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Models for constructive logic

0, 1}-models: in a given model the continuum hypothesis is either

alid or not, excluded middle valid
leplace {0,1} by an arbitrary boolean algebra, e.g. P({m,e})
3etter: the continuum hypothesis may have an intermediate truth

alue but excluded middle still valid

leplace {0, 1} it by a Heyting algebra: Completeness



What is a Heyting algebra?

ike a boolean algebra: an ordered set
vith lub (for V, 3 and T) and ¢lb (for A, V and L)

3ut no complement (a Na = Min, aUa = Max)

nstead a weak complement
a<biffanb= Min

erifies a N'a = Mwn but not always a Ua = Max

lelative weak complement: a < b ifand <c



What are the key features of Heyting algebras?

Jrder? Not really

youndness:

definition of A, =, ...

a A\ b) = a always in {Max}
. (closure by deduction rules)

[hus provable formulae valid (induction over proof structure)

Jompleteness:

\ theory I, can build a model that validates exactly Thm(T')



Truth values algebras

BB+ A S, )
a A b) = a always in BT, ...

seneralizes Heyting algebras

Jompleteness for free

oundness: the closure conditions on BT are (the weakest)

ufficient conditions



An alternative presentation (suggested by Thierry Coquand)

‘rom a truth value algebra, we can define a relation

a<biffa=>beB"

/erifies all the properties of Heyting algebras except one:

ntisymmetry

\ simple remark: antisymmetry is useless in the definition of

Teyting algebras, it can be dropped

nly antisymmetry can: otherwise no closure by deduction rule



A drawback of Heyting algebras

Jue to antisymmetry, in a Heyting algebra

A < B valid
iff
[A] = [B]
[ruth values are denotations not meanings

n deduction modulo and in type theories: no semantic difference
etween A < B and A =B

Not 1n truth values algebras



Complete truth values algebras

\dd an order C (need not be a = b € B")
31 is upward closed,
Jonnectors and quantifiers are (anti)-monotonous

svery subset of B has a least upper bound

youndness: for free

Jompleteness: complete Heyting algebras



Soundness

3-model M = (M, B, f;, P;)
f 7 has a B-model for some B then 7 consistent

vxtends to deduction modulo:

| — B valid in M iff [A] = [B]



Super-consistency

f R has a B-model for some B then it is consistent

f R has a B-model for all 5 then it is called super-consistent



Examples

\rithmetic, simple type theory, ... are super-consistent

n arbitrary truth values algebra B

ML — {O}
M,=D8
MT—>U — M/(}AT

[a](a,b) = a(d) [e](a) =a
[S]lroy =a (b— (c—alc)(b(c)))) [Klrvy=a— (b a)
[T1=T [Q=1 [2]== [Al=A [V]=V
V7] = a — Vr(Range(a)) [3r] = a — 3r(Range(a))



The theorem

f 7, 'R super-consistent theory in deduction modulo

hen all proofs in 7, R strongly normalize



The truth values algebra C of reducibility candidates

Yeducibility candidates are sets of proofs (with some conditions)
, = b : set of terminating proof-terms 7 s.t. if 7 reduces to Ao m
hen for every 7’ in a, (7' /a)m in b

/' A: set of terminating proof-terms 7 s.t. if © reduces to \x m

hen for every term ¢ and every element a of A, (t/z)m in a

’t: set of candidates containing a closed proof-term
, < bif a = b contains a closed term

, C b if a subset of b



Not a Heyting algebra

, < bif a = b contains a closed term
Not antisymmetric

F < (TST) T=(T=T) contains a closed term
TST)<T (T=T)=T contains a closed term

~ ~ ~

3ut (T=1T)# T



Prove normalization

without knowing what a reducibility candidate is

[0 prove normalization: prove super-consistency
No need to understand the notion of reducibility candidates

“andidates hidden in the proof that super-consistency implies

lormalization
oxplains why the the flavor of candidates does not matter

Jandidates can be abstracted away



