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1 a) Table 1.1 shows a list of expressions and assignments to the variables in the expressions. State for
each, whether or not the expression is an invariant of the assignment. Justify your answer, either by
using the invariant rule for assignment statements, or by giving a counterexample. Assume that m and
n are integers, and d and e are booleans. (10)

Assignment Expression Invariant?

n := n+1 n mod 3 ?
n := n+21 n mod 7 ?
m , n := m+1 , n−2 6×m + 3×n ?
m , n := m+1 , n−2 3×m + 6×n ?
d , e := d , ¬e d = e ?

Table 1.1 Fill in entries marked “?”

b) Full marks for the following question can only be obtained by not using case analysis.

In an abridged version of Shakespeare’s Merchant of Venice, Portia had two caskets: gold and silver.
Inside one of these caskets, Portia had put her portrait, and on each was an inscription. Portia explained
to her suitor that each inscription could be either true or false but, on the basis of the inscriptions, he
was to choose the casket containing the portrait. If he succeeded, he could marry her.

The inscriptions are:

Gold: Exactly one of these inscriptions is true.
Silver: This inscription is true if the portrait is in the gold casket.

Let pg stand for “the portrait is in the gold casket”, let ps stand for “the portrait is in the silver
casket”, ig stand for “the inscription on the gold casket is true” and is for “the inscription on the
silver casket is true”.

(i) What relation between pg and ps do you deduce from the fact that there is only one portrait?

(2)

(ii) What relation between ig and is do you deduce from the statement on the gold casket? (2)

(iii) What relation between is and pg do you deduce from the statement on the silver casket? (2)

(iv) By combining your answers to these three questions, deduce in which casket the portrait has been
placed. What can you conclude about the two inscriptions? (4)

(v) Suppose now that the inscriptions on the caskets are the following:

Gold: Exactly one of these inscriptions is true.
Silver: The portrait is in the gold casket.

Deduce in which casket the portrait has been placed. What can you conclude about the two inscriptions?

(5)
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2 a) Figure 4.1 (at the end of this examination paper) depicts the move relation in a two-person game.
The nodes represent positions in the game, and the edges represent moves. Players take it in turns to
make a move; a player who is unable to move loses.

Annotate each node of fig. 4.1 with the mex number of the position. (10)

(Add your student identity number at the top of the page. Hand in the annotated copy of the
figure securely fastened to your examination book.)

b) Consider a game which is the sum of two games. The left game is the one shown in fig. 4.1. In the
right game, 1 , 2 or 5 matches may be removed from a pile of matches. In the sum game, a move
is made by choosing to play in the left game, or choosing to play in the right game. The game ends
when it is not possible to move in either game; the player whose turn it is to play loses.

The following table shows a number of different positions in this game. A position is given by a pair:
the label of a node in the left game, and the number of matches in the right game. Complete the table
by filling in, for each position, “losing” if the position is a losing position, or the label of one of the
nodes in fig. 4.1, or the number 1 , the number 2 or the number 5 . If a label is entered, it means
move to the node with that label in the left game, and if a number is entered it means remove that
number of matches in the right game. (For example, “N” means move from the current position in the
left game to the position labelled “N”; “ 1 ” means remove 1 match from the pile of matches.) (15)

Left Game Right Game “losing” or winning move

Q 7 ?
K 17 ?
B 9 ?
N 32 ?
D 9 ?

Table 2.1 Fill in entries marked “?”

3 a) On the island of Camelot there are three different types of chameleons: grey chameleons, brown
chameleons, and crimson chameleons. Whenever two chameleons of different colour meet, they both
change colour to the third colour.

Suppose g denotes the number of grey chameleons, b denotes the number of brown chameleons, and
c denotes the number of crimson chameleons.

(i) What is the simultaneous assignment that models a meeting between one grey chameleon and one
crimson chameleon? (3)

(ii) Give an expression depending on g and b that is an invariant of the assignment. (2)

(iii) Prove that, after one meeting between one grey chameleon and one crimson chameleon, the total
number of chameleons does not change. (Full marks can only be obtained by explicitly stating the
expression that represents the total number of chameleons and by using the assignment rule.) (5)

b) Six people wish to cross a bridge. It is dark, and it is necessary to use a torch when crossing the
bridge, but they only have one torch between them. The bridge is narrow and only two people can be
on it at any one time. They each take different amounts of time to cross the bridge; when two cross
together they must proceed at the speed of the slowest. The times taken by the individual people are
1 , 5 , 8 , 10 , 15 and 20 minutes. The torch must be ferried back and forth across the bridge, so
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that it is always carried when the bridge is crossed.

Describe an algorithm to get all the people across the river. Make clear how many crossings are needed
and which individuals cross on each occasion. (You may use the notation pt for the person who takes
time t to cross. So, p1 is the one who takes 1 minute to cross, p5 is the person who takes 5 minutes
to cross, etc.) Full marks can only be obtained by giving an algorithm that minimises the total time
taken.

(15)

4 a) An odd number of people, each armed with a water gun, are spread around a field, so that, for each
of them, each of the others is a different distance away. At a given signal, each person fires at and hits
his nearest neighbour (no one shoots themselves). Assume there are at least three people. Prove, using
induction, that some person does not get wet at all. Your answer should be divided in the following
two parts:

(i) The basis of your proof is when there are three people, so that, for each of them, each of the other
two is a different distance away and they fire at the nearest neighbour. Explain carefully why in this
case one person does not get wet. (5)

(ii) Suppose now that there are n people, where 3 < n and n is odd. We know that, for each of them,
each of the others is a different distance away and they fire at the nearest neighbour. Prove, using
induction, that some person does not get wet at all. State explicitly what is the induction hypothesis you
use. (Hints: since all the distances are different, consider what happens to the two closest neighbours.)

(10)

b) Lucy, Minnie, Nancy, and Opey ran a race. Asked how they made out, three of them made the
following pairs of statements:

Lucy: “Nancy won” ; “Opey was second”.
Minnie: “Nancy was second”; “Opey was third”.
Nancy: “Opey was last”; “Lucy was second”.

We know that each of the girls made one and only one true statement.

For the following questions, use the notation pn to denote that the person whose name starts by letter
p ended the race in position n . For example, N1 means that Nancy won the race and M2 means
that Minnie was second.

(i) Express Lucy’s statement using inequivalence. (2)

(ii) Express Minnie’s statement using inequivalence. (2)

(iii) Express Nancy’s statement using inequivalence. (2)

(iv) By combinining your answers to these three questions, deduce the final positions of each one of
the girls. (Hints: conjunction distributes over inequivalence and for all p , q , m , and n , the following
two rules hold: pm∧ pn≡m = n and pn ∧ qn≡ p = q .) (4)
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STUDENT IDENTIFICATION NUMBER:

Q

A B

C D

F G H

I J K

L M N

O P

E

Figure 4.1: (Question 2) Label each position with its mex number. This sheet should be handed
in with your examination book.
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