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Bohm’s theorem in lambda calculus

BT1 If M and NN are two different (317 normal forms, then there is a

context C'[ | such that

« C'|M] reduces to

x C'|N] reduces to y
Cil] = (Azy.CTIQ
Ci|[M| =1 Ci[N] =
BT2 If M and NN are two different (317 normal forms, then there is a
context C'[ | such that C'| M| reduces to a normal form, whereas

C'| N| is nonterminating.
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Consequences of BT

Maximality of consistent equality
P and () having different 31 nf (P = () cannot be proved in Ag,)

* By BT, Agy + P = () is inconsistent
* By BT, Agy, is maximal consistent for normalisable terms

Observational equivalence

M, N observationally equiv. iff C'| M |has a nf < C'|N |has a nf

* By BT, observational equivalence for normalisable terms coincides with

(3n-equivalence

* Proof of BT is a refutation procedure for observational equivalence
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Failure of separability in Parigot’s Au

M = x| X.M|MM | pa.c (unnamed terms)

c = |alM (named terms, or commands)
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Failure of separability in Parigot’s Au

M == x| X.M|MM | pa.c (unnamed terms)

c = |aM (named terms, or commands)

Reduction rules

(6) (Az.M)N — MI[N/x]

(Happ) (pa.c) N —  paclaf(N))/af

(Boar)  Blpac  — c[f/a]

(M) po oM — M if o not free in M
(1) e.(Mxz) — M if z not free in M

David and Py [2001]: failure of separability in A
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Restoration of separability in Au

de Groote, Ong, Selinger, Saurin[2005] - alternative syntax

A pi-calculus
M,c == x| X M|MM | pa.c||a|M

Separability proposition
If M and N are not equal in A u-calculus their observational
behaviour is separable, i.e., for distinct fresh variables x and v,
there is a context My ... M,,, such that
MM, ... M, =xand N My ... M,, = y.
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Reasons

The difference lies in the rule (.4, Which in the case of Parigot’s

Au-calculus can only occur in a configuration of the form

M (py.[Blpae)  —  M(py.c[8/a])

while in the case of Saurin’s Ap-calculus, it can also occur in a

configuration of the form

M (|Blpoc)  — M (c[5/a])

so that the computational effect of any puo.c can be cancelled if we
succeed in putting it in a context of the form [ﬁ]D. This last property

IS actually the reason why Saurin’s completeness theorem works.
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Translating Au into Parigot’'s Au

Aip extension of Ap:

* continuation constant tp * dynamic binder ﬁtp
Naive interpretation A g in A
* po. M as a Ap-term por. [tp] M * [a] M as a Ap-term putp.[a| M
Formal embedding: II : Ay — Apgg

[I(x) = x

MOz M) = AeIi(M)
MI(MN) = TI(M)II(N)
[I(po. M) = pelo]lI(M)
M(a]M) = fip.[a]TI(M)
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(Rules of A,utp]

(ttp) [o]fitp.c  — ¢
(mp)  mtp.[to]M  — M

[If M = Nin Apthen II(M) = II(N) in Apgp-calculus. ]
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Translating Apitp back into Ap

In order to show the equivalence of )\,utp and A
Formal embedding X5 : Apgp — Ap

Y(x) = X

Y(Ax.M) = Az.X(M)

¥ (M N) —  N(M)X(N)

Y(pa. BIM) = pa.([B]32(M)) if 3 distinct of tp
N(pontp]M) = pa.(X(M))

Y(utp.la|M) = |a]X(M) if o distinct of tp
S lplM) = (M)
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Separability in Apip

[If M = N in App then (M) = X(N) in Ap-calculus. J
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Separability in Apip

[If M = N in App then (M) = X(N) in Ap-calculus. J

[If M = Nin Ap then II(M) = II(N) in Apgp-calculus. J

TYPES'06, Nottingham April 18-21, 2006

12



13

Separability in Apip

[If M = N in App then (M) = X(N) in Ap-calculus. J

[If M = Nin Ap then II(M) = II(N) in Apgp-calculus. J

[)\,utp IS observationally complete)

for any M and N not equal there exists a context My ... M,,,
suchthat M My ... M,, =xand N M, ... M, = y for x and

Yy being arbitrary fresh variables.

TYPES'06, Nottingham April 18-21, 2006



On separability in A\

Equality in the non-deterministic version is inconsistent.

Focus on X,un-calculus, the “canonical” CBN subsystem of Xuﬁ.

Al -calculus

M == x| x.M|pa.c
E = a|MeFE
c == (M| E)

Reduction rules (n-rules omitted)
(=") (M) || NeE) — (M[N/z] || E)
(bn)  (poec || E) — clE/af
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Mutual embedding of Ax and X,untp

Extend X,un to X,untp by adding tp, ﬁtp.c and rules (,utp), (77tp)

Embedding =~ : Ay +— X,untp

(x)” = T

Az. M)~ = dz.(M)”

(MN)> = pa{(M)” || (N)”ea) « isfresh
(ne.M)” = pa((M)” || o)

(M)~ = ap( (M)~ || a)
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Embedding - : X,untp — Ap

()> = 7

(Ax. M)~ = Ax.(M)>
(pa.c)s =  pa.(c)s
(ktp.c)> = (¢)>

(a)> {0} = [o]O

(tp)> {O} = 0O
(MeE)-{O} = (E)>{O(M)>}
(M| E)> = (B)>{(M)>}
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Conjectures on separability in )\,utp

Conjecture 1 If M = N in Apu-calculus then (M)~ =

X,untp—calculus.

Conjecture 2 If M = N in X,untp—calculus then (M)~

in A pi-calculus.
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Ongoing and future work

% Investigation of Bohm's theorem in the simply typed A pu-calculi and
X,uﬁ—calculus based on the Bohm'’s theorem in the simply typed
A-calculs by Dosen and Petri¢[2001], Statman[1982], Simpson[1995].

* Investigation of the Bohm's theorem for CBV A pu-calculus?

* Relation of separability results of CBV Ap-calculus and Bohm's

theorem in A,,, CBV A-calculus, which is a result by Paolini[2001].
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