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Contribution

A proof of normalisation for Martin-Lof's Logical Framework
(Martin-Lof '86, in Nordstrom, Petersson, Smith '90)
extended with first-order parametric data types and

recursively defined constants with pattern-matching.

Recursion is proved well-founded if the definitions obey the

Size-Change Principle for Program Termination.
(Lee, Jones, Ben-Amram '01)



Pattern-matching definitions
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For each recursive call ¢,

relate formal parameters and actual parameters:

Recursive call c = Size-change graph
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The Size-Change Principle
All the infinite call sequences contain an infinitely decreasing
thread.




Example: “zipping” lists

alternate : (A : Set) —-> List A —-> List A -> List A
alternate A nil ys = ys

alternate A (cons x xs) ys = cons x (alternate A ys xs)



Martin-Lof's logical framework

Terms tiu,v == z|tu]| At

Types T,U,V Set | E1t | Fun T (A\z.U)

The notation (z : T') — U is shorthand for Fun T' (Az.U).

(x1 :Thy.. y xp:Ty) — T
iIs shorthand for
(x1 1Y) — ... = (2 T) — T.



Extended language

Defined constants
fi(xy:Ty, ... Jxn:T,) — T
with pattern-matching rules f p; ... p, =1

Patterns are of the form p:=z|cp ... p

First-order parametric data types d : Set” — Set
with polymorphic constructors

c:Eleg — ... —Ele, - El (dx; ... x)
with ex=x|de ... e and FV(e;) C{xy,... , 21}

Extensions f, d, c are contained in the signature ..



Reduction rules
t ~t'  reduction in one step

t ~*t' reduction in zero or more steps

(Ax.t) u ~~g tlx = u]

fpr ... pp=1t
f(plfy)-"(pnfy)wbtfy :
Equality

t=,u < t~>"v A u~"o.

Reduction is confluent—equality is transitive.



Example: Set-valued functions
data T = Big | Small | T ==> T
subtype : T -> T -> Set
subtype Small Big = Unit

subtype Big Small = Empty

subtype (tl1 ==> t2) (ul ==> u2) =
And (subtype ul tl1) (subtype t2 u2)
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Context formation

[’ well-formed T'HT
() well-formed (I, z : T) well-formed

Type formation

[' well-formed ['Ft: Set = z:U)FV
[' - Set ' Elt 'c(x:U)—V
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Type inhabitation

[ well-formed I'-T TI'Et: U
U=,T
['+x:T'(z) '=¢t:T
'Ft:(x:U)—>V TkFu:U '-U (yz:U)Fov:V
I'Htw:Viu/z] 'FXrw:(x:U)—=V
I well-formed [" well-formed I'agcSet ... 'y @ Set

' f:X(f) ['Fd:3(d) ['Fc:X(c)|uy, ... ,ug
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The cartesian product of a family of sets

['=11: (z: Set, El z — Set) — Set

I'Fu:Set T'—t:Elu— Set
['Ffun: ((x: Elu) — El (t x)) — El (Il t u)

We can define sets by recursion

F : (n: El Nat) — Set
F' zero = Nat
F (succ n) =11 (F' n) (Az.Nat)
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We can only type-check (3-normal terms

hst ... s,| Ax.s

x| flc|ld]|Il|fun

S

h

Checking type inhabitation

Fl—SiTﬂ[Sly 782'—1] < F(ﬂf) = (I'llTl,
Prazs.osnTU \U:BLT[Sl""’Sn]
I'e:UFsTV 4T

FI—)\:C.ST(:I::U)—>Vx
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/

' TTils1, .. 8] Y(f)=(xy:Ty, ... , xp:T,) =T

\
FEfsi ..U \U:mT[Sl""’Sn]

y

Y(c)= (Eley, ... ,Ele,)
— El (dxy ... zp)
| Elu~*El (dup ... ug)

' TELeluy, ..., u
I'Fesy ... s, TElu <

I'dsy ... s, ] Set™ — Set

»(d) = Set"™™ — Set
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['Fsy TSet TI'F sy T El s — Set
I' =11 sy s9 T Set

I'sT(zx:Elu)— El (v x)

CFfuns| U U~ El (I uv)
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Theorem

If < well-founded, ¥ valid and T ¢ : T,
then t normalisable.

Reducibility method
(Godel '41, '58, Tait '67, Girard '71, Martin-Lof '72,
C. Coquand '96)

REDr(t) (simplified version)

e ' atomic:

t normalizable.

e 7' is a function type U — V:

t maps reducible terms in U to reducible terms in V.
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Given a new constant
f:i(xy:Th, ..., x,:T,) — T,
assuming
RED71, (t1), REDgypp(t2), .., REDgypy, ) b, 01(E0),

we have to prove

REDT[tl, e tn](f t1 ... tn)

18



Call relation

e Formal call
gui ... Uy < f p1 ... pp, Whenever

thereisarule fp; ... p, =1t

with g uy ... u,, subterm of t.

e Call instance
(guy ... Up)vy0=<(fp1 ... pn)y wWhenever

guy ... Um =<fp1 ... Pn

with v and 0 normal.
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In the case when t; =p; v and (f p1 ... pn) 7~ 57,
knowing v reducible and A+ s:Tlp; ... p,l, prove

REDpp, .. pn]v(S ).

By completeness we get A s T T[p1 ... pal,
and we prove the goal by induction on the type-checking and

the well-foundedness of 2
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