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MotivationAim: study extensions of well-known PTime systems LFPL and BC toin
rease intensional expressivenessby relaxing linearityby 
ombining di�erent re
ursion s
hemes into one systemby synta
ti
al methods
◮ �nding de
reasing measures for most general redu
tion sequen
es
◮ 
onsidering sharing normalisation te
hniques
◮ pointing out where spe
ial redu
tion strategies are essential

⋆ Folklore that BC needs spe
ial redu
tion strategy. What happens if weuse proper sharing? Weiermann and Be
kmann's example breaks down:g(; ) = 3h(x ; y) = 
(; y , y , y)f (n; ) = re
(g , h, h)(n; )Stefan S
himanski (LMU Mün
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First Example: linearity in LFPLLFPL = Hofmann's non-size-in
reasing term system
◮ (a�ne) linearly typed
◮ spe
ial ♦ type, seen as money
◮ ♦ to be payed for list 
onstru
tors
◮ ♦ 
annot be 
reated out of nothing
◮ ⇒ amount of ♦ money doesn't in
rease during normalization
◮ non-size-in
reasing iteration (list {step} base)Exa
tly LinSpa
e PTime algorithms representableHofmann M. : Linear Types and Non-Size-In
reasing Polynomial TimeComputation. Logi
 in Computer S
ien
e (1998)Stefan S
himanski (LMU Mün
hen) Towards Intensionally More Expressive Systems for PTime Types 2006 3 / 17



Types
σ, τ ::= ♦ | B | σ ⊸ τ | σ ⊗ τ | σ × τ | L(σ)Terms s, t ::= xτ | 
 | λxτ .t | 〈t, s〉 | (t s) | {t}Constru
tors tt � B
onsτ ♦ ⊸ τ ⊸ L(τ) ⊸ L(τ)nilτ L(τ)

⊗σ,τ σ ⊸ τ ⊸ σ ⊗ τStefan S
himanski (LMU Mün
hen) Towards Intensionally More Expressive Systems for PTime Types 2006 4 / 17



ComplexityTheorem (Aehlig, S
hwi
htenberg)For any typed term t there is a polynomial ϑ(t) su
h that the length of a(spe
ial) redu
tion sequen
e is bounded by ϑ(t)(|FV (t)|).Proof.expli
it de�nition of ϑ(t) by re
ursion on t.
ϑ(t)(N) de
reases every 
onversion step. . .if L(l) ≤ N for every o

urring list llinear typing ⇒ |FV (t)| doesn't in
reaseand L(l) ≤ |FV (t)|.

Stefan S
himanski (LMU Mün
hen) Towards Intensionally More Expressive Systems for PTime Types 2006 5 / 17



Restri
ted non-linearity in LFPLInsertion Sortinsert(a, []) = [a]insert(a, b :: l) = if a ≤ b then a :: b :: l else b : insert(a, l)sort([]) = []sort(a :: l) = insert(a, sort(l))Not linear: if p(x) then f (x) else g(x)Intuition suggests: pτ→B ∈ PTIME does not harm
Stefan S
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Naive extensionOperator δp of type σ → (B ⊗ σ) for pσ→B .Conversion (δp s) 7→ (p s) ⊗ sThen if p(x) then f (x) else g(x)means:
((δp x) λy , z .(y 〈(f z), (g z)〉))This destroys linearity ⇒ only o

urren
es of variables 
ount, nottheir namesno easy measure for size anymore by 
ounting variables, or eveno

urren
esStefan S
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Terms s, t ::= xτ | 
 | λxτ .t | 〈t, s〉 | (t s) | {t}| δfConversions
(λxτ .t s) 7→ t[s/x ]
(s ⊗ t r) 7→ ((r s) t)

((
ons d v x) {h} g) 7→ (h d v (x {h} g))

(nil {h} g) 7→ g
(tt 〈s, t〉) 7→ s
(� 〈s, t〉) 7→ t

(δf t) 7→ (f t)⊗ tStefan S
himanski (LMU Mün
hen) Towards Intensionally More Expressive Systems for PTime Types 2006 8 / 17



Quasi-linear typing rules(Var)
Γ, xτ ⊢ xτ


 of type τ (Const)
Γ ⊢ 
τ

Γ , xσ ⊢ tτ (⊸+)
Γ ⊢ (λxσ .t)σ⊸τ

Λ1 ⊢ tσ⊸τ Λ2 ⊢ sσ (⊸−)
Λ1,Λ2 ⊢ (t s)τ

Λ1 ⊢ tρ⊗τ Λ2 ⊢ sρ⊸τ⊸σ (⊗−)
Λ1,Λ2 ⊢ (t s)σ

Λ ⊢ tL(τ) ∅ ⊢ h♦⊸τ⊸σ⊸σ (L(τ)−)
Λ ⊢ (t {h})σ⊸σ

Γ ⊢ f σ⊸τ (δ+)
Γ ⊢ δf σ⊸τ⊗σStefan S
himanski (LMU Mün
hen) Towards Intensionally More Expressive Systems for PTime Types 2006 9 / 17
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Quasi-linear typing rules(Var)
Γ, xτ ; Λ ⊢ xτ


 of type τ (Const)
Γ; Λ ⊢ 
τ

(Varl)
Γ; Λ, xτ ⊢ xτ
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Redu
tion strategy mattersAssume p = λxB .ttand t = λlL(τ).(l {λ♦, v , xB .((δp x) λy , z .y)} tt).Then the following redu
tion sequen
e is possible:
(t (
ons ♦1 d1 . . . (
ons ♦n dn nil)))
→ . . . → (δp (δp . . . tt).1).1

︸ ︷︷ ︸depth nApplying all n δp 
onversions leads to 2(n−1) sub-terms of the form
(λxB .tt t), i.e. an exponential 
omplexity.Stefan S
himanski (LMU Mün
hen) Towards Intensionally More Expressive Systems for PTimeTypes 2006 10 / 17
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�Healthy� redu
tion strategy
Reason for exponential growth: dupli
ation of remaining �work��one δp after the other�
⇒ Only 
onvert δp if the argument is in normal formor using sharing no spe
ial redu
tion strategy at all
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Synta
ti
al analysis
Indu
tive predi
ates to render intera
tion of variables

◮ 
t(s) smallest �passive� super-term or t itself
◮ v ≻t x between subterms v E t and free variables x ∈ FV (t)
◮ x ≺≻t y between x , y ∈ FV (t)1 
t(x) ≻t x2 z ≺≻s x ∧ λzτ .s E t → 
t(λzτ .s) ≻t x3 ∃
(
 ≻t x ∧ 
 ≻t y) → x ≺≻t y .

Stefan S
himanski (LMU Mün
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Intera
ting variablesExample
B y♦

(
ons d v ·)

z♦ B u♦

x♦

t
x and y intera
t.z and u do not intera
t.Stefan S
himanski (LMU Mün
hen) Towards Intensionally More Expressive Systems for PTimeTypes 2006 13 / 17



Intera
ting variables through λExample s = (λx♦.w y♦)

t B
(
ons d v ·)z♦ x♦

Stefan S
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ates to render intera
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 ≻t x ∧ 
 ≻t y) → x ≺≻t y .Indu
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e relation over variables whi
h re�e
tsnon-linearityevery list resides 
ompletely in one 
lass
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Se
ond Example: non-size-in
reasing iteration and BCLFPL originally developed to inje
t new base fun
tions into BCWhat happens when adding nsi-It to BC dire
tly?i.e. nsi-Iteration over in
omplete/safe termsNaive: 
at = λa, b.It(a)(λx ,♦, t, y .(
ons x ♦ y))bexp1 = λa.Re
((
ons 1 ♦ nil))(λx , t, y .(
at y y))aexp2 = λa.Re
(λz .(z , z)(
ons 1 ♦ nil))
(λx , t, y .(λz .(z , z) (
at (fst y) (snd y))))a

⇒ in 
on�i
t with dupli
ation of safe variablesdestroys sharing and separation of safe listsmore pre
ise analysis (e.g. using GoI) 
an 
hara
terise sane 
asesStefan S
himanski (LMU Mün
hen) Towards Intensionally More Expressive Systems for PTimeTypes 2006 16 / 17
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Con
lusionKnown systems 
an be extended... but synta
ti
al methods get mu
h more 
ompli
ated.For
ing redu
tion strategies is a tool to avoid �bad� behaviour... though often sharing 
an remove those 
onstraints.Hen
e: How essential are sharing or redu
tion strategies?LLL does not need that, more 
areful about dupli
ation.Combination of re
ursion s
hemes not explored very mu
h yetBut fruitful to better understand dynami
s of normalisation in PTimesystems... e.g. importan
e of separation of safe data in BC.Stefan S
himanski (LMU Mün
hen) Towards Intensionally More Expressive Systems for PTimeTypes 2006 17 / 17


