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From “Predicate subtyping”. ..

PVS

@ Specialized typing algorithm for subset types, generating
Type-checking conditions.
t:{x:T|P} usedas t:T ok
t: T usedas t:{x:T|P} if P[t/x]
+ Practical success;
— No strong safety guarantee in PVS.
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.to Subset coercions

@ A property-irrelevant language (RusseLL) with decidable
typing;

© Atotal traduction to Coa terms with holes;;

© A method to turn the holes into proof obligations.
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Results

Theorem (Decidability of type checking)
I'r1t:T is decidable.

Lemma (Elimination of transitivity)
fTecUAUceVthenT o V.

r-f: T Tellx: AB 're: E EcA
Aprp

'+ (f e:Ble/X]
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The target system

CIC with metavariables
Lt T I'to p: P[t/X]
FroeltTPtp:{x:T|P}

't {X:T|P} ot {X:T|P}
IFtoo t: T FI—?O'thP[O']_t/X]
I'+> P :Prop

't : P
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The easy way

(o1 1)° = ft°
etTPtp° = t°
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fT ot TthenI®rt°: TCif ()°isdefinedonI,tand T.




From Coa to RusseLL and back

The easy way

(o1 1)° = ft°
etTPtp° = t°
(o2 1)° = 1
(%p)° = 1

fT ot TthenI®rt°: TCif ()°isdefinedonI,tand T.

The hard way
T rt:Tthen [I'] ko [t : [T Ir.
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Traduction : deriving explicit coercions

Traduction for coercions
If T>UthenT r,c[e]: T & U which implies
(] F2 AX: [TIr.c[X] : [TIr — [Ulr.

Definition
T =5, U
F'toe:TeU
IF'toore: {X:T|P}eT
Croelt o 2pperfe/q - T {X:T|P}
Example

I'+,0 :nat 'toCc:natc{X:nat|x#0}

't (elt o ?(X;to)[./x])[O] =elt 0% 0:{X:nat|x#0}




Traduction : interpretation of terms []-

Example (Application)
Fr-f:T TolIx:VW:s rru:u UcV

'+ (fu): Wu/X

[fulr = letr=coercer T (IIx: V.W) in
let c = coercer U V in

(=[Lf1r]) (clulr])

Theorem (Soundness)
IfT +t:T then [I']] 2 [thr : [T 1r-
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Theoretical matters

F7's equational theory :

B (@Ax:Xev = gv/X

(i) oi(etEPee) = §

() (Ax: XeX = e if x¢ FV(e)
(SP) eltEP(01€) (0268 = e

(0) eltEPtp etEPYt p ift=t

= Proof Irrelevance
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The ProGrAM vernacular

Architecture
Wrap around Coaq’s vernacular commands (Definition,
Fixpoint,...).
@ Use the Coa parser : Program Definition f : T :=t.;
@ TypecheckI® +t: T and generate [I°] +» [thre : [T ;
© Interactive proving of obligations;
© Final definition.

Definition f : [T := [tlr- + obligations.

Remark (Restriction)
We assumeI® =T andT rce [Tl : S




ProGraM : The list example

fle Edit Navigation Ty Tactics Templates Queries Compie Windows Help

EFREEE R X

Ready
GlistsTestv @Uris.y |

Notation "* t" := (projl_sig t) (at level 100) : core scope.

Notation "'forall' { x : A | P} , Q" :=
(forall x:{x:A|P}, Q)
(at level 200, x ident, right associativity).
‘Lemma subset simpl : forall (A : Set) (P : A -> Prop)
(t : sigP), P (T t).
Proof.
intros.
induction t.
simpl ; auto.
Qed.

Line:

2char: 1

_




ProGraM : The list example

fle Edit Navigation Ty Tactics Templates Queries Compie Windows Help

ERAEE R X2

1 subgoal

(1/1)
iforall {1 : list A | length 1 <> 0}, nil = ('1) -> A

ile Inome/mat/resear chicog-svn/trunkicontrib/subtachest/Lists est.v saved
QListsTesty [@Uis.v|

Require Import Cog.subtac.Utils.
Require Import List.

Variable A : Set.

Program Definition myhd : forall { 1 : list A | length 1 <> 0 }, A :=
fun 1 =>
match 1 with

Proof.
destruct 1 ; simpl

; intro H ; rewrite <- H in n ; intuition.
Defined.

Line: 16 Char: 1




ProGraM : The list example

fle Edit Navigation Ty Tactics Templates Queries Compie Windows Help

ERAEE R X2

(** val myhd : a list -> a *¥*)

let myhd 1 =
match projl_sig 1 with
| Nil -> assert false (* absurd case *)
| Cons (hd, tl) -> hd

Ready
QListsTesty [@Uis.v|
Variable A : Set.

Program Definition myhd : forall { 1 : list A | length 1 <> 0 }, A :

fun 1 =>|
match 1 with
| nil =
| hd ::
end.
Proof.

tLl => hd

destruct 1 ; simpl ; intro H ; rewrite <- H in n ; intuition.

Defined.

Extraction myhd.
Extraction Inline projl_sig.

Line: 7 char: 11

[




ProGraM : The list example

fle Edit Navigation Ty Tactics Templates Queries Compie Windows Help

ERAEE R X2

(** val mytail : a list -> a list *¥)

let mytail = function
| Nil -> assert false (* absurd case *)
| Cons (hd, tl) -> t1

Ready tne: s1char: 1|
QListsTesty |@Uis.v|

Extraction myhd.
Extraction Inline projl_sig.

Program Definition mytail : forall { 1 : list A | length 1 <> 0 }, list A :=
fun 1 =>
match 1 with
| nil =

| hd tl => t1

end.
Proof.
destruct 1 ; simpl ; intro H ; rewrite <- H in n ; intuition.
Defined.

Extraction mytail.




ProGraM : The list example

fle Edit Navigation Ty Tactics Templates Queries Compie Windows Help

ERAEE R X2

1 subgoal
(1/1)

length (a :: nil) <> 0

Ready, proving test_hd
QListsTesty |@Uis.v|

Variable a : A.

Program Definition test hd : A :
Proof.

fsimpl ; auto.

Defined.

myhd (cons a nil).

Extraction test_hd.

Program Definition test tail : list A := mytail nil.

Line: 39 Char: 1




ProGraM : The list example

fle Edit Navigation Ty Tactics Templates Queries Compie Windows Help

ERAEE R X2

1 subgoal
(1/1)

length nil <> 0

Ready, proving test _tai
QListsTesty |@Uis.v|

Variable a : A.

Program Definition test hd : A
Proof.

simpl ; auto.

Defined.

myhd (cons a nil).

Extraction test_hd.

Program Definition test tail : list A := mytail nil.

Line: 45 Char: 1




ProGraM : The list example

fle Edit Navigation Ty Tactics Templates Queries Compie Windows Help

EFREEE R X

2 subgoals

L : list A
L' : list A
Heql : nil = 1

lappend : forall 1 1' : list A, {r : list A | length r = length 1 + length 1'}

(1/2)
length 1' = length 1 + length 1°'
(2/2)
length (hd0 :: ( append t10 1')) = length 1 + length 1'
=
Ready, proving append_and_proof Line: 57 char: 48|
QListsTesty |@Uis.v|
El

Program Fixpoint append (1 : list A) (1' : list A) { struct 1 }
{ r : list A | length r = length 1 + length 1' } :=
match 1 with

| nil => 1'
| hd :: t1 => hd :: (append tl1 1')
end.

subst ; auto.

simpl ; rewrite (subset_simpl (append t10 1')).
simpl ; subst.

simpl ; auto.

Defined.

Extraction append.




ProGraM : The list example

fle Edit Navigation Ty Tactics Templates Queries Compie Windows Help

EFREEE R X

(** val append : a list -> a list -> a list **)

let rec append 1 1' =
match 1 with
| Nil > 1
| Cons (hd, tl) -> Cons (hd, (append tl 1'))
Ready une: sachar: 1_|

(ClistsTest.v ‘0 Utis.v |

Program Fixpoint append (1 : list A) (1' : list A) { struct 1 }
{ r : list A | length r = length 1 + length 1' } :=
match 1 with

| nil => 1'
| hd :: t1 => hd :: (append tl1 1')
end.

subst ; auto.

simpl ; rewrite (subset_ simpl (append t10 1')).
simpl ; subst.

simpl ; auto.

Defined.

Extraction append.




ProGraM : The list example

fle Edit Navigation Ty Tactics Templates Queries Compie Windows Help

ERAEE R X2

1 subgoal
(1/1)

iforall 1 : list A, 1 = (‘append 1 nil)

Ready, proving append_app
(ClistsTest.v ‘0 Utis.v |

Program Lemma append app' : forall 1 : list A, 1 = append nil 1.
Proof.

simpl ; auto.

Qed.

Program Lemma append app : forall 1 : list A, 1 = append 1 nil.
Proof.

intros.

induction 1 ; simpl ; auto.

simpl in IH1.

rewrite <- IHL.

reflexivity.

Qed.

Line: 71 Char: 1
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Future work

@ Application to more constructs ((co-)inductive types) and
commands.

@ Improvements of Coa (existential variables, type inference,
proof irrelevance).

@ Complete and useful interpretation of ML languages.
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Addendum : some practical enhancements

@ Handling of dependent existential variables (WIP).
@ Pattern-matching and equalities.

match vreturn T with py=1t1---ph =ty

(match uvast/ return t' = u(v) — T) with
p1 = fun h = t1

pn = fun h = 1)
(refl _equal u(v))
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Addendum : some practical enhancements

@ Handling of dependent existential variables (WIP).
@ Pattern-matching and equalities.
@ Well-founded recursion.

Program Fixpoint f (a: nat) {wf It a} : nat =t

a . nat
f : {X:nat|Xx<a}— nat
t : nat
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