u, u′) ≥ d(u, u) (17)

u′(x)

{

= u(x) for x ≥ d

≥ u(x) otherwise
⇒ d(u′, u) ≤ d(u, u) (18)

u′(x)

{

= u(x) for x ≥ d

≥ u(x) otherwise
⇒ d(u, u′) ≤ d(u, u) (19)

where for brevity we omit the arguments ofu(x), u′(x), u(x),
and u′(x) on the right sides of (12)–(19), so for example
d(u, u) stands ford(u(x), u(x)).

Strong Monotonicity

Coupland et el. [7] suggested a stronger definition of
monotonicity that does not allow the defuzzification resultto
be unchanged after any of these addition or removal operations
(changes to weak monotonicity marked bold):

1) removing something fromu right of d will move d to
the left,

2) removing something fromu right of d will move d to
the left,

3) adding something tou right of d will move d to the
right ,

4) adding something tou right of d will move d to the
right ,
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Fig. 2. Monotonicity.

5) removing something fromu left of d will move d to
the right ,

6) removing something fromu left of d will move d to
the right ,

7) adding something tou left of d will move d to the left,
and

8) adding something tou left of d will move d to the left.

These eight cases are illustrated in Fig. 2. For strong mono-
tonicity the operators≤ and≥ on the right sides of (12)–(19)
are be replaced by< and>, respectively:

u′(x)

{

= u(x) for x ≤ d

≤ u(x) otherwise
⇒ d(u′, u) <<< d(u, u) (20)

u′(x)

{

= u(x) for x ≤ d

≤ u(x) otherwise
⇒ d(u, u′) <<< d(u, u) (21)

u′(x)

{

= u(x) for x ≤ d

≥ u(x) otherwise
⇒ d(u′, u) >>> d(u, u) (22)

u′(x)

{

= u(x) for x ≤ d

≥ u(x) otherwise
⇒ d(u, u′) >>> d(u, u) (23)

u′(x)

{

= u(x) for x ≥ d

≤ u(x) otherwise
⇒ d(u′, u) >>> d(u, u) (24)

u′(x)

{

= u(x) for x ≥ d

≤ u(x) otherwise
⇒ d(u, u′) >>> d(u, u) (25)
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Fig. 3. Symmetry andx translation.

u′(x)

{

= u(x) for x ≥ d

≥ u(x) otherwise
⇒ d(u′, u) <<< d(u, u) (26)

u′(x)

{

= u(x) for x ≥ d

≥ u(x) otherwise
⇒ d(u, u′) <<< d(u, u) (27)

Symmetry

For the type–1 case, symmetry requires that the relative
position of the defuzzification result does not change if the
direction of x is reversed. For the interval type–2 case, we
therefore require (Fig. 3 left)

d(u(xmin + xmax − x), u(xmin + xmax − x))

= xmin + xmax − d(u(x), u(x)) (28)

x Translation

For the type–1 case thex translation invariance requires
that the relative position of the defuzzification result does not
change if the membership function is moved to the left or the
right. For the interval type–2 case, we therefore require (Fig.
3 right)

d(u(x − ∆x), u(x − ∆x))

= d(u(x), u(x)) + ∆x (29)

for any ∆x so that all points with nonzero memberships stay
insideX ,

xmin − x̌ ≤ ∆x ≤ xmax − x̂ (30)

where

x̌ = min
{

min{supp{u(x)}}, min{supp{u(x)}}
}

(31)

x̂ = max
{

max{supp{u(x)}}, max{supp{u(x)}}
}

(32)

x Scaling

For the type–1 case thex scaling invariance requires that the
relative position of the defuzzification result does not change
if x is scaled by an arbitrary positive factorc > 0. For the
interval type–2 case, we therefore require (Fig. 4 left)

d(u(c · (x − xmin), u(c · (x − xmin))

= xmin + c · d(u(x), u(x)) (33)

for any positivec so that all points with nonzero memberships
stay insideX ,

0 < c ≤
xmax

x̂ − xmin
(34)

x
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Fig. 4. x scaling andu translation (strong version).
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Fig. 5. u translation (weak version) andu scaling.

u Translation

Just as in the type–1 case we distinguish two different
requirements, a strong and a weak version.

strong version:In the strong version we require invariance
against translation of the membership values (Fig. 4 right).

d(a + u(x), a + u(x)) = d(u(x), u(x)) (35)

for any positivea so that all membership values stay in the
admissible interval. For memberships in the unit intervalu ∈
[0, 1] we require

a ≤ 1 − û (36)

where

û = max{u(x)} (37)

weak version:In the weak version we require that a transla-
tion of the membership value will not move the defuzzification
result away from the mean ofX

x̄ = (xmin + xmax)/2 (38)

so we require (Fig. 5 left)
∣

∣d(a + u(x), a + u(x)) − x̄
∣

∣ ≤
∣

∣d(u(x), u(x)) − x̄
∣

∣ (39)

wherea is constrained by (36).

u Scaling

For the type–1 case theu scaling invariance requires that
the defuzzification result does not change ifu is scaled by an
arbitrary positive factorc > 0. The memberships will stay in
the unit intervalu ∈ [0, 1] if

c ≤
1

û
(40)

For the interval type–2 case, we require (Fig. 5 right)

d(c · u(x), c · u(x)) = d(u(x), u(x)) (41)
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Fig. 6. Intersection and union.

Intersection

For the type–1 case several properties were defined which
are motivated by fuzzy operations: t–norms, t–conorms, and
hedges. Hedges are currently only rarely considered in the
interval type–2 community, so we restrict ourselves here tot–
norms, more generally intersection operators, and t–conorms,
more generally union operators.

For the type–1 case it is required that the defuzzification
of the intersection∩ of two fuzzy setsu1 and u2 should be
between the defuzzification results ofu1 andu2, respectively.
For the interval type–2 case, we therefore require (Fig. 6 left)

d(u1(x), u1(x)) ≤

d
(

∩ ((u1(x), u1(x)), (u2(x), u2(x)))
)

≤ (42)

d(u2(x), u2(x))

where without loss of generality we assume that

d(u1(x), u1(x)) ≤ d(u2(x), u2(x)) (43)

Union

For the union∪ we require accordingly (Fig. 6 right)

d(u1(x), u1(x)) ≤

d
(

∪ ((u1(x), u1(x)), (u2(x), u2(x)))
)

≤ (44)

d(u2(x), u2(x))

Prohibitive Information

For the type–1 case two application–specific properties were
defined: fuzzy numbers and prohibitive information. Fuzzy
numbers are currently only rarely considered in the interval
type–2 community, so we restrict ourselves here to prohibitive
information. This property is motivated by applications in
robotics [14], where the membership of the defuzzified value
should be equal to at least some given threshold valuea ∈
[0, 1], to avoid averaging two conflicting options (e.g. turn left
and turn right) to an undesirable option (e.g. go straight and
hit the obstacle). For the interval type–2 case we therefore
require that thelower membership should be at least equal to
a (Fig. 7).

u
(

d(u(x), u(x))
)

≥ a (45)

u

d

a
x

Fig. 7. Prohibitive information.

IV. EXAMPLE : KARNIK –MENDEL DEFUZZIFICATION

One of the most popular methods for type–1 defuzzification
is the centroid.

dC(u(x)) =

xmax
∫

xmin

u(x) · xdx

xmax
∫

xmin

u(x) dx

(46)

The Karnik–Mendel defuzzification [9] is an extension of
the centroid defuzzification to interval type–2 fuzzy sets.
The Karnik–Mendel iterative method quickly obtains the two
values required to calculate the centroidcl andcr as described
below. For given interval type–2 membership functionsu(x)
andu(x), each type–1 membership functionu(x) with

u(x) ≤ u(x) ≤ u(x) (47)

will yield a centroid according to (46). The smallest and largest
possible centroids are

cl = min
u(x)∈[u(x),u(x)]

xmax
∫

xmin

u(x) · xdx

xmax
∫

xmin

u(x) dx

(48)

cr = max
u(x)∈[u(x),u(x)]

xmax
∫

xmin

u(x) · xdx

xmax
∫

xmin

u(x) dx

(49)

It is easy to see that these equations can be written as

cl =

L
∫

xmin

u(x) · xdx +
xmax
∫

L

u(x) · xdx

L
∫

xmin

u(x) dx +
xmax
∫

L

u(x) dx

(50)

cr =

R
∫

xmin

u(x) · xdx +
xmax
∫

R

u(x) · xdx

R
∫

xmin

u(x) dx +
xmax
∫

R

u(x) dx

(51)

where the so–calledswitch pointsL, R ∈ [xmin, xmax] have
to be found iteratively by minimizingcl and maximizingcr.
The Karnik–Mendel defuzzification then yields the average of
the smallest and largest possible centroids:

dKM (u(x), u(x)) =
cl + cr

2
(52)



For type–1 fuzzy sets we haveu(x) = u(x) = u(x) (4), so

dKM (u(x), u(x)) = dC(u(x)) (53)

This means that if the centroid violates one of the type–1
defuzzification properties, then the Karnik–Mendel algorithm
will violate the corresponding interval type–2 defuzzification
property. However, if the centroidsatisfiesone of the type–1
defuzzification properties, then we cannot conclude that the
Karnik–Mendel algorithm will also satisfy the corresponding
interval type–2 defuzzification property. At this point we
restrict to the first case and list type–1 properties that are
violated by the centroid, corresponding to the interval type–2
properties that are violated by the Karnik–Mendel algorithm.
In this paper we will not investigate whether or not the Karnik–
Mendel algorithm satisfies or violates the remaining interval
type–2 properties, and we will leave this for further research.

The Karnik–Mendel algorithm violates (at least) the follow-
ing interval type–2 properties:

u Translation, strong version

Proof: For simplicity consider adiscrete set X =
{1, 2, 3, 4}. Let u(x) = 0.5 if x = 1 and 0 otherwise, so
dC(u(x)) = 1. For a = 0.5 we obtain dC(a + u(x)) =
(1 + 1 + 1.5 + 2)/(1 + 0.5 + 0.5 + 0.5) = 2.2 6= 1. �

Intersection

Proof: Let uA(x) = 1 if x ∈ {1, 2, 4} and 0 otherwise,
uB(x) = 1 if x ∈ {1, 3} and 0 otherwise. For the minimum
intersection we getuA∩B(x) = 1 if x = 1 and 0 otherwise.
Defuzzification yieldsdC(uA(x)) = (1 + 2 + 4)/3 = 7/3,
dC(uB(x)) = (1 + 3)/2 = 2, dC(uA∩B(x)) = 1, so we have
dC(uA∩B(x)) < dC(uA(x)) < dC(uB(x)) which violates
(42). �

Union

Proof: For maximum union andA, B from above we get
uA∪B(x) = 1 anddC(uA∪B(x)) = (1 + 2 + 3 + 4)/4 = 5/2,
so we havedC(uA(x)) < dC(uB(x))dC (uA∪B(x)) which
violates (44).�

Prohibitive Information

Proof: Let u(x) = 1 if x ∈ {1, 3} and 0 otherwise, so
dC(u(x)) = 2 and u(dC(u(x))) = 0 which violates (45) for
any a > 0. �

V. CONCLUSIONS

We have shown that the choice of an appropriate defuzzi-
fication method for interval type–2 fuzzy sets depends on the
semantic meaning of the fuzzy sets and the underlying kind
of opportunity or risk.

Independent of the semantics we have defined twelve math-
ematical properties for interval type–2 defuzzification that cor-
respond to mathematical properties that have been defined for
type–1 defuzzification. Interval type–2 defuzzification meth-
ods can be used for type–1 defuzzification if the upper and
lower membership functions are equal. If a specific type–1
property is violated by a given defuzzification method, thenthe

corresponding interval type–2 property will also be violated.
If for a given defuzzification method any pair of upper and
lower membership functions satisfies a specific interval type–
2 property, then any membership function will also satisfy the
corresponding type–1 property. As an example we have shown
that the centroid obtained by the well–known Karnik–Mendel
algorithm violates at least four of the proposed interval type–
2 defuzzification properties:u translation (strong version),
intersection, union, and prohibitive information. We believe
that most, if not all, interval type–2 defuzzification operators
will violate one or more of the properties we have listed.
This does not mean that any of the current defuzzification
operators are not useful. Rather, we have defined these axioms
to aid practitioners in their choice of defuzzification operators
in a given application. The twelve properties proposed in this
paper serve as a theoretical framework for assessing different
interval type–2 defuzzification methods. However, this is just
a first step towards a systematic analysis of interval type–
2 defuzzification that leaves many questions open for future
research, for example:

• How can the semantic meaning of interval type–2 fuzzy
sets be handled appropriately in defuzzification?

• The centroid obtained by the Karnik–Mendel algorithm
has been shown to violate four of the proposed interval
type–2 defuzzification properties. Does it violate or sat-
isfy the remaining eight properties?

• For which subsetsof interval type–2 fuzzy sets will
the centroid obtained by the Karnik–Mendel algorithm
satisfy the properties ofu translation (strong version),
intersection, union, or prohibitive information?

• The Karnik–Mendel algorithm is an extension of the
type–1 centroid algorithm. How do the corresponding
extensions ofother type–1 defuzzification algorithms
perform with respect to our twelve interval type–2 de-
fuzzification properties?

• Here we have only explored axioms previously defined
for type–1 defuzzication operators. Are there additional
axioms to be explored for interval type–2 fuzzy sets.
For example results from the geometric defuzzication
operator [6] would suggest rotational symmetry may be
important.
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