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Université Pierre et Marie Curie
4 place Jussieu, 75 252 Paris, Cedex 05, France.

e-mail: Olivier.Marchetti@lip6.fr, Alix.Munier@lip6.fr
Fax : 33 1 44 27 72 80

Abstract

The minimization of the amount of initial tokens in a
Weighted Timed Event Graph (in short WTEG) under
throughput constraint is a crucial problem in industrial
area such as the design of manufacturing systems or em-
bedded systems. In this paper, an efficient polynomial
algorithm is developed for the minimization of the over-
all places capacities with a maximum throughput. It is
proved optimal for a particular sub-classes of WTEG
and is leading to a 2-approximation solution in the gen-
eral case.

Introduction
Cyclic scheduling problems, in which a set of generic tasks
have to be performed infinitely often, have numerous practi-
cal applications. In these systems, the throughput is usually
an important performance measure for designers (for sur-
veys, see (Hanen & Munier 1994; Middendorf & Timkovsky
2002)).

In this paper, we consider that the constraints on tasks
are modelled using Weighted Timed Event Graph (in short
WTEG)G which is a subclass of Petri Nets. Transitions are
associated with generic tasks and their firings have a given
duration. Each placep has exactly one input and one output
transition weighted by respective valuesw(p) andv(p): at
the completion of a firing of the input transition ofp, w(p)
tokens are added top. At the firing of the output transition
of p, v(p) tokens are removed fromp. If v(p) = w(p) = 1
for every place,G is a Timed Event Graph (in short TEG).

WTEG and TEG are widely used for modelling and solv-
ing practical cyclic scheduling problems. In the context of
manufacturing systems, they are considered to model com-
plex assembly lines. Workshop (resp. products) are usu-
ally modelled by transitions (resp. tokens). Between two
successive transformations, products (i.e. tokens) have to
be stored or have to be moved from a workshop to an
other one. The amount of products, also called Work In
Process (WIP in short), that have to be stored or moved
may have economical consequences. Therefore, the main
problem for designers is to devise an initial configuration
of WIP that allows the system to reach a given produc-
tivity and that uses the smallest amount of WIP. Many
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optimization algorithms and heuristics were developed in
order to solved it and some variants for (non weighted)
Timed Event Graphs or Weighted Timed Event Graphs (see.
(Di Febbraro, Minciardi, & Sacone 1997; Gaubert 1990;
Giua, Piccaluga, & Seatzu2002; Laftit, Proth, & Xie 1989;
Sauer 2003)).

Synchronous Data-Flow (Lee & Messerschmitt 1987) is a
well-known formalism considered for modelling some em-
bedded applications and is equivalent to WTEG. In this
case, transitions represent processes and places intermediate
buffers. Tokens model data exchanged between processes.
The size of the intermediate buffers must be minimum be-
cause of the high cost of the memories. This criteria can be
expressed by associating a backwards placep′ = (tj , ti) to
any placep = (ti, tj) (see. (Marchetti & Munier-Kordon
2005)). The total size of the buffer corresponding top
is then the amount of tokens in placesp and p′. The bi-
criteria problem studied is then to minimize the total number
of initial tokens under throughput constraint. Researchers
have addressed some closely related problems by various
approaches such as integer linear programming (Govindara-
jan, Gao, & Desai 2002) or more recently by model checking
(Stuijk, Geilen, & Basten 2006).

This paper is dedicated to the presentation of a polynomial
algorithm to solve the minimization of the overall places ca-
pacities to achieve a maximum throughput. The following
section is dedicated to basic definitions and the description
of our problem. In Section 3, the algorithm and its perfor-
mance are presented. It is proved that it leads to an optimal
solution for particular durations of the firings. In the general
case, a 2-approximation solution is obtained. We conclude
lastly with some perspectives.

Notations and definitions
Basic definitions and examples
We suppose that the reader is aware with theoretical back-
ground of Petri Nets (see. (Peterson 1981) for further de-
tails). However, this subsection recalls the main definitions
concerning this paper.

Weighted Event Graph A Weighted Event GraphG =
(P, T ) (in short WEG) is given by a set of placesP =
{p1, . . . , pm} and a set of transitionsT = {t1, . . . , tn}. Ev-
ery placep ∈ P is defined between two transitionsti andtj



and is denoted byp = (ti, tj). The arcs(ti, p) and(p, tj)
are valued by strictly positive integers denoted respectively
by w(p) andv(p) (see Figure 1). At each firing of the tran-
sition ti (resp. tj), w(p) (resp. v(p)) tokens are added to
(resp. removed from) placep. If v(p) = w(p) = 1 for ev-
ery placep ∈ P , thenG is an Event Graph (in short EG).

ti

p

M(0, p)

w(p) v(p)
tj

Figure 1: A placep = (ti, tj) of a Generalized Timed Event
Graph.

We will assume that there is at most one placep = (ti, tj)
defined fromti to tj . For any transitiont ∈ T , we set

P+(t) = {p = (t, t′) ∈ P, t′ ∈ T }
and

P−(t) = {p = (t′, t) ∈ P, t′ ∈ T }
For any placep ∈ P , gcdp and lcmp denotes respectively
the greatest common divisor and the least common multiple
of integersv(p) andw(p).

The incidence matrixI associated with a WEGG is de-
fined by |P | × |T | values inZ such that, for any couple
(p, t) ∈ P × T :

• I[p, t] = w(p) (resp. −v(p)) if p ∈ P+(t) (resp. if
p ∈ P−(t)) ;

• I[p, t] = 0 otherwise.

A path µ of G is defined as a sequence ofα places
such thatµ = (p1 = (t1, t2), p2 = (t2, t3), . . . , pα =
(tα, tα+1)). If this path is closed (i.e. t1 = tα+1), then
µ is a circuit. An initial marking is a functionM0 : P → N

such that, for anyp ∈ P , M0(p) denotes the initial number
of tokens in the placep. A WEG is marked if it is associated
with an initial marking.

Timed Weighted Event Graph A Timed Weighted Event
Graph (in short TWEG) is a WEG associated with a function
� : T → R

+� such that, for anyt ∈ T , �(t) is the duration
of a firing of t. It is usually denoted byG = (P, T, �). For
every placep = (ti, tj) ∈ P , w(p) tokens are added top
exactly�(ti) times units after the firing ofti. v(p) tokens
are removed fromp at the firing oftj .

We suppose that two successive firings of the same transi-
tion cannot overlap: this is modelled by a self loop place
p = (ti, ti), ∀ti ∈ T with w(p) = v(p) = 1 and
M0(p) = 1. For a sake of simplicity, these loops are not
presented in figures.

We denote byM(τ, p) the instantaneous marking of the
placep at time instantτ ≥ 0. The markingM(0, p) is called
the initial marking of placep andM(G) points out the initial
marking of the WTEGG. G is a marked WTEG (resp.TEG)
if it is associated with an initial markingM(G).

Example 1 A Digital Signal Processing (DSP in short)
may be modelled by a TWEG: transitions represent pro-
cesses that may be executed infinitely often. Buffers allow
communications between processes. A buffer has exactly
one input and one output and data stored in a buffer have
the same size. At the beginning (resp.ending) of each iter-
ation, a process has to read (resp. write) a fixed amount of
data in each input (resp.output) buffers. Let us suppose that
the WTEG pictured by Figure 2 depicts a DSP. Transition
t3 needs2 data fromt1 and7 data fromt2 to be executed
once. At its completion,5 data are temporarily stored in
placep3 = (t3, t4) to be sent tot4.

The completion of one execution of each processti has a
duration�(ti). Because of the cost of the memories in em-
bedded systems, the capacity of the buffers (i.e. the max-
imum number of data that can be simultaneously stored)
should be limited. So, the problem consists of finding an
initial marking of the places and their capacitiesC(pi),
i ∈ {1, . . . , m} such that several criteria are realized:
• The system should be live: each transitiont ∈ T may be

fired infinitely often.

• The surface of a buffer on the chip is usually proportional
to the size of the data stored in it. More formally, ifyp,
p ∈ P denotes the size of one data stored inp, the cri-
teria considered is the minimization of the global storage
surface defined as

∑
p∈P

yp · C(p).

• The throughput of the system should be maximum.
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Figure 2: A Weighted Timed Event Graph with�(t1) = 5,
�(t2) = 2, �(t3) = 6 and�(t4) = 3.

Example 2 Let us consider the assembling of productsP1

andP2 from raw materialsM1, M2 andM3 following three
levels as pictured by Figure 3. Level0 corresponds to the
final assembling, level2 to the loading of material raws on
the line. It is also assumed that a product at levell > 0
may be used for only one operation at levell − 1. Each arc
(i, j) is valued by an integer corresponding to the number of
productsi needed to get one productj.

Moreover, each workshopti is dedicated to exactly one
operation (i.e. there is no conflict between assembling op-
erations) and is composed by one machine (i.e two distinct
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Figure 3: Assembling operations.

products cannot be assembled simultaneously by the same
workshop). Operations and their corresponding durations
are given by the following table:

workshop t1 t2 t3 t4 t5 t6 t7 t8
operations M1 M2 M3 I1 I2 P1 P2 ·
durations 2 2 2 15 12 12 6 14

A transporter takes3 productsP1 and2 productsP2 and
brings8 raw materials toM1, 12 to M2 and2 to M3.

A modelling of this assembly line using a TWEG is pre-
sented by Figure 4.

However, each product has to be stored between two suc-
cessive operations. Storing products between workshops has
economical consequences and therefore it is important to
limit the whole storage surface in the assembly line. Again,
the problem consists of finding an initial marking of the
places and their capacitiesC(pi), i ∈ {1, . . . , m} such that
several criteria are realized:

• The assembly line should be live: each transitiont ∈ T
may be fired infinitely often.

• Economical costs due to the storage problem are modeled
by an integer valueyp for each placep. The criteria con-
sidered is the minimization of the global storage weighted
surface defined as

∑
p∈P

yp · C(p).

• The throughput of the assembly line should be maximum.

In the following, we recall some results concerning these
three criteria.

Weight of paths and Liveness of a WEG
The complexity of the determination of the liveness of a
marked WEG is unknown. Algorithms developed up to now
to answer this question are pseudo-polynomial (see.as ex-
ample (Munier 1993)).

However, it is polynomial for marked Event Graphs. In-
deed, settingH(C) =

∑
p∈P∩C

M(0, p) the height of a circuit

C of G, it is proved in (Commoneret al. 1971) thatM is
a live marking iff the height of every circuit ofG is strictly
positive.

In the case of Weighted Event Graph, the following sim-
ple necessary condition of liveness was noticed by several
authors (Karp & Miller 1966; Munier 1993; Teruelet al.
1992): let us define the weight (or gain) of every pathµ of a
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Figure 4: Modelling of the assembly line using a TWEG.
∀ti, �(ti) is the duration of the corresponding operation.

Weighted Event GraphG, denoted byW (µ) as

W (µ) =
∏

p∈P∩µ

w(p)
v(p)

.

Then, if a marked Weighted Event GraphG is live, every cir-
cuit has a weight equal to or greater than1. This condition is
trivially not sufficient: it is always fulfilled for Event Graphs
and not sufficient to decide about the liveness.

Symmetric Weighted Event Graphs
One of the criteria considered here is the minimization of a
linear function of the total capacity of the places. A bounded
capacityC(p) of a placep = (ti, tj) ∈ P may be modelled
by adding another placep′ = (tj , ti) with w(p′) = v(p),
v(p′) = w(p) and such that the initial marking verifies
M0(p) + M0(p′) = C(p). So, a Symmetric WEG defined
as follows may be associated to any WEG with bounded ca-
pacity places:

Proposition 1. LetG be aWEG:

1. G is a Symmetric Weighted Event Graph (SWEG in short)
if each placep = (ti, tj) ∈ P is associated with a back-
ward placep′ = (tj , ti) ∈ P with w(p′) = v(p) and
v(p′) = w(p). (p, p′) is then called a couple of backward
places.

2. An initial markingM(G) of a SWEGG is said minimally
bounded if for any couple(p, p′) of backward places,

M0(p) + M0(p′) = Mmin(p) = w(p) + v(p) − gcdp.

Note thatMmin(p) = 1, ∀p ∈ P if G is a Symmetric
Event Graph.

The second part of the definition comes from (Marchetti
& Munier-Kordon 2004): it is proved that the whole number
of tokens of any couple of backward places(p, p′) of a WEG
is constant and must be greater than or equal toMmin(p) if
the graph is live.

For our practical problem, we may considered a SWEG
G′ = (P ′, T, �) built from a WEGG = (P, T, �) by adding



a backward place to any placep ∈ P . The liveness problem
consists then to find an initial live markingM(0, p), p ∈ P ′.
The places capacities are bounded and verify, for anyp ∈ P
and its backward placep′, C(p) = M(0, p) + M(0, p′). So,
Mmin(p), p ∈ P is a lower bound ofC(p).

Unitary graphs and Normalization

Unitary graphs Unitary WEG were introduced in (Mu-
nier 1993) as follows:

Definition 1. A unitary WEGG is strongly connected and
such that every circuit ofG has a unit weight.

The SWEG tackled in this paper are unitary graphs: they
are strongly connected. Moreover, if there exists a circuitc
with W (c) > 1, then a circuitc′ may be built by considering
backward places withW (c′) < 1. By the necessary condi-
tion of liveness expressed previously, we conclude that the
SWEG is not live.

Normalization of a unitary graph Normalization of a
unitary marked WEGG is a transformation of all the mark-
ing functions and initial marking values such that the mark-
ing functions adjacent to any transitionti have the same
valueZi. This transformation does not affect the constraints
induced by places between the firings, so that these two
graphs are equivalent. More formally:

Definition 2. A transition ti is normalized iff there exists
Zi ∈ N

� such that:

∀p ∈ P+(ti), w(p) = Zi and
∀p ∈ P−(ti), v(p) = Zi.

A WEGG is said to be normalized iff all its transitions are
normalized.

In (Marchetti & Munier-Kordon 2004), it is stated that
any unitary Weighted Event Graph can be polynomially
transformed into an equivalent normalized Weighted Event
Graph by modifying marking functions and initial markings.
So, we consider in this paper normalized SWEG.

Example Let us consider the WTEG pictured by Figure 2.
The corresponding SWTEG is pictured by Figure 5. Notice
that it is a unitary graph.

The normalization step consists in solving the following
system:

∀p ∈ P, x(p) ∈ N
�

∀ti ∈ T, Zi ∈ N
�

∀p ∈ P+(ti), w(p) · x(p) = Zi

∀p ∈ P−(ti), v(p) · x(p) = Zi.

It is proved in (Marchetti & Munier-Kordon 2004) that a
solution exists. For our example, equations areZ1 =
3 · x(p1) = 5 · x(p4), Z3 = 7 · x(p2) = 2 · x(p1) =
5 · x(p3) andZ4 = 3 · x(p3) = 2 · x(p4). A solution is
x(p1) = 35, x(p2) = 10, x(p3) = 14, x(p4) = 21 and
(Z1, Z2, Z3, Z4) = (105, 40, 70, 42). The corresponding
normalized SWEG is pictured by Figure 6.
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Figure 5: The Symmetric Timed Event Graph associated
with the WTEG of Figure 2.

p
4

p
3

p
1

t 2

t 4

t 3

t 1

p
4
’

p
1
’

p
2

p
2
’

p
3
’

70

42

40

40

105
105

105

105

42

42

42

70

70

70 70

70

Figure 6: The Symmetric Normalized Timed Event Graph
associated with the SWTEG of Figure 5.

Schedules and throughput of unitary normalized
WTEGs
Let G be a unitary marked WTEG. A schedule is a function
σ : T × N

� → R
+� such thatσ(ti, q) denotes the starting

time of theq-th firing of ti. There is a strong relationship be-
tween a schedule and the corresponding instantaneous mark-
ing. Letp = (ti, tj) be a place ofP . For any valueτ ∈ R

+�,
let us denote byE(τ, ti) the number of firings ofti com-
pleted at timeτ . More formally,

E(τ, ti) = max{q ∈ N, σ(ti, q) + �(ti) ≤ τ}.
On the same way,B(τ, tj) denotes the number of firings of
tj at timeτ and

B(τ, tj) = max{q ∈ N, σ(tj , q) ≤ τ}.
Clearly,

M(τ, p) = M(0, p) + w(p) · E(τ, ti) − v(p) · B(τ, tj).

A schedule (and its corresponding marking) is feasible if
M(τ, p) ≥ 0 for every couple(τ, p) ∈ R

+� × P . The



throughput of a transitionti for a scheduleσ is defined as

λ(ti) = lim
q→∞

q

σ(ti, q)
.

Note that for live marked WTEG, earliest schedule (which
consists on firing the transitions as soon as possible) always
exists and has maximum throughputs. We consider here that
the throughputs of a marked WTEG are those of its earliest
schedule.

Definition 3. A sequenceun, n ∈ N
� is K-periodic if there

exists(N0, K, w) ∈ N
2 × R

+� such that, for anyn ≥ N0,
un+K = un + w. If K = 1, the sequence is said to be
periodic.

K
w is the throughput of the sequence andK its period-

icity factor. A scheduleσ is K-periodic (resp. periodic) if
sequencesσ(ti, k), k ∈ N are K-periodic (resp. periodic),
for anyti ∈ T .

For marked TEGs, the determination of the throughput
of the earliest can be done polynomially (Chr´etienne 1983).
The computation of the throughputs has an unknown com-
plexity for marked WTEGs. Up to now, the algorithms de-
veloped are pseudo-polynomial time (see.as example (Mu-
nier 1993)). However, we deduce from (Munier 1993) and
the definition ofZi, i ∈ {1, . . . , n} the following theorem:

Theorem 1. Let G be a unitary WTEG with a live initial
markingM(G). Then, the earliest schedule is K-periodic
and its throughputs verify, for any couple of transitions
(ti, tj) ∈ T 2,

λ(ti) · Zi = λ(tj) · Zj
def
= λ(M(G)).

λ(M(G)) is called the throughput ofG associated with the
initial markingM(G).

Let us suppose now that the initial markingM(G) of
a strongly connected WTEG is such that, for the earliest
schedule, at least one transitionti� is fired without any in-
terruption. Then,λ(ti�) = 1

�(ti� ) . By Theorem 1 and since

λ(ti) ≤ 1
�(ti)

for any transitionti ∈ T , we obtain:

λ(M(G)) =
Zi�

�(ti�)
≤ Zi

�(ti)
, ∀ti ∈ T.

We deduce the following definition:

Definition 4. The intrinsic throughput of a unitary WTEG

G is defined as the ratiomin
ti∈T

(
Zi

�(ti)

)
and corresponds to

the maximum throughput that may be achieved by an initial
marking ofG.

This value may always be achieved if we consider a suffi-
ciently large number of tokens in each place.

Let us consider our previous example depicted by Figure
6. Then Z1

�(t1)
= 105

5 = 21, Z2
�(t2)

= 40
2 = 20, Z3

�(t3)
= 70

6 =
35
3 and Z4

�(t4)
= 42

3 . Soti� = t3 and the intrinsic throughput

of the SWTEG pictured by Figure 6 is353 .

Problem formulation
The problem tackled here may be formulated as follows:
MAX INTRINSIC THROUGHPUT:

Instance: G = (P, T, �) is a normalized SWTEG, a vector
yp, p ∈ P such thatyp = yp′ for every couple(p, p′) of
backward places.

Question: Is there an initial live markingM(G) such that∑
p∈P

yp · M(0, p) is minimized for a throughput and

λ(M(G)) = min
ti∈T

(
Zi

�(ti)

)
?

The complexity of the corresponding decision problem
was proved NP-complete in (Marchetti & Munier-Kordon
2006).

A polynomial time algorithm
We first consider a couple of backward places(p1, p2) be-
tween two transitionsti andtj with p1 = (ti, tj), v(p1) =
w(p2) = Zj , v(p2) = w(p1) = Zi and Zi

�(ti)
= Zj

�(tj)
= ρ.

This SWTEG is denoted byGp1,p2 (see.Figure 7).
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Figure 7: A SWTEGGp1,p2 marked with M(0, p1) =
M(0, p2) = Mmin(p1).

The aim of this section is to prove that, setting
M(0, p1) = M(0, p2) = Mmin(p1) is an optimal solu-
tion for the MAX INTRINSIC THROUGHPUT problem for
this graph. We also show that this initial marking leads to
a 2-approximation solution for general SWTEG.

We first show that this marking leads to an optimal pe-
riodic schedule forGp1,p2 . Then, by studying the earliest
schedule ofGp1,p2 for a schedule with a maximum intrin-
sic throughput, we prove that2Mmin(p1) is an upper bound
on the number of tokens forGp1,p2 . We conclude that this
marking is optimal forGp1,p2 and for any unitary SWEGT
such that�(ti) = ρ.Zi for any transitionti ∈ T . We prove
then that, for any unitary SWEGT with no assumption on the
durations of the firing, the previous simple algorithm leads
to a 2-approximation solution.

Feasibility of the initial marking for Gp1,p2

Lemma 1. The scheduleσ(t, k) = (k − 1) · �(t) for
t ∈ {ti, tj} is feasible for the initial markingM(0, p1) =
M(0, p2) = Mmin(p1) and its throughput equals the intrin-
sic throughput ofGp1,p2 .



Proof. By definition of σ, for anyp = (t, t′), t �= t′ with
(t, t′) ∈ {ti, tj}2 and τ ∈ R, the number of firings oft

completed at timeτ is E(τ, t) =
⌊

τ
�(t)

⌋
=

⌊
τ

ρ·w(p)

⌋
. In the

same way, the number of firings oft′ at timeτ is B(τ, t′) =⌈
τ

�(t′)

⌉
=

⌈
τ

ρ·v(p)

⌉
. So, the instantaneaous marking ofp can

be described by the following equations:

M(0, p) = w(p) + v(p) − gcdp

For anyτ > 0,

M(τ, p) = M(0, p)+
⌊

τ

ρ · w(p)

⌋
·w(p)−

⌈
τ

ρ · v(p)

⌉
·v(p)

We prove thatM(τ, p) ≥ 0 for any valueτ ≥ 0 by con-
tradiction. Assume that there exists a valueτ ≥ 0 such that
M(τ, p) < 0. SinceM(τ, p) is a linear combination ofw(p)
andv(p) it follows thatM(τ, p) ≡ 0 mod gcdp and there-
fore

M(τ, p) < 0 ⇐⇒ M(τ, p) � −gcdp.

So, by definition ofM(τ, p), we obtain

M(0, p)+
⌊

τ

ρ · w(p)

⌋
·w(p)−

⌈
τ

ρ · v(p)

⌉
· v(p) � −gcdp.

SinceM(0, p) = Mmin(p) = w(p) + v(p) − gcdp, we
deduce that

w(p) + v(p) +
⌊

τ

ρ · w(p)

⌋
· w(p) �

⌈
τ

ρ · v(p)

⌉
· v(p)

However∀x ∈ R we have

x − 1 < 
x� � x � �x < x + 1.

Therefore

w(p) + v(p) +
τ

ρ
− w(p) <

τ

ρ
+ v(p)

and then
0 < 0.

A contradiction. So, the schedule is feasible. Moreover, we
haveλ(t) = 1

�(t) for t ∈ {ti, tj}. As ρ = Zi

�(ti)
= Zj

�(tj)
, we

deduce by Theorem 1 that the throughput ofσ equalsρ and
is exactly the intrinsic throughput ofGp1,p2 .

Earliest schedule of Gp1,p2

We suppose here thatGp1,p2 has an initial markingM(G)
which values are not necessarily equal toMmin(p1).

Lemma 2. If the throughput of the earliest schedules of
Gp1,p2 equalsρ for a given marking, thens is periodic.
Moreover, it existsτ� ∈ R

+ such that, for anyt ∈ {ti, tj}
there existskt ∈ N such thats(t, k) = τ� + (k − kt) · �(t).
Proof. By Theorem 1, the earliest schedules is K-periodic.
Now, since the system throughput is intrinsically maximum,
there is no idle times when timeτ tends to infinity and the
periodicity factorK of the sequences is unit.

So, for any t ∈ {ti, tj}, there exists a couple
(τ�(t), k(t)) ∈ R × N

� with minimum values such that, for
anyk ≥ k(t), s(t, k) = τ�(t) + (k − k(t))�(t).

If τ�(tj) = τ�(ti), the lemma is proved by settingτ� =
τ�(tj) andkt = k(t) for t ∈ {ti, tj}.

Let us suppose now thatτ�(tj) > τ�(ti). Then, by mini-
mality of τ�(tj), there is an idle slot befores(tj , k(tj)) due
to a precedence constraint before thek(tj) firing of tj . So,
s(tj , k(tj)) is the completion time of a firing ofti and there
exists an integerk′ such thats(ti, k′) = s(tj , k(tj)). Setting
τ� = τ�(tj), kti = k′ andktj = k(tj), we obtain the result.

Lastly, if τ�(ti) > τ�(tj), the same reasoning holds by
swappingi andj.

In order to show that our solution is minimum, we have
to study the marking of places ofGp1,p2 whenever both
transitionsti andtj are executed at the same instant time.
In this purpose, we define a special period of time.

Let us now defineNi andNj as the smallest strictly posi-
tive integers such thatNi ·w(p1) = Nj ·v(p1). Observe that,
sincew(p1) = Zi andv(p1) = Zj, Ni · Zi = Nj · Zj and
�(ti)
�(tj)

=
Zi

Zj
=

Nj

Ni
. We denoteH = �(ti) · Ni = �(tj) · Nj

the hyperperiod of the graphGp1,p2 . This value is associated
with the earliest schedule ofGp1,p2 . Therefore, by lemma 2,
for each dateτ > τ� the instantaneous markingM(τ, p) of
placep ∈ {p1, p2} is defined by:

M(τ, p) = M(τ�, p) +
⌊

τ − τ�

ρ · w(p)

⌋
· w(p)

−
⌈

τ − τ�

ρ · v(p)

⌉
· v(p)

Then, for each dateτ > τ�, we have:

M(τ + H, p) = M(τ�, p) +
⌊

τ + H − τ�

l(ti)

⌋
· w(p)

−
⌈

τ + H − τ�

l(tj)

⌉
· v(p)

M(τ + H, p) = M(τ�, p) +
(⌊

τ − τ�

l(ti)

⌋
+ Ni

)
· w(p)

−
(⌈

τ − τ�

l(tj)

⌉
+ Nj

)
· v(p)

M(τ + H, p) = M(τ�, p) +
⌊

τ − τ�

l(ti)

⌋
· w(p)

−
⌈

τ − τ�

l(tj)

⌉
· v(p)

M(τ + H, p) = M(τ, p)
So, we can reduce the study of marking to a period of time
that lasts an hyperperiodH .

Now, observe that the time interval[τ�, τ� + H [ contains
exactlyNi firings of ti andNj firings of tj such that:



• ti andtj are fired simultaneously at timeτ�,

• by minimality of Ni and Nj , there are exactlyNi − 1
firings ofti andNj−1 firing of tj in the interval]τ�, τ� +
H [ and they cannot be simultaneously (otherwiseNi and
Nj would not be minimum).

So, a strictly increasing sequence of real number
sh, h ∈ {0, . . . , Ni + Nj − 1} can be defined such
that s0 = τ�, sNi+Nj−1 = τ� + H and, for any
r ∈ {1, . . . , Ni + Nj − 2}, a firing of ti or tj occurs
at time sr. We also define the interval sequenceCr,
r ∈ {1, . . . , Ni + Nj − 1} asCr =]sr−1, sr[.

For example, let us consider the couple of backwards
places pictured by Figure 8. We assume that the initial mark-
ing (not presented in Figure) can not prevent any firing of
transitionti andtj . We haveNi = 5 andNi = 2. Then
H = 20 and a slice of the earliest schedule betweenτ� and
τ�+H is pictured by Figure 9. We gets0 = τ�, s1 = τ�+4,
s2 = τ� + 8, s3 = τ� + 10, s4 = τ� + 12, s5 = τ� + 16
ands6 = τ� + 20.

it jt

p
1

2
p

2

2

5

5

Figure 8: A couple of backward place with�(ti) = 4 and
�(tj) = 10. Notice that�(ti)

Zi
= �(tj)

Zj
= 2.

it it it it it

jt jt

*τ 1s 2
s 3s 4s 5s

*τ + H

Figure 9: The earliest schedule betweenτ� andτ� + H .

Now, for anyr ∈ {1, . . . , Ni + Nj − 2}, ur denotes the
transition ofGp1,p2 fired at timesr. u = u1 . . . uNi+Nj−2

is then the firing sequence ofGp1,p2 during the time interval
]τ�, τ� + H [.

For our last example, we getu1 = ti, u2 = ti, u3 = tj ,
u4 = ti andu5 = ti.

We build now a marked Weighted Event Graph (not
timed) denoted byG′

p1,p2 as follows:

1. G′
p1,p2 has the same structure asGp1,p2 (same places and

same transitions).

2. Its initial marking isM ′
0(p) = M(τ�, p) − v(p) for p ∈

{p1, p2}.

Lemma 3. u = u1 . . . uNi+Nj−2 is a firing sequence of
G′

p1,p2 .

Proof. Notice that, for any couple(τ1, τ2) ∈ C2
r , r ∈

{1, . . . , Ni + Nj − 1}, M(τ1, p) = M(τ2, p) for p ∈
{p1, p2}. So, the marking functionM of Gp1,p2 is constant
onCr, r ∈ {1, . . . , Ni + Nj − 1}.

For anyr ∈ {1, . . . , Ni+Nj−1}, we prove by recurrence
that the marking of places ofG′

p1,p2 after the sequence of
firingsu1 . . . ur−1 is exactlyM(τ, p), p ∈ {p1, p2} andτ ∈
Cr.

1. For anyτ ∈ C1, M(τ, p1) = M(τ�, p1) − v(p1) and
M(τ, p2) = M(τ�, p2) − v(p2). So it is true forr = 1.

2. Now, let us suppose that it is true for a value1 ≤ r <
Ni + Nj − 1. Let us consider a couple of times(τ1, τ2) ∈
Cr × Cr+1 .

• If ur = ti, then we getM(τ2, p1) = M(τ1, p1) +
w(p1) and M(τ2, p2) = M(τ1, p2) − w(p1). By
hypothesis, the markings ofp1 and p2 after the se-
quenceu1 . . . ur−1 are respectively equal toM ′(p1) =
M(τ1, p1) andM ′(p2) = M(τ1, p2). So, after the fir-
ing ofur = ti, they are respectively equal toM(τ2, p1)
andM(τ2, p2).

• In the same way, ifur = tj , we obtainM(τ2, p1) =
M(τ1, p1) − w(p2) and M(τ2, p2) = M(τ1, p2) +
w(p2). The property is also true in this case.

So, we conclude thatu = u1 . . . uNi+Nj−2 is a firing se-
quence ofG′

p1,p2 .

A state of G′
p1,p2

is given by a couple of marking(
M ′(p1)
M ′(p2)

)
. Next subsection provides some properties on

the number of different states ofG′
p1,p2 .

Upper bound on the number of states of G′
p1,p2

Lemma 4. If M ′
0(p1)+M ′

0(p2) < v(p1)+w(p1)−2 ·gcdp1

then all the states ofG′
p1,p2 are distinct.

Proof. According to (Marchetti & Munier-Kordon 2004),
the marked WEGG′

p1,p2 is live iff M ′
0(p1) + M ′

0(p2) ≥
v(p1) + w(p1) − gcdp1 . So, it is not live and all the inter-
mediary states are different (otherwise, the system would be
live).

Lemma 5. If M ′
0(p1)+M ′

0(p2) < v(p1)+w(p1)−2 ·gcdp1

then the number of states ofG′
p1,p2 is at mostNi + Nj − 2.

Proof. By (Marchetti & Munier-Kordon 2004), we know
that the number of tokens hold in a placep is a multiple of
gcdp and that the number of tokens present in both places is
constant for all valid firing sequences. It follows that we can
consider thatM ′

0(p1)+M ′
0(p2) ≤ w(p1)+v(p1)−3·gcdp1 .

SettingS = v(p1)+w(p1)−3 ·gcdp1 , the different possible

states

(
a
b

)
∈ N

2 can be enumerated under the following



conditions: {
a ≡ 0 mod (gcdp1)
b ≡ 0 mod (gcdp1)

a + b = S

which yields the following enumeration

0 gcdp1 2 · gcdp1 . . . S − gcdp1 S

S S − gcdp1 S − 2 · gcdp1 . . . gcdp1 0︸ ︷︷ ︸
Couples

 
a
b

!
with a+b=S

This yields to
S

gcdp1

+ 1 couples

By definition of Ni and Nj , we also haveNi · w(p1) =
Nj · v(p1) = lcmp1 . Sincew(p1) · v(p1) = lcmp1 · gcdp1 ,

w(p1)
gcdp1

= Nj and
v(p1)
gcdp1

= Ni.

So the number of different states is equal toNi + Nj − 2
for S initial tokens and lemma holds.

Polynomial special cases and an approximation
algorithm
We are now ready to show our main result:

Theorem 2. Let Gp1,p2 be a two backward places system
such that

∀ti ∈ T, �(ti) = ρ · Zi , ρ > 0.

Then settingM(0, p1) = M(0, p2) = Mmin(p1), we obtain
a system with an intrinsic maximum throughput and such
that the sum of initial markingsM(0, p1)+M(0, p2) is min-
imum.

Proof. By Lemma 1, the maximum throughput of the sys-
tem equals the intrinsic throughput. So, we must prove that
M(0, p1)+M(0, p2) is minimum to achieve the throughput
ρ.

By contradiction, let us suppose that there exists a mark-
ing M such thatM(0, p1) + M(0, p2) < 2 · Mmin(p1)
with a throughput equal to the intrinsic maximum value.
According to lemma 2 page 6, there is a dateτ� such
that transitionsti and tj are both fired. Therefore, with-
out loss of generality, we can consider that the marking
M is such thatτ� = 0. Then, the initial marking of
the corresponding WEGG′

p1,p2 is well defined and veri-
fiesM ′

0(p1) + M ′
0(p2) < v(p1) + w(p1) − 2 · gcdp1 . So,

by Lemma 5, the number of intermediary states is at most
Ni + Nj − 2. But, by Lemmas 3 and 4, the number of
intermediary states ofG′

p1,p2 is Ni + Nj − 1, the contradic-
tion.

Applying this last theorem to every couple of backward
places of a SWTEG, we get the following corollary:

Corollary 1. LetG be a unitary SWEGT such that

∀ti ∈ T, �(ti) = ρ · Zi , ρ > 0.

Then settingM(0, p) = Mmin(p) for every placep ∈ P , we
obtain a system with an intrinsic maximum throughput and
such that

∑
p∈P

yp · M(0, p) is minimum.

We deduce an approximation algorithm for the general
case:

Theorem 3. LetG be a unitary SWTEG. SettingM(0, p) =
v(p) + w(p) − gcdp ∀p ∈ P leads to a 2-approximation
solution for theMAX INTRINSIC THROUGHPUTproblem.

Proof. Let i� ∈ {1, . . . , n} such that Zi�

�(ti�) = min
ti∈T

(
Zi

�(ti)

)
.

We setρ = Zi�

�(ti� ) .
We first prove that the solution is live and that its through-

put is equal toρ. We show then that the criteria is at most
twice from a minimum value.

1. Let us consider the periodic scheduleσ(t, k) = (k−1)·Zt

ρ

for any(t, k) ∈ T × N
�. Its troughput isρ. Moreover, if

we replace the duration of the firing sequences by values
�′(tj) = Zj

ρ ≥ �(tj), then the scheduleσ is feasible for
M by Lemma 1. So, we conclude thatσ is feasible and
that the system is live.

2. By (Marchetti & Munier-Kordon 2004), every live mark-
ing verify, for every couple(p, p′) of backward places,

M(0, p) + M(0, p′) ≥ Mmin(p).

So, 1
2

∑
p∈P

yp · Mmin(p) is a lower bound of the criteria

and the ratio is obtained.

For the example pictured by Figure 6, we obtain the ini-
tial markingM(0, p1) = M(0, p′1) = 140, M(0, p1) =
M(0, p′1) = 100, M(0, p1) = M(0, p′1) = 98, M(0, p1) =
M(0, p′1) = 126.

Our purpose was initially to bound the capacity stor-
age of places of Figure 2. We obtain thenC(p1) =
M(0,p1)+M(0,p′

1)
x(p1)

= 280
35 = 8, C(p2) = M(0,p2)+M(0,p′

2)
x(p2)

=
200
10 = 20, C(p3) = M(0,p3)+M(0,p′

3)
x(p3)

= 196
14 = 14, and

C(p4) = M(0,p4)+M(0,p′
4)

x(p4)
= 252

21 = 12. The global surface
on the chip is then equal to8·yp1 +20·yp2 +14·yp3 +12·yp4

and is less than twice from the optimum value. The restric-
tion of M defines a live marking with throughputρ = 35

3 .

Conclusions
We have developed in this paper a very simple approxima-
tion algorithm for MAX INTRINSIC THROUGHPUT prob-
lem. This new algorithm permits to give a first efficient so-
lution to solve this industrial problem. Moreover, it will be
useful to get good lower bounds to evaluate the performance
of other algorithms.
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un problème d’assemblage.RAIRO-Automatique Produc-
tique Informatique Industrielle27(5):487–513.

Peterson, J.-L. 1981.Petri Net Theory and the Modeling
of Systems. Prentice Hall PTR.

Sauer, N. 2003. Marking optimization of weighted marked
graph.Discrete Event Dynamic Systems13(3):245–262.
Stuijk, S.; Geilen, M.; and Basten, T. 2006. Explor-
ing trade-offs in buffer requirements and throughput con-
straints for synchronous dataflow graphs. In43rd Design
Automation Conference, DAC 2006. ACM Press.
Teruel, E.; Chrzastowski-Wachtel, P.; Colom, J. M.; and
Silva, M. 1992. On weighted T-systems. InProocedings
of the 13th Internationnal Conference on Application and
Theory of Petri Nets 1992, Lecture Notes in Computer Sci-
ence, volume 616. Springer.


