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Introduction

Intensional Type Theory

» Basis of many current implementations:
Coq, Agda, Idris

> Inductive definition of equality
refl : Mx: Ax=x
» Propositional equality reflects definitional equality:

If - p:a= bthen a=b.
» We cannot prove:

An0+n=An.n+0

» However, we can't prove:
An0+n=£Ann+0
either!
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Introduction

Extensional vs Intensional Equality

Intensional equality
Two objects are equal iff they are constructed the same way.

Extensional equality
Two objects are equal iff they behave the same way.

» Extensional view essential for mathematical abstraction.
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Introduction

Homotopy Type Theory

» Higher dimensional view of propositional equality.

» Equality types expose this structure

» Univalence: Equality of types is equivalence (coherent isomorphism).
» Very extensional view of equality!

» Current implementations:
introduce univalence as a postulate.

» Computationally and conceptually unsatisfactory.
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Introduction

Plan of action

» Homotopy Type Theory teaches us that equality can be described
individually for each type former, eg.:

natural numbers: (zero =y zero) o~ 1

(zero =n suc m) o~ 0

(suc m =y zero) o~ 0

(suc m =y suc n) -~ (m = n)
pairs: ((a, b) =axs (', b)) ~ (a=ad xb=pb)
functions: (f =a-B &) ~

(N(x,y : A)x=py = Ffx=pgy)

types: (A=y B) ~ (A~ B)

» Let's define equality separately for each type former, as above!
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Introduction

We need a heterogeneous equality

» The reason is type dependency

» Dependent pairs — the equality of the second components depends on
the equality of the first components, eg.:

((m, xs) =s(in).veci (1, ¥5)) = (X(r: m =N n).r = xs =vec ys)

» We add a heterogeneous equality:

a:A b:B e:A=yB
ar~eb:U

r:m=nn
xs:Vecm ys:Vecn apVecr: Vecm=y Vecn
XS ~ap Vecr YS - U
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External parametricity
Heterogeneous equality (i)

» Specification:

[ rFA:U
F = Fra A0 > Al = U

Or,lrir::>r

» The operation —:

0= =0
Mx:A)7™=T",x:A[0r],x1 : A[lr],x2 : x0 ~a x1

—~

» Substitutions 0, 1 project out the corresponding components:

r=
ip =() D=0 h< )m
ira=(ir,x—=x): (Mx:AT=Tx:A r
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External parametricity

Heterogeneous equality (ii)

Heterogeneous equality type defined as in “Plan of action”:

Fr-A:U
= Froa: A0] — A[l] — U

fo ~n(xa).s i = M(x0 : A[0], x1 = A[L], x2 0 x0 ~a x1)-foxo ~p i xa
(a,b) ~s(xayg (8, 0) =X(x2:a~ad).b~plxo = a,x — a6
A~y B=A— B — U (parametricity)
A~y B = A~ B (later)
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External parametricity

— is an endofunctor on the category of contexts
» Action on substitutions:
0~ =()
(p,x—t)~ = (p~, x0 — t[0],x1 — t[1], x2 > t¥)

» Terms respect this equality (Reynold’s abstraction theorem):

Fr-t:A
=k t*:t[0] ~a t[1]

(fu)" =f"ul0]u[l]u*
(AX t) = Axg, X1, xp . t*
= X2

* _
U =~U
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Internal parametricity

Homogeneous equality

» Heterogeneous equality:

r-A:U
= F~ar A0 — A[l] - U

» We need equality in the same context:

r’EA:U
[F=a:A— A— U

» Therefore we define a substitution Rr : [ = =

Ry = () 0=10 -
Rrxa = (Rr,x,x,reflx) : (T.x: A) = (Fx: A~  1p < ]R> or
MFa:A r
[+ refla= (a*)[Rr] : a~a[Rr] a
—_———
a=aa
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Internal parametricity

What is (refl x)*? (i)

Maybe we could define it just as refl x*.

(x : A)T I (reflx)™ : refl xo ~ (0 ax)+ refl xa
=~ ((roarr)* o X1 %2 %0 %1 %) (refl xp) (refl x1)
(x D A)T Freflx™ X2 ~refi (xompe ) X2

= N((NA*[R])* xo xo (refl xp) x1 x1 (refl x1)) X2 X2
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Internal parametricity

Higher dimensions

By iterating —, we get higher dimensional cubes. Eg. if A: U, elements

Thorsten Altenkirch (University of Nottingham)

of x 1 A, (x:A)7, ((x: A)7)7, (x: A)® look like this:

X212
X221
1

X X211, X
X% 011 y 111
X21
X01 — X11 X010 X110 X121

X022 7 & xgp1 %222 o — X122

X02 X22 X12 X020 X00X001 o X101
102
X0 —™X1 X00 —— X10 X000 355> X100
X2 X20 /‘ T
X220 X202
Figure: Cubes of dimension 0-3.
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Internal parametricity

What is (refl x)*? (ii)

(x : A)T F (refl x)" : refl xo ~ (0 ax) refl xa
(refl xp) (refl x1)

= N((~ar[r)* X0 X1 X2 X0 X1 X2)

(x :A)T Freflx™ X ~refi (xomope ) X2

= NM((~ar[r)* %0 X0 (refl xo) x1 x (refl xp)) X2 X2

refl x; X2
Xl ——mm X1 X0 ——Mmm888888 M X1
X2 (refl x)* X2 refl xo refl x* refl x;
refl xg X2
X —— Xp X) —MmmM8M8M8M8M8 ™ X1

If we swap the vertical and horizontal dimensions we get one from the
other.
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Internal parametricity

Swap

We define a substitution Sy : % = 2.

Visually:
X21 X12
Xo1 — X11 X10 — X1
Sx‘A
X02 X22 X12 +————— X200 | x22[Sx.a] |X21
X20

X02

Xp0 — X10 Xp0 — Xo1

Now we can say that

(reflx)* = (x[R])" = x22[(Rx:a) 7] = x22[Sx:aRx:4]
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Internal parametricity

Semantics

» We can interpret our types as (covariant) presheaves over C:
objects finite sets
morphisms C(/,J) is given by a function f : | — J+ {0,1} that is
injective on J, that is

F(i) = inl(j) = f(k) = i = k

LYy ) Z&Sr
{x,y} r2
(x = x,y x,y + 0)
(x—y) (x = x) (Rr)= Rr=
(x—=1l,y—x {X} x—=0,y—=x) (1f)™ = or)=
x—=1( 0 x—0 1r| Rr or
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Internal parametricity

Equality?

v

We capture internal relational parametricity not equality.

v

Bernardy, Moulin: A computational interpretation of parametricity,
2012

Need to restrict our interpretation to Kan cubical sets.

v

v

How to do this syntactically?
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Internal parametricity

Geometry over syntax

» Taking a homotopical view of this interpretation leads to a very
elegant syntax.
» Cohen, Coquand, Huber, Mortberg:

Cubical Type Theory: a constructive interpretation of the univalence
axiom
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