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Language L

I Language:

e ::= x | λx .e | e1e2

| n
| true | false
| [ ] | e1 :: e2

| if e0 then e1 else e2

| p1(e) | p2(e1, e2)

I β-reduction: (λx .e1)e2 →β e1[e2/x ]

I Evaluation order: call-by-value
I Weak normal forms: (λx .e) 6→β



Sized-Time Rank-2 ITS

Judgements

A ` e : v

& z

Types

u ::= α | Bool | Natz | Listzu | u1
z→u2

v ::= u | u1∧...∧un
z→v

z ::= l | n | z1 + z2 | ω

List5Nat10

.
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Typing Rules

[Var∧2st ]{x : u} ` x : u & 0

x ∈ FV(e) A, x : u1∧...∧un ` e : v & z
[Abs∧2st ]A ` λx .e : u1∧...∧un

z→v & 0

x /∈ FV(e) u ∈ T0 A ` e : v & z
[AbsVac∧2st ]A ` λx .e : u z→v & 0

A0 ` e1 : u1∧...∧un
z3→v & z1

(∀i ∈ {1, ..., n}) Ai ` e2 : ui & z2
[App∧2st

]
A0∧A1∧...∧An ` e1 e2 : v & 1+z1+z2+z3

A1 ` e : v1 & z1 A2 ≤1 A1 v1 ≤2 v2 z1 ≤ z2
[Sub∧2st ]A2 ` e : v2 & z2



Typing Rules (cont.)

n ∈ N
[Nat∧2st ]∅ ` n : Natn & 0

b ∈ {true, false}
[Bool∧2st ]∅ ` b : Bool & 0

u ∈ T0
[Nil∧2st ]∅ ` [ ] : List0u & 0

A1 ` e1 : u & z1 A2 ` e2 : Listzu & z2
[Cons∧2st ]A1∧A2 ` e1 :: e2 : List1+zu & z1+z2

A0 ` e0 : Bool & z0 A1 ` e1 : u & z A2 ` e2 : u & z
[If∧2st ]A0∧A1∧A2 ` if e0 then e1 else e2 : u & z0+z



Subtyping Relations

(≤2)

u E u′
[simple≤2

]
u ≤2 u′

u′1∧...∧u′m ≤1 u1∧...∧un v ≤2 v ′ z ≤ z ′
[rank2≤2 ]

u1∧...∧un
z→v ≤2 u′1∧...∧u′m

z′
→v ′

(≤1)
n ≥ m ∃i1, ..., im∈{1, ..., n} : ui1 E u′1, ..., uim E u′m

[rank1≤1 ]u1∧...∧un ≤1 u′1∧...∧u′m
(E)

u = u′
[reflexE]

u E u′

u′1 E u1 u2 E u′2 z ≤ z ′
[absE]

u1
z→u2 E u′1

z′
→u′2

z ≤ z ′
[natE]

Natz E Natz
′

z ≤ z ′ u E u′
[listE]

Listzu E Listz
′
u′



Example: reducing size-aliasing

...based on Hindley-Milner
.
.
twice ≡ λf x .f (f x) : (a

l1

l

l1

→ a)
0→ a 2+l+l→ a

succ ≡ λy .add(y , 1) : Natm 0→ Natm+1
..
.
A ` e1 : u

z3→u′ & z1 A ` e2 : u & z2
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A ` e1 e2 : u′ & 1+z1+z2+z3
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twice succ : ?

Natm 2→Natm+2
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Correctness Results

I Theorem
(Conservative extension) If A `∧2 e : v then there exists
A′ ` e : v ′ & z ′ for some A′, v ′ and z ′.

I Theorem
(Subject reduction) If e → e′ and A ` e : v & z, then there
exists a judgement A′ ` e′ : v & z where A′ ⊆ A.

I Theorem
(Cost correctness) If e → e′ is a β-reduction and A ` e : v & z
then there exists z ′ such that 1+z ′ ≤ z and A′ ` e′ : v & z ′

where A′ ⊆ A.

I Theorem
(At least the same results as in the Hindley-Milner approach) If
A `HMst e : u & z then there exists A′ ` e∗ : u & z for some A′

where e∗ = replace let by app in e.
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Conclusions and Future Work

Conclusions
I More precise size information
I Cost analysis: good application domain for intersection

types
Future Work

I Cost inference algorithm
I Recursion
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