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W
hatIs

a
F

unctionalLanguage?
(1)

•
Im

perative
Languages

:
-

Im
plicitstate.

-
C

om
putation

essentially
a

sequence
of

side-effecting
actions.

•
D

eclarative
Languages

(Lloyd
1994):

-
N

o
im

plicitstate.
-

A
program

can
be

regarded
as

a
theory.

-
C

om
putation

can
be

seen
as

deduction
from

this
theory.

-
E

xam
ples:Logic

and
F

unctionalLanguages.
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W
hatIs

a
F

unctionalLanguage?
(2)

A
nother

perspective:
•

A
lgorithm

=
Logic

+
C

ontrol
•

D
eclarative

program
m

ing
em

phasises
the

logic
(“w

hat”)
rather

than
the

control(“how
”).

•
E

xam
ples:

-
R

esolution
(logic

program
m

ing)
-

Lazy
evaluation

(found
in

som
e

functional
and

logic
languages)
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W
hatIs

a
F

unctionalLanguage?
(3)

D
eclarative

languages
for

practicaluse
tend

to
be

only
w

eakly
declarative

;i.e.,nottotally
free

ofcontrolaspects.F
or

exam
ple:

•
E

quations
in

functionallanguages
are

directed.
•

O
rder

ofpatterns
often

m
atters

for
pattern

m
atching.

•
C

onstructs
for

taking
controlover

the
order

of
evaluation.(E

.g.
c
u
t

in
P

rolog,
s
e
q

in
H

askell.)
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W
hatIs

a
F

unctionalLanguage?
(4)

E
xactly

w
hatconstitute

a
functionallanguage

is
som

ew
hatcontentious.

P
ragm

atically,a
functionallanguage

is
one

that
encourages

a
m

ostly
declarative, functional

style
ofprogram

m
ing.

Typicalfeatures/characteristics:
•

F
unctions

are
first-class

entities.
•

C
om

putation
expressed

through
function

application.
•

R
ecursive

(and
co-recursive)

definitions.M
G

S
2011:F

U
N

Lecture
1

–
p.5/40

W
hatIs

a
F

unctionalLanguage?
(5)

T
his

“definition”
covers

both:
•

P
ure

functionallanguages:no
side

effects
-

(W
eakly)

declarative:equationalreasoning
valid

(w
ith

care);referentially
transparent

.
-

E
xam

ple:H
askell

•
M

ostly
functionallanguages:som

e
side

effects,e.g.for
I/O

.
-

E
quationalreasoning

w
ith

care.
-

E
xam

ples:M
L,O

C
am

l,S
chem

e,E
rlang

(R
ealpurists

w
ould

pointoutthatnon-term
ination

is
also

a
side

effect.)
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T
his

and
the

F
ollow

ing
Lectures

•
In

this
and

the
follow

ing
lectures

w
e

w
ill

explore
P

urely
F

unctionalP
rogram

m
ing

through
the

use
ofH

askell.
•

T
hem

e
oftoday:R

elinquishing
control:

exploiting
lazy

evaluation

W
illassum

e
som

e
fam

iliarity
w

ith
functional

program
m

ing
in

a
language

like
H

askellor
M

L.
W

illexplain
H

askellsyntax
and

other
points

as
needed:Justask!
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E
valuation

O
rders

(1)

C
onsider:

s
q
r

x
=
x
*
x

d
b
l

x
=
x
+
x

m
a
i
n

=
s
q
r
(
d
b
l

(
2
+
3
)
)

M
any

possible
reduction

orders.Innerm
ost,

leftm
ostredex

firstis
called

A
pplicative

O
rder

R
eduction

(A
O

R
):

m
a
i
n

⇒
s
q
r

(
d
b
l
(
2

+
3
)
)

⇒
s
q
r

(
d
b
l
5
)

⇒
s
q
r
(
5

+
5
)

⇒
s
q
r
1
0

⇒
1
0

*
1
0

⇒
1
0
0

T
his

is
justC

all-B
y-V

alue
.
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E
valuation

O
rders

(2)

O
uterm

ost,leftm
ostredex

firstis
called

N
orm

al
O

rder
R

eduction
(N

O
R

):

m
a
i
n

⇒
s
q
r

(
d
b
l
(
2

+
3
)
)

⇒
d
b
l
(
2

+
3
)
*
d
b
l

(
2
+
3
)

⇒
(
(
2
+
3
)
+
(
2
+

3
)
)
*
d
b
l

(
2
+
3
)

⇒
(
5
+
(
2

+
3
)
)
*

d
b
l
(
2
+

3
)

⇒
(
5
+
5
)

*
d
b
l
(
2

+
3
)

⇒
1
0
*

d
b
l
(
2
+

3
)

⇒
.
.
.

⇒
1
0
*

1
0

⇒
1
0
0

(A
pplications

ofarithm
etic

operations
only

con-
sidered

redexes
once

argum
ents

are
num

bers.)
D

em
and-driven

evaluation
or

C
all-B

y-N
eedM

G
S

2011:F
U

N
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W
hy

N
orm

alO
rder

R
eduction?

(1)

N
O

R
seem

s
rather

inefficient.A
ny

use?
•

B
estpossible

term
ination

properties.Tw
o

im
portanttheorem

s
from

the
λ-calculus:

-
C

hurch-R
osser

T
heorem

I:
N

o
term

has
m

ore
than

one
norm

al
form

.
-

C
hurch-R

osser
T

heorem
II:

Ifa
term

has
a

norm
alform

,then
N

O
R

w
illfind

it.
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W
hy

N
orm

alO
rder

R
eduction?

(2)

•
M

ore
expressive

pow
er;e.g.:

-
“Infinite”

data
structures

-
C

ircular
program

m
ing

•
M

ore
declarative

code
as

controlaspects
(order

ofevaluation)
leftim

plicit.
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S
trictvs.N

on-strictS
em

antics
(1)

•
⊥

,or
“bottom

”,the
undefined

value
,

representing
errors

and
non-term

ination
.

•
A

function
f

is
strict

iff:

f
⊥

=
⊥

F
or

exam
ple,

+
is

strictin
both

its
argum

ents:

(0/0)
+

1
=

⊥
+

1
=

⊥

1
+

(0/0)
=

1
+

⊥
=

⊥
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S
trictvs.N

on-strictS
em

antics
(2)

C
onsider:

f
o
o

x
=
1

W
hatis

the
value

of
f
o
o
(
0
/
0
)
?

•
A

O
R

:
f
o
o
(
0
/
0
)

⇒
⊥

C
onceptually,

f
o
o
⊥

=
⊥

;i.e.,
f
o
o

is
strict.

•
N

O
R

:
f
o
o
(
0
/
0
)

⇒
1

C
onceptually,

f
o
o
⊥

=
1;i.e.,

f
o
o

is
non-strict.

T
hus,N

O
R

results
in

non-strictsem
antics.

N
ote:N

O
R

gave
w

ell-defined
result,A

O
R

did
not.
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Lazy
E

valuation
(1)

Lazy
evaluation

is
an

technique
for

im
plem

enting
N

O
R

m
ore

efficiently:
•

A
n

expression
is

evaluated
only

ifneeded
.

•
S

haring
em

ployed
to

ensure
any

one
expression

evaluated
atm

ostonce.
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Lazy
E

valuation
(2)

s
q
r
(
d
b
l
(
2
+
3
)
)

⇒
d
b
l
(
2
+
3
)

*
(•)

⇒
(
(
2
+
3
)

+
(
•)
)

*
(•)

⇒
(
5

+
(
•)
)

*
(•)

⇒
1
0

*
(•)

⇒
1
0
0
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Infinite
D

ata
S

tructures
(1)

t
a
k
e

0
x
s

=
[
]

t
a
k
e

n
[
]

=
[
]

t
a
k
e

n
(
x
:
x
s
)

=
x
:
t
a
k
e

(
n
-
1
)

x
s

f
r
o
m

n
=
n
:

f
r
o
m
(
n
+
1
)

n
a
t
s

=
f
r
o
m
0

m
a
i
n

=
t
a
k
e
5

n
a
t
s
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Infinite
D

ata
S

tructures
(2)

m
a
i
n
⇒

1
t
a
k
e
5
(
•)

⇒
4
0
:
t
a
k
e
4
(
•)

⇒
6
0
:
1
:
t
a
k
e
3
(
•)

⇒
8

...

⇒
0
:
1
:
2
:
3
:
4
:
t
a
k
e
0
(
•)

⇒
[
0
,
1
,
2
,
3
,
4
]

n
a
t
s

⇒
2
f
r
o
m
0

⇒
3
0
:
f
r
o
m
1

⇒
5
0
:
1
:
f
r
o
m
2

⇒
7

...
⇒

0
:
1
:
2
:
3
:
4
:
f
r
o
m
5
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C
ircular

D
ata

S
tructures

(2)

t
a
k
e

0
x
s

=
[
]

t
a
k
e

n
[
]

=
[
]

t
a
k
e

n
(
x
:
x
s
)

=
x
:
t
a
k
e

(
n
-
1
)

x
s

o
n
e
s

=
1
:
o
n
e
s

m
a
i
n

=
t
a
k
e
5

o
n
e
s
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C
ircular

D
ata

S
tructures

(2)

m
a
i
n
⇒

1
t
a
k
e
5
(
•)

⇒
3
1
:
t
a
k
e
4
(
•)

⇒
4
1
:
1
:
t
a
k
e
3
(
•)

⇒
5

...

⇒
1
:
1
:
1
:
1
:
1
:
t
a
k
e
0
(
•)

⇒
[
1
,
1
,
1
,
1
,
1
]

o
n
e
s

⇒
2
1
:

•
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C
ircular

P
rogram

m
ing

(1)

A
non-em

pty
tree

type:

d
a
t
a

T
r
e
e
=
L
e
a
f

I
n
t
|

N
o
d
e
T
r
e
e

T
r
e
e

S
uppose

w
e

w
ould

like
to

w
rite

a
function

that
replaces

each
leafinteger

in
a

given
tree

w
ith

the
sm

allest
integer

in
thattree.

H
ow

m
any

passes
over

the
tree

are
needed?

O
ne!
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C
ircular

P
rogram

m
ing

(2)

W
rite

a
function

thatreplaces
allleafintegers

by
a

given
integer,and

returns
the

new
tree

along
w

ith
the

sm
allestinteger

ofthe
given

tree:

f
m
r

:
:
I
n
t
-
>

T
r
e
e
-
>

(
T
r
e
e
,
I
n
t
)

f
m
r

m
(
L
e
a
f
i
)

=
(
L
e
a
f

m
,
i
)

f
m
r

m
(
N
o
d
e
t
l

t
r
)
=

(
N
o
d
e
t
l
’

t
r
’
,
m
i
n

m
l
m
r
)

w
h
e
r
e(
t
l
’
,

m
l
)
=
f
m
r

m
t
l

(
t
r
’
,

m
r
)
=
f
m
r

m
t
r
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C
ircular

P
rogram

m
ing

(3)

F
or

a
given

tree
t

,the
desired

tree
is

now
obtained

as
the

solution
to

the
equation:

(
t
’
,

m
)
=
f
m
r

m
t

T
hus:

f
i
n
d
M
i
n
R
e
p
l
a
c
e

t
=
t
’

w
h
e
r
e(
t
’
,

m
)
=
f
m
r

m
t

Intuitively,this
w

orks
because

f
m
r

can
com

pute
its

resultw
ithoutneeding

to
know

the
value

of
m

.
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A
S

im
ple

S
preadsheetE

valuator

a
b

c

1
c
3

+
c
2

2
a
3

*
b
2

2
a
2

+
b
2

3
7

a
2

+
a
3

s

⇒

a
b

c

1
3
7

2
1
4

2
1
6

3
7

2
1

r
r
=

a
r
r
a
y
(
b
o
u
n
d
s

s
)

[
(
(
i
,
j
)
,

e
v
a
l

r
(
s
!
(
i
,
j
)
)
)

|
(
i
,
j
)

<
-
i
n
d
i
c
e
s

s
]

T
he

evaluated
sheetis

again
sim

ply
the

solution
to

the
stated

equation.N
o

need
to

w
orry

about
evaluation

order.A
ny

caveats?
M
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B
readth-firstN

um
bering

(1)

C
onsider

the
problem

ofnum
bering

a
possibly

infinitely
deep

tree
in

breadth-firstorder:
1

3

710

14
13

6

2

5
4

9

12
11

8
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B
readth-firstN

um
bering

(2)

T
he

follow
ing

algorithm
is

due
to

G
.Jones

and
J.

G
ibbons

(1992),butthe
presentation

differs.

C
onsider

the
follow

ing
tree

type:

d
a
t
a

T
r
e
e
a
=

E
m
p
t
y

|
N
o
d
e
(
T
r
e
e

a
)
a

(
T
r
e
e
a
)

D
efine:

w
id

th
t
i

T
he

w
idth

ofa
tree

t
atleveli

(0
origin).

lab
el

t
i
j

T
he

jth
label

at
level

i
of

a
tree

t
(0

origin).
M
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B
readth-firstN

um
bering

(3)

T
he

follow
ing

system
ofequations

defines
breadth-firstnum

bering:

lab
el

t
0

0
=

1
(1)

lab
el

t
(i

+
1)

0
=

lab
el

t
i
0

+
w

id
th

t
i

(2)

lab
el

t
i
(j

+
1)

=
lab

el
t
i
j

+
1

(3)

N
ote

that
lab

el
t
i
0

is
defined

for
all

levels
i

(as
long

as
the

w
idths

ofalltree
levels

are
finite).
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B
readth-firstN

um
bering

(4)

T
he

code
thatfollow

s
sets

up
the

defining
system

ofequations:
•

S
tream

s
(infinite

lists)
oflabels

are
used

as
a

m
ediating

data
structure

to
allow

equations
to

be
setup

betw
een

adjacentnodes
w

ithin
levels

and
betw

een
the

lastnode
atone

level
and

the
firstnode

atthe
next.

•
Idea:the

tree
num

bering
function

for
a

subtree
takes

a
stream

oflabels
for

the
firstnode

at
each

level,and
returns

a
stream

oflabels
for

the
node

after
the

lastnode
ateach

level.
M

G
S

2011:
F

U
N

Lecture
1

–
p.27/40

B
readth-firstN

um
bering

(5)

•
A

s
there

m
anifestly

are
no

cyclic
dependences

am
ong

the
equations,w

e
can

entrustthe
details

ofsolving
them

to
the

lazy
evaluation

m
achinery

in
the

safe
know

ledge
thata

solution
w

illbe
found.
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B
readth-firstN

um
bering

(6)
b
f
n

:
:

T
r
e
e

a
-
>

T
r
e
e

I
n
t
e
g
e
r

b
f
n

t
=

t
’

w
h
e
r
e(
n
s
,

t
’
)

=
b
f
n
A
u
x

(
1

:
n
s
)

t

b
f
n
A
u
x

:
:

[
I
n
t
e
g
e
r
]

-
>

T
r
e
e

a

-
>

(
[
I
n
t
e
g
e
r
]
,

T
r
e
e

I
n
t
e
g
e
r
)

b
f
n
A
u
x

n
s

E
m
p
t
y

=
(
n
s
,

E
m
p
t
y
)

b
f
n
A
u
x

(
n

:
n
s
)

(
N
o
d
e

t
l

_
t
r
)

=
(
(
n

+
1
)

:
n
s
’
’
,

N
o
d
e

t
l
’

n
t
r
’
)

w
h
e
r
e(
n
s
’
,

t
l
’
)

=
b
f
n
A
u
x

n
s

t
l

(
n
s
’
’
,

t
r
’
)

=
b
f
n
A
u
x

n
s
’

t
r

E
qns

(1)
&

(2)

E
qn

(3)
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D
ynam

ic
P

rogram
m

ing

D
ynam

ic
P

rogram
m

ing
:

•
C

reate
a

table
ofallsubproblem

s
thatever

w
illhave

to
be

solved.
•

F
illin

table
w

ithoutregard
to

w
hether

the
solution

to
thatparticular

subproblem
w

illbe
needed.

•
C

om
bine

solutions
to

form
overallsolution.

Lazy
E

valuation
is

a
perfectm

atch
as

saves
us

from
having

to
w

orry
aboutfinding

a
suitable

evaluation
order.
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T
he

Triangulation
P

roblem
(1)

S
electa

setofchords
thatdivides

a
convex

polygon
into

triangles
such

that:
•

no
tw

o
chords

cross
each

other
•

the
sum

oftheir
length

is
m

inim
al.

W
e

w
illonly

consider
com

puting
the

m
inim

al
length.

S
ee

A
ho,H

opcroft,U
llm

an
(1983)

for
details.
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T
he

Triangulation
P

roblem
(2)

v
1

v
2

v
3

v
4

v
5

v
6

v
7
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T
he

Triangulation
P

roblem
(3)

•
Let

S
is

denote
the

subproblem
ofsize

s
starting

atvertex
v

i offinding
the

m
inim

um
triangulation

ofthe
polygon

v
i ,

v
i+

1 ,...,
v

i+
s−

1

(counting
m

odulo
the

num
ber

ofvertices).
•

S
ubproblem

s
ofsize

less
than

4
are

trivial.
•

S
olving

S
is

is
done

by
solving

S
i,k

+
1

and
S

i+
k
,s−

k
for

allk,
1
≤

k
≤

s
−

2
.

•
T

he
obvious

recursive
form

ulation
results

in
3

s−
4

(non-trivial)
calls.

•
B

utfor
n
≥

4
vertices

there
are

only
n
(n

−
3)

non-trivialsubproblem
s!
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T
he

Triangulation
P

roblem
(4)

v
i

v
i+

k

v
i+

s−
1

S
i,k

+
1

S
i+

k
,s−

k
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T
he

Triangulation
P

roblem
(5)

•
Let

C
is

denote
the

m
inim

altriangulation
cost

of
S

is .
•

Let
D

(v
p ,v

q )
denote

the
length

ofa
chord

betw
een

v
p

and
v

q
(length

is
0

for
non-chords;

i.e.adjacent
v

p
and

v
q ).

•
F

or
s
≥

4:

C
is

=
m

in
k
∈

[1
,s−

2
]

{

C
i,k

+
1
+

C
i+

k
,s−

k

+
D

(v
i ,v

i+
k )

+
D

(v
i+

k ,v
i+

s−
1 )

}

•
F

or
s

<
4,

S
is

=
0.
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T
he

Triangulation
P

roblem
(6)

T
hese

equations
can

be
transliterated

straight
into

H
askell:

t
r
i
C
o
s
t

:
:

P
o
l
y
g
o
n

-
>

D
o
u
b
l
e

t
r
i
C
o
s
t

p
=

c
o
s
t
!
(
0
,
n
)

w
h
e
r
e

c
o
s
t

=
a
r
r
a
y

(
(
0
,
0
)
,

(
n
-
1
,
n
)
)

(
[

(
(
i
,
s
)
,

m
i
n
i
m
u
m

[
c
o
s
t
!
(
i
,

k
+
1
)

+
c
o
s
t
!
(
(
i
+
k
)

‘
m
o
d
‘

n
,

s
-
k
)

+
d
i
s
t

p
i

(
(
i
+
k
)

‘
m
o
d
‘

n
)

+
d
i
s
t

p
(
(
i
+
k
)

‘
m
o
d
‘

n
)

(
(
i
+
s
-
1
)

‘
m
o
d
‘

n
)

|
k

<
-

[
1
.
.
s
-
2
]

]
)

|
i

<
-

[
0
.
.
n
-
1
]
,

s
<
-

[
4
.
.
n
]

]
+
+

[
(
(
i
,
s
)
,

0
.
0
)

|
i

<
-

[
0
.
.
n
-
1
]
,

s
<
-

[
0
.
.
3
]

]
)

n
=
s
n
d

(
b
o
u
n
d
s

b
)

+
1

M
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A
ttribute

G
ram

m
ars

(1)

Lazy
evaluation

is
also

very
usefulfor

evaluation
of A

ttribute
G

ram
m

ars
:

•
T

he
attribution

function
is

defined
recursively

over
the

tree:
-

takes
inherited

attributes
as

extra
argum

ents;
-

returns
a

tuple
ofallsynthesised

attributes.
•

A
s

long
as

there
exists

som
e

possible
attribution

order,lazy
evaluation

w
illtake

care
ofthe

attribute
evaluation.
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A
ttribute

G
ram

m
ars

(2)

•
T

he
earlier

exam
ples

on
C

ircular
P

rogram
m

ing
and

B
readth-firstN

um
bering

can
be

seen
as

instances
ofthis

idea.
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R
eading

•
John

W
.Lloyd.P

racticaladvantages
of

declarative
program

m
ing.In

JointC
onference

on
D

eclarative
P

rogram
m

ing,
G

U
LP

-P
R

O
D

E
’94,1994.

•
John

H
ughes.W

hy
F

unctionalP
rogram

m
ing

M
atters.T

he
C

om
puter

Journal,
32(2):98–197,A

pril1989.
•

T
hom

as
Johnsson.A

ttribute
G

ram
m

ars
as

a
F

unctionalP
rogram

m
ing

P
aradigm

.In
F

unctionalP
rogram

m
ing

Languages
and

C
om

puter
A

rchitecture,F
P

C
A

’87,1987M
G

S
2011:

F
U

N
Lecture

1
–

p.39/40

R
eading

•
G

eraintJones
and

Jerem
y

G
ibbons.

Linear-tim
e

breadth-firsttree
algorithm

s:A
n

exercise
in

the
arithm

etic
offolds

and
zips.

TechnicalR
eportT

R
-31-92,O

xford
U

niversity
C

om
puting

Laboratory,1992.
•

A
lfred

A
ho,John

H
opcroft,Jeffrey

U
llm

an.
D

ata
S

tructures
and

A
lgorithm

s.
A

ddison-W
esley,1983.
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M
G

S
2011:F

U
N

Lecture
2

P
urely

F
unctionalD

ata
Structures

H
enrik

N
ilsson

U
niversity

ofN
ottingham

,U
K

M
G

S
2011:F
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N

Lecture
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–
p.1/40

P
urely

F
unctionalD

ata
structures

(1)

W
hy

is
there

a
need

to
consider

purely
functional

data
structures?

•
T

he
standard

im
plem

entations
ofm

any
data

structures
assum

e
im

perative
update.To

w
hatextenttruly

necessary?
•

P
urely

functionaldata
structures

are
persistent

,
w

hile
im

perative
ones

are
ephem

eral:
-

P
ersistence

is
a

usefulproperty
in

its
ow

n
right.

-
C

an’texpectadded
benefits

for
free.M

G
S

2011:F
U

N
Lecture

2
–
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P
urely

F
unctionalD

ata
structures

(2)

Linked
list:xy

1
2

3
···

A
fter

insert,ifephem
eral:

xy
1

7

2
3

···

M
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P
urely

F
unctionalD

ata
structures

(3)

Linked
list:xy

1
2

3
···

A
fter

insert,ifpersistent:

x
1

y
1

7

2
3

···

M
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P
urely

F
unctionalD

ata
structures

(4)

T
his

lecture
draw

s
from

:

C
hris

O
kasaki.P

urely
F

unctionalD
ata

S
tructures.C

am
bridge

U
niversity

P
ress,

1998.

W
e

w
illlook

atsom
e

exam
ples

ofhow
num

erical
representations

can
be

used
to

derive
purely

functionaldata
structures.
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N
um

ericalR
epresentations

(1)

S
trong

analogy
betw

een
lists

and
the

usual
representation

ofnaturalnum
bers:

d
a
t
a

L
i
s
t

a
=

N
i
l

|
C
o
n
s

a
(
L
i
s
t

a
)

t
a
i
l

(
C
o
n
s

_
x
s
)

=
x
s

a
p
p
e
n
d

N
i
l

y
s

=
y
s

a
p
p
e
n
d

(
C
o
n
s

x
x
s
)

y
s

=

C
o
n
s

x
(
a
p
p
e
n
d

x
s

y
s
)

d
a
t
a

N
a
t

=

Z
e
r
o

|
S
u
c
c

N
a
t

p
r
e
d

(
S
u
c
c

n
)

=
n

p
l
u
s

Z
e
r
o

n
=

n

p
l
u
s

(
S
u
c
c

m
)

n
=

S
u
c
c

(
p
l
u
s

m
n
)
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N
um

ericalR
epresentations

(2)

T
his

analogy
can

be
taken

further
for

designing
container

structures
because:

•
inserting

an
elem

entresem
bles

increm
enting

a
num

ber
•

com
bining

tw
o

containers
resem

bles
adding

tw
o

num
bers

etc.

T
hus,representations

ofnaturalnum
bers

w
ith

certain
properties

induce
container

types
w

ith
sim

ilar
properties.C

alled
N

um
ericalR

epresentations
.

M
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U
N

Lecture
2

–
p.7/40

R
andom

A
ccess

Lists

W
e

w
illconsider

R
andom

A
ccess

Lists
in

the
follow

ing.S
ignature:

d
a
t
a
R
L
i
s
t
a

e
m
p
t
y

:
:
R
L
i
s
t
a

i
s
E
m
p
t
y
:
:
R
L
i
s
t
a
-
>
B
o
o
l

c
o
n
s

:
:
a
-
>
R
L
i
s
t
a
-
>
R
L
i
s
t
a

h
e
a
d

:
:
R
L
i
s
t
a
-
>
a

t
a
i
l

:
:
R
L
i
s
t
a
-
>
R
L
i
s
t
a

l
o
o
k
u
p

:
:
I
n
t
-
>
R
L
i
s
t
a
-
>
a

u
p
d
a
t
e

:
:
I
n
t
-
>
a
-
>
R
L
i
s
t
a
-
>
R
L
i
s
t
a
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P
ositionalN

um
ber

S
ystem

s
(1)

•
A

num
ber

is
w

ritten
as

a
sequence

ofdigits
b
0 b

1
...

b
m
−

1 ,w
here

b
i
∈

D
i for

a
fixed

fam
ily

of
digitsets

given
by

the
positionalsystem

.
•

b
0

is
the

leastsignificant
digit,

b
m
−

1
the

m
ost

significant
digit(note

the
ordering).

•
E

ach
digit

b
i has

a
w

eight
w

i .T
hus:

valu
e(b

0 b
1
...b

m
−

1 )
=

m
−

1
∑

0

b
i w

i

w
here

the
fixed

sequence
ofw

eights
w

i is
given

by
the

positionalsystem
.
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P
ositionalN

um
ber

S
ystem

s
(2)

•
A

num
ber

is
w

ritten
w

ritten
in

base
B

if
w

i
=

B
iand

D
i
=

{
0
,...

,B
−

1}.
•

T
he

sequence
w

i is
usually,butnot

necessarily,increasing.
•

A
num

ber
system

is
redundant

ifthere
is

m
ore

than
one

w
ay

to
representsom

e
num

bers
(disallow

ing
trailing

zeroes).
•

A
representation

ofa
positionalnum

ber
system

can
be

dense
,m

eaning
including

zeroes,or
sparse

,eliding
zeroes.
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E
xercise

1:P
ositionalN

um
ber

S
ystem

s

S
uppose

w
i
=

2
iand

D
i
=

{
0
,1

,2}.G
ive

three
differentw

ays
to

represent17.
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E
xercise

1:S
olution

•
10001,since

valu
e(10001)

=
1
·
2

0
+

1
·
2

4

•
1002,since

valu
e(1002)

=
1
·
2

0
+

2
·
2

3

•
1021,since

valu
e(1021)

=
1
·
2

0
+

2
·2

2
+

1
·2

3

•
1211,since
valu

e(1211)
=

1
·
2

0
+

2
·
2

1
+

1
·
2

2
+

1
·
2

3
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F
rom

P
ositionalS

ystem
to

C
ontainer

G
iven

a
positionalsystem

,a
num

erical
representation

m
ay

be
derived

as
follow

s:
•

for
a

container
ofsize

n
,consider

a
representation

b
0 b

1
...b

m
−

1
of

n
,

•
representthe

collection
of

n
elem

ents
by

a
sequence

oftrees
ofsize

w
i such

thatthere
are

b
i trees

ofthatsize.

F
or

exam
ple,given

the
positionalsystem

of
exercise

1,a
container

ofsize
17

m
ightbe

represented
by

1
tree

ofsize
1,2

trees
ofsize

2,
1

tree
ofsize

4,and
1

tree
ofsize

8.
M

G
S

2011:
F
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W
hatK

ind
ofTrees?

T
he

kind
oftree

should
be

chosen
depending

on
needed

sizes
and

properties.Tw
o

possibilities:
•

C
om

plete
B

inary
LeafTrees

d
a
t
a
T
r
e
e

a
=
L
e
a
f

a

|
N
o
d
e

(
T
r
e
e

a
)
(
T
r
e
e

a
)

S
izes:

2
n
,n

≥
0

•
C

om
plete

B
inary

Trees
d
a
t
a
T
r
e
e

a
=
L
e
a
f

a

|
N
o
d
e

(
T
r
e
e

a
)
a
(
T
r
e
e

a
)

S
izes:

2
n
+

1
−

1
,n

≥
0

(B
alance

has
to

be
ensured

separately.)
M

G
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E
xam

ple:C
om

plete
B

inary
LeafTree

S
ize

2
3

=
8:

M
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E
xam

ple:C
om

plete
B

inary
Tree

S
ize

2
4
−

1
=

15:
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B
inary

R
andom

A
ccess

Lists
(1)

B
inary

R
andom

A
ccess

Lists
are

induced
by

•
the

usualbinary
representation,i.e.

w
i
=

2
i,

D
i
=

{
0
,1}

•
com

plete
binary

leaftrees

T
hus:

d
a
t
a

T
r
e
e
a
=

L
e
a
f
a

|
N
o
d
e
I
n
t

(
T
r
e
e
a
)

(
T
r
e
e
a
)

d
a
t
a

D
i
g
i
t
a

=
Z
e
r
o
|

O
n
e
(
T
r
e
e

a
)

t
y
p
e

R
L
i
s
t
a

=
[
D
i
g
i
t

a
]

T
he

I
n
t

field
keeps

track
oftree

size
for

speed.
M
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B
inary

R
andom

A
ccess

Lists
(2)

E
xam

ple:B
inary

R
andom

A
ccess

Listofsize
5:

[
O
n
e

,
Z
e
r
o
,
O
n
e

]

M
G

S
2011:

F
U

N
Lecture

2
–

p.18/40



B
inary

R
andom

A
ccess

Lists
(3)

T
he

increm
entfunction

on
dense

binary
num

bers:

i
n
c

[
]
=
[
O
n
e
]

i
n
c

(
Z
e
r
o
:
d
s
)

=
O
n
e

:
d
s

i
n
c

(
O
n
e

:
d
s
)

=
Z
e
r
o

:
i
n
c
d
s

-
-
C
a
r
r
y

M
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B
inary

R
andom

A
ccess

Lists
(4)

Inserting
an

elem
entfirstin

a
binary

random
access

listis
analogous

to
i
n
c

:

c
o
n
s

:
:
a
-
>

R
L
i
s
t
a
-
>

R
L
i
s
t

a

c
o
n
s

x
t
s
=
c
o
n
s
T
r
e
e

(
L
e
a
f

x
)

t
s

c
o
n
s
T
r
e
e

:
:
T
r
e
e

a
-
>

R
L
i
s
t
a

-
>
R
L
i
s
t

a

c
o
n
s
T
r
e
e

t
[
]

=
[
O
n
e

t
]

c
o
n
s
T
r
e
e

t
(
Z
e
r
o

:
t
s
)

=
(
O
n
e

t
:
t
s
)

c
o
n
s
T
r
e
e

t
(
O
n
e

t
’
:
t
s
)

=

Z
e
r
o
:
c
o
n
s
T
r
e
e

(
l
i
n
k

t
t
’
)

t
s
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B
inary

R
andom

A
ccess

Lists
(5)

T
he

utility
function

l
i
n
k

joins
tw

o
equally

sized
trees:

-
-
t
1

a
n
d
t
2

a
r
e
a
s
s
u
m
e
d

t
o
b
e

t
h
e
s
a
m
e

s
i
z
e

l
i
n
k

t
1
t
2
=

N
o
d
e
(
2
*

s
i
z
e
t
1
)

t
1
t
2
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B
inary

R
andom

A
ccess

Lists
(6)

E
xam

ple:R
esultofconsing

elem
entonto

listof
size

5:

[
Z
e
r
o
,
O
n
e

,
O
n
e

]
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E
xercise

2:u
n
c
o
n
s
T
r
e
e

T
he

decrem
entfunction

on
dense

binary
num

bers:

d
e
c

[
O
n
e
]
=
[
]

d
e
c

(
O
n
e

:
d
s
)

=
Z
e
r
o

:
d
s

d
e
c

(
Z
e
r
o
:
d
s
)

=
O
n
e

:
d
e
c
d
s

-
-
B
o
r
r
o
w

D
efine

u
n
c
o
n
s
T
r
e
e

follow
ing

the
above

pattern:

u
n
c
o
n
s
T
r
e
e

:
:

R
L
i
s
t
a

-
>
(
T
r
e
e

a
,
R
L
i
s
t

a
)

A
nd

then
h
e
a
d

and
t
a
i
l

:

h
e
a
d

:
:
R
L
i
s
t

a
-
>
a

t
a
i
l

:
:
R
L
i
s
t

a
-
>
R
L
i
s
t

a

M
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E
xercise

2:S
olution

(1)

u
n
c
o
n
s
T
r
e
e

:
:

R
L
i
s
t
a

-
>
(
T
r
e
e

a
,
R
L
i
s
t

a
)

u
n
c
o
n
s
T
r
e
e

[
O
n
e

t
]

=
(
t
,

[
]
)

u
n
c
o
n
s
T
r
e
e

(
O
n
e

t
:
t
s
)

=
(
t
,

Z
e
r
o
:
t
s
)

u
n
c
o
n
s
T
r
e
e

(
Z
e
r
o

:
t
s
)

=
(
t
1
,

O
n
e
t
2
:

t
s
’
)

w
h
e
r
e(
N
o
d
e

_
t
1
t
2
,

t
s
’
)
=

u
n
c
o
n
s
T
r
e
e

t
s

N
ote:partialoperation.
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E
xercise

2:S
olution

(2)

h
e
a
d

:
:
R
L
i
s
t

a
-
>
a

h
e
a
d

t
s
=
x

w
h
e
r
e(
L
e
a
f

x
,
_
)
=

u
n
c
o
n
s
T
r
e
e

t
s

t
a
i
l

:
:
R
L
i
s
t

a
-
>
R
L
i
s
t

a

t
a
i
l

t
s
=
t
s
’

w
h
e
r
e(
_
,
t
s
’
)

=
u
n
c
o
n
s
T
r
e
e

t
s

M
G

S
2011:

F
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N
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B
inary

R
andom

A
ccess

Lists
(7)

Lookup
is

done
in

tw
o

stages:firstfind
the

right
tree,then

lookup
in

thattree:

l
o
o
k
u
p

:
:
I
n
t

-
>
R
L
i
s
t

a
-
>
a

l
o
o
k
u
p

i
(
Z
e
r
o

:
t
s
)
=

l
o
o
k
u
p

i
t
s

l
o
o
k
u
p

i
(
O
n
e

t
:
t
s
)

|
i
<
s

=
l
o
o
k
u
p
T
r
e
e

i
t

|
o
t
h
e
r
w
i
s
e

=
l
o
o
k
u
p

(
i
-

s
)
t
s

w
h
e
r
es
=
s
i
z
e

t

N
ote:partialoperation.

M
G

S
2011:

F
U

N
Lecture

2
–

p.26/40



B
inary

R
andom

A
ccess

Lists
(8)

l
o
o
k
u
p
T
r
e
e

:
:

I
n
t
-
>
T
r
e
e

a
-
>

a

l
o
o
k
u
p
T
r
e
e

_
(
L
e
a
f
x
)

=
x

l
o
o
k
u
p
T
r
e
e

i
(
N
o
d
e
w
t
1

t
2
)

|
i
<
w
‘
d
i
v
‘

2
=

l
o
o
k
u
p
T
r
e
e

i
t
1

|
o
t
h
e
r
w
i
s
e

=

l
o
o
k
u
p
T
r
e
e

(
i

-
w
‘
d
i
v
‘

2
)
t
2

T
he

operation
u
p
d
a
t
e

has
exactly

the
sam

e
structure.
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B
inary

R
andom

A
ccess

Lists
(9)

T
im

e
com

plexity:
•
c
o
n
s

,
h
e
a
d

,
t
a
i
l

,perform
O

(1)
w

ork
per

digit,thus
O

(log
n
)

w
orstcase.

•
l
o
o
k
u
p

and
u
p
d
a
t
e

take
O

(log
n
)

to
find

the
righttree,and

then
O

(log
n
)

to
find

the
right

elem
entin

thattree,so
O

(log
n
)

w
orstcase

overall.

T
im

e
com

plexity
for

c
o
n
s

,
h
e
a
d

,
t
a
i
l

disappointing:can
w

e
do

better?
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S
kew

B
inary

N
um

bers
(1)

S
kew

B
inary

N
um

bers:

•
w

i
=

2
i+

1
−

1
(rather

than
2

i)
•

D
i
=

{
0
,1

,2}

R
epresentation

is
redundant.B

utw
e

obtain
a

canonicalform
ifw

e
insistthatonly

the
least

significantnon-zero
digitm

ay
be

2.

N
ote:T

he
w

eights
correspond

to
the

sizes
of

com
plete

binary
trees.
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S
kew

B
inary

N
um

bers
(2)

T
heorem

:E
very

naturalnum
ber

n
has

a
unique

skew
binary

canonicalform
.

P
roofsketch.B

y
induction

on
n

.
•

B
ase

case:the
case

for
0

is
direct.
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S
kew

B
inary

N
um

bers
(3)

•
Inductive

case.A
ssum

e
n

has
a

unique
skew

binary
representation

b
0 b

1
...b

m
−

1

-
Ifthe

leastsignificantnon-zero
digitis

sm
aller

than
2,then

n
+

1
has

a
unique

skew
binary

representation
obtained

by
adding

1
to

the
leastsignificantdigit

b
0 .

-
Ifthe

leastsignificantnon-zero
digit

b
i is

2,
then

note
that

1
+

2(2
i+

1
−

1)
=

2
i+

2
−

1.
T

hus
n

+
1

has
a

unique
skew

binary
representation

obtained
by

setting
b
i to

0
and

adding
1

to
b
i+

1 .
M

G
S

2011:
F
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Lecture
2

–
p.31/40

E
xercise

3:S
kew

B
inary

N
um

bers
•

G
ive

the
canonicalskew

binary
representation

for
31,30,29,and

28.
•

A
ssum

e
a

sparse
skew

binary
representation

ofthe
naturalnum

bers
t
y
p
e
N
a
t
=
[
I
n
t
]

w
here

the
integers

representthe
w

eight
of

each
non-zero

digit.A
ssum

e
further

thatthe
integers

are
stored

in
increasing

order,except
thatthe

firsttw
o

m
ay

be
equalindicating

that
the

sm
allestnon-zero

digitis
2.

Im
plem

enta
function

i
n
c

to
increm

enta
naturalnum

ber.
M
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E
xercise

3:S
olution

•
00001,0002,0021,0211

•
i
n
c

:
:
N
a
t
-
>

N
a
t

i
n
c

(
w
1
:
w
2

:
w
s
)

|
w
1
=
=
w
2

=
w
1
*

2
+
1
:

w
s

i
n
c

w
s

=
1
:
w
s

M
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S
kew

B
inary

R
andom

A
ccess

Lists
(1)

d
a
t
a

T
r
e
e
a
=

L
e
a
f
a
|

N
o
d
e
(
T
r
e
e

a
)
a

(
T
r
e
e
a
)

t
y
p
e

R
L
i
s
t
a

=
[
(
I
n
t
,

T
r
e
e
a
)
]

e
m
p
t
y

:
:
R
L
i
s
t

a

e
m
p
t
y

=
[
]

c
o
n
s

:
:
a
-
>

R
L
i
s
t
a
-
>

R
L
i
s
t

a

c
o
n
s

x
(
(
w
1
,

t
1
)
:
(
w
2
,

t
2
)
:

w
t
s
)
|
w
1

=
=
w
2
=

(
w
1
*
2
+

1
,
N
o
d
e

t
1
x
t
2
)

:
w
t
s

c
o
n
s

x
w
t
s
=

(
(
1
,
L
e
a
f

x
)
:
w
t
s
)
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S
kew

B
inary

R
andom

A
ccess

Lists
(2)

E
xam

ple:C
onsing

onto
listofsize

5:

c
o
n
s

[
,

,
]

=
[

,
]

M
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S
kew

B
inary

R
andom

A
ccess

Lists
(3)

E
xam

ple:C
onsing

onto
listofsize

6:

c
o
n
s

[
,

]

=
[

]
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S
kew

B
inary

R
andom

A
ccess

Lists
(4)

E
xam

ple:C
onsing

onto
listofsize

7:

c
o
n
s

[
]

=
[

,
]

M
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S
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S
kew

B
inary

R
andom

A
ccess

Lists
(5)

h
e
a
d

:
:
R
L
i
s
t

a
-
>
a

h
e
a
d

(
(
_
,
L
e
a
f

x
)

:
_
)
=
x

h
e
a
d

(
(
_
,
N
o
d
e

_
x
_
)

:
_
)
=
x

t
a
i
l

:
:
R
L
i
s
t

a
-
>
R
L
i
s
t

a

t
a
i
l

(
(
_
,
L
e
a
f

_
)
:
w
t
s
)

=
w
t
s

t
a
i
l

(
(
w
,
N
o
d
e

t
1
_
t
2
)

:
w
t
s
)

=

(
w
’
,
t
1
)

:
(
w
’
,
t
2
)

:
w
t
s

w
h
e
r
ew
’
=

w
‘
d
i
v
‘
2

N
ote:again,partialoperations.
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S
kew

B
inary

R
andom

A
ccess

Lists
(6)

l
o
o
k
u
p

:
:
I
n
t

-
>
R
L
i
s
t

a
-
>
a

l
o
o
k
u
p

i
(
(
w
,

t
)
:
w
t
s
)

|
i
<
w

=
l
o
o
k
u
p
T
r
e
e

i
w
t

|
o
t
h
e
r
w
i
s
e

=
l
o
o
k
u
p

(
i
-

w
)
w
t
s

l
o
o
k
u
p
T
r
e
e

:
:

I
n
t
-
>
I
n
t

-
>
T
r
e
e

a
-
>
a

l
o
o
k
u
p
T
r
e
e

_
_
(
L
e
a
f
x
)

=
x

l
o
o
k
u
p
T
r
e
e

i
w
(
N
o
d
e
t
1

x
t
2
)

|
i
=
=
0

=
x

|
i
<
w
’

=
l
o
o
k
u
p
T
r
e
e

(
i

-
1
)
w
’

t
1

|
o
t
h
e
r
w
i
s
e

=
l
o
o
k
u
p
T
r
e
e

(
i

-
w
’
-

1
)
w
’
t
2

w
h
e
r
ew
’
=

w
‘
d
i
v
‘
2
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S
kew

B
inary

R
andom

A
ccess

Lists
(7)

T
im

e
com

plexity:
•
c
o
n
s

,
h
e
a
d

,
t
a
i
l

:
O

(1).

•
l
o
o
k
u
p

and
u
p
d
a
t
e

take
O

(log
n
)

to
find

the
righttree,and

then
O

(log
n
)

to
find

the
right

elem
entin

thattree,so
O

(log
n
)

w
orstcase

overall.

O
kasaki:

“A
lthough

there
are

better
im

plem
entations

oflists,and
better

im
plem

entations
of

(persistent)
arrays,none

are
better

atboth.”
M
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M
G

S
2011:F

U
N

Lecture
3

M
onads

H
enrik

N
ilsson

U
niversity

ofN
ottingham

,U
K

M
G

S
2011:F
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A
B

lessing
and

a
C

urse

•
T

he
B

IG
advantage

ofpure
functional

program
m

ing
is

“everything
is

explicit;”
i.e.,flow

ofdata
m

anifest,no
side

effects.
M

akes
ita

loteasier
to

understand
large

program
s.

•
T

he
B

IG
problem

w
ith

pure
functional

program
m

ing
is

“everything
is

explicit.”
C

an
add

a
lotofclutter,m

ake
ithard

to
m

aintain
code
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C
onundrum

“S
hallIbe

pure
or

im
pure?”

(W
adler,1992)

•
A

bsence
ofeffects

-
facilitates

understanding
and

reasoning
-

m
akes

lazy
evaluation

viable
-

allow
s

choice
ofreduction

order,e.g.parallel
-

enhances
m

odularity
and

reuse.
•

E
ffects

(state,exceptions,...)
can

-
help

m
aking

code
concise

-
facilitate

m
aintenance

-
im

prove
the

efficiency.
M

G
S

2011:F
U

N
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E
xam

ple:A
C

om
piler

F
ragm

ent(1)

Identification
is

the
task

ofrelating
each

applied
identifier

occurrence
to

its
declaration

or
definition:

p
u
b
l
i
c
c
l
a
s
s
C
{

i
n
t
x
,
n
;

v
o
i
d
s
e
t
(
i
n
t
n
)
{
x
=
n
;
}

}

In
the

body
of
s
e
t

,the
one

applied
occurrence

of
•
x

refers
to

the
instance

variable
x

•
n

refers
to

the
argum

ent
n

.
M
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E
xam

ple:A
C

om
piler

F
ragm

ent(2)

C
onsider

an
A

S
T
E
x
p

for
a

sim
ple

expression
language.

E
x
p

is
a

param
eterized

type:the
type

param
eter

a
allow

s
variables

to
be

annotated
w

ith
an

attribute
oftype

a
.

d
a
t
a

E
x
p
a

=
L
i
t
I
n
t

I
n
t

|
V
a
r

I
d
a

|
U
n
O
p
A
p
p

U
n
O
p
(
E
x
p

a
)

|
B
i
n
O
p
A
p
p

B
i
n
O
p
(
E
x
p

a
)
(
E
x
p

a
)

|
I
f

(
E
x
p
a
)

(
E
x
p
a
)

(
E
x
p
a
)

|
L
e
t

[
(
I
d
,
T
y
p
e
,

E
x
p

a
)
]
(
E
x
p

a
)
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E
xam

ple:A
C

om
piler

F
ragm

ent(3)

E
xam

ple:T
he

follow
ing

code
fragm

ent

l
e
t

i
n
t
x
=
7

i
n
x
+
3
5

w
ould

be
represented

like
this

(before
identification):

L
e
t

[
(
"
x
"
,
I
n
t
T
y
p
e
,

L
i
t
I
n
t

7
)
]

(
B
i
n
O
p
A
p
p

P
l
u
s

(
V
a
r
"
x
"

(
)
)

(
L
i
t
I
n
t

3
5
)
)

M
G

S
2011:F

U
N

Lecture
3

–
p.6/52



E
xam

ple:A
C

om
piler

F
ragm

ent(4)

G
oals

ofthe
identification

phase:
•

A
nnotate

each
applied

identifier
occurrence

w
ith

attributes
ofthe

corresponding
variable

declaration.
I.e.,m

ap
unannotated

A
S

T
E
x
p
(
)

to
annotated

A
S

T
E
x
p
A
t
t
r

.
•

R
eportconflicting

variable
definitions

and
undefined

variables.

i
d
e
n
t
i
f
i
c
a
t
i
o
n

:
:

E
x
p
(
)
-
>

(
E
x
p
A
t
t
r
,

[
E
r
r
o
r
M
s
g
]
)

M
G

S
2011:F
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N

Lecture
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E
xam

ple:A
C

om
piler

F
ragm

ent(5)

E
xam

ple:B
efore

Identification

L
e
t

[
(
"
x
"
,
I
n
t
T
y
p
e
,

L
i
t
I
n
t

7
)
]

(
B
i
n
O
p
A
p
p

P
l
u
s

(
V
a
r
"
x
"

(
)
)

(
L
i
t
I
n
t

3
5
)
)

A
fter

identification:

L
e
t

[
(
"
x
"
,
I
n
t
T
y
p
e
,

L
i
t
I
n
t

7
)
]

(
B
i
n
O
p
A
p
p

P
l
u
s

(
V
a
r
"
x
"

(
1
,
I
n
t
T
y
p
e
)
)

(
L
i
t
I
n
t

3
5
)
)
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E
xam

ple:A
C

om
piler

F
ragm

ent(6)

e
n
t
e
r
V
a
r

inserts
a

variable
atthe

given
scope

leveland
ofthe

given
type

into
an

environm
ent.

•
C

heck
thatno

variable
w

ith
sam

e
nam

e
has

been
defined

atthe
sam

e
scope

level.
•

Ifnot,the
new

variable
is

entered,and
the

resulting
environm

ent
is

returned.
•

O
therw

ise
an

error
m

essage
is

returned.

e
n
t
e
r
V
a
r

:
:
I
d

-
>
I
n
t

-
>
T
y
p
e

-
>
E
n
v

-
>

E
i
t
h
e
r

E
n
v

E
r
r
o
r
M
s
g

M
G
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E
xam

ple:A
C

om
piler

F
ragm

ent(7)

F
unctions

thatdo
the

realw
ork:

i
d
e
n
t
A
u
x

:
:

I
n
t
-
>
E
n
v

-
>
E
x
p

(
)

-
>
(
E
x
p
A
t
t
r
,

[
E
r
r
o
r
M
s
g
]
)

i
d
e
n
t
D
e
f
s

:
:

I
n
t
-
>
E
n
v

-
>
[
(
I
d
,

T
y
p
e
,

E
x
p
(
)
)
]

-
>
(
[
(
I
d
,

T
y
p
e
,
E
x
p

A
t
t
r
)
]
,

E
n
v
,

[
E
r
r
o
r
M
s
g
]
)
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E
xam

ple:A
C

om
piler

F
ragm

ent(8)

i
d
e
n
t
D
e
f
s

l
e
n
v

[
]
=
(
[
]
,

e
n
v
,

[
]
)

i
d
e
n
t
D
e
f
s

l
e
n
v

(
(
i
,
t
,
e
)

:
d
s
)

=

(
(
i
,
t
,
e
’
)

:
d
s
’
,
e
n
v
’
’
,

m
s
1
+
+
m
s
2
+
+
m
s
3
)

w
h
e
r
e

(
e
’
,
m
s
1
)

=
i
d
e
n
t
A
u
x

l
e
n
v

e

(
e
n
v
’
,
m
s
2
)

=

c
a
s
e
e
n
t
e
r
V
a
r

i
l
t
e
n
v

o
f

L
e
f
t

e
n
v
’
-
>

(
e
n
v
’
,

[
]
)

R
i
g
h
t

m
-
>

(
e
n
v
,

[
m
]
)

(
d
s
’
,
e
n
v
’
’
,

m
s
3
)

=

i
d
e
n
t
D
e
f
s

l
e
n
v
’

d
s
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E
xam

ple:A
C

om
piler

F
ragm

ent(9)

E
rror

checking
and

collection
oferror

m
essages

arguably
added

a
lotofclutter

.T
he

core
ofthe

algorithm
is

this:

i
d
e
n
t
D
e
f
s

l
e
n
v

[
]
=
(
[
]
,

e
n
v
)

i
d
e
n
t
D
e
f
s

l
e
n
v

(
(
i
,
t
,
e
)

:
d
s
)

=

(
(
i
,
t
,
e
’
)

:
d
s
’
,
e
n
v
’
’
)

w
h
e
r
e

e
’

=
i
d
e
n
t
A
u
x

l
e
n
v
e

e
n
v
’

=
e
n
t
e
r
V
a
r

i
l
t
e
n
v

(
d
s
’
,
e
n
v
’
’
)

=
i
d
e
n
t
D
e
f
s

l
e
n
v
’
d
s

E
rrors

are
justa

side
effect

.
M

G
S

2011:
F

U
N

Lecture
3

–
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A
nsw

er
to

C
onundrum

:M
onads

(1)
•

M
onads

bridges
the

gap:allow
effectful

program
m

ing
in

a
pure

setting.
•

K
ey

idea:C
om

putationaltypes
:an

objectof
type

M
A

denotes
a

com
putation

ofan
objectoftype

A
.

•
T

hus
w

e
shallbe

both
pure

and
im

pure,
w

hatever
takes

our
fancy!

•
M

onads
originated

in
C

ategory
T

heory.
•

A
dapted

by
-

M
oggifor

structuring
denotationalsem

antics
-

W
adler

for
structuring

functionalprogram
s
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A
nsw

er
to

C
onundrum

:M
onads

(2)
M

onads
•

prom
ote

disciplined
use

ofeffects
since

the
type

reflects
w

hich
effects

can
occur;

•
allow

greatflexibility
in

tailoring
the

effect
structure

to
precise

needs;
•

supportchanges
to

the
effectstructure

w
ith

m
inim

alim
pacton

the
overallprogram

structure;
•

allow
integration

into
a

pure
setting

ofreal
effects

such
as

-
I/O

-
m

utable
state.
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T
his

Lecture

P
ragm

atic
introduction

to
m

onads:

•
E

ffectfulcom
putations

•
Identifying

a
com

m
on

pattern
•

M
onads

as
a

design
pattern

M
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E
xam

ple
1:A

S
im

ple
E

valuator

d
a
t
a

E
x
p
=
L
i
t

I
n
t
e
g
e
r

|
A
d
d

E
x
p
E
x
p

|
S
u
b

E
x
p
E
x
p

|
M
u
l

E
x
p
E
x
p

|
D
i
v

E
x
p
E
x
p

e
v
a
l

:
:
E
x
p
-
>

I
n
t
e
g
e
r

e
v
a
l

(
L
i
t
n
)

=
n

e
v
a
l

(
A
d
d
e
1

e
2
)
=
e
v
a
l

e
1
+
e
v
a
l

e
2

e
v
a
l

(
S
u
b
e
1

e
2
)
=
e
v
a
l

e
1
-
e
v
a
l

e
2

e
v
a
l

(
M
u
l
e
1

e
2
)
=
e
v
a
l

e
1
*
e
v
a
l

e
2

e
v
a
l

(
D
i
v
e
1

e
2
)
=
e
v
a
l

e
1
‘
d
i
v
‘

e
v
a
l
e
2
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M
aking

the
E

valuator
S

afe
(1)

d
a
t
a

M
a
y
b
e
a

=
N
o
t
h
i
n
g

|
J
u
s
t

a

s
a
f
e
E
v
a
l

:
:
E
x
p

-
>
M
a
y
b
e

I
n
t
e
g
e
r

s
a
f
e
E
v
a
l

(
L
i
t

n
)
=
J
u
s
t

n

s
a
f
e
E
v
a
l

(
A
d
d

e
1
e
2
)
=

c
a
s
e
s
a
f
e
E
v
a
l

e
1
o
f

N
o
t
h
i
n
g

-
>
N
o
t
h
i
n
g

J
u
s
t

n
1
-
>

c
a
s
e

s
a
f
e
E
v
a
l

e
2
o
f

N
o
t
h
i
n
g

-
>
N
o
t
h
i
n
g

J
u
s
t
n
2

-
>
J
u
s
t

(
n
1
+
n
2
)
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M
aking

the
E

valuator
S

afe
(2)

s
a
f
e
E
v
a
l

(
S
u
b

e
1
e
2
)
=

c
a
s
e
s
a
f
e
E
v
a
l

e
1
o
f

N
o
t
h
i
n
g

-
>
N
o
t
h
i
n
g

J
u
s
t

n
1
-
>

c
a
s
e

s
a
f
e
E
v
a
l

e
2
o
f

N
o
t
h
i
n
g

-
>
N
o
t
h
i
n
g

J
u
s
t
n
2

-
>
J
u
s
t

(
n
1
-
n
2
)
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M
aking

the
E

valuator
S

afe
(3)

s
a
f
e
E
v
a
l

(
M
u
l

e
1
e
2
)
=

c
a
s
e
s
a
f
e
E
v
a
l

e
1
o
f

N
o
t
h
i
n
g

-
>
N
o
t
h
i
n
g

J
u
s
t

n
1
-
>

c
a
s
e

s
a
f
e
E
v
a
l

e
2
o
f

N
o
t
h
i
n
g

-
>
N
o
t
h
i
n
g

J
u
s
t
n
2

-
>
J
u
s
t

(
n
1
*
n
2
)
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M
aking

the
E

valuator
S

afe
(4)

s
a
f
e
E
v
a
l

(
D
i
v

e
1
e
2
)
=

c
a
s
e
s
a
f
e
E
v
a
l

e
1
o
f

N
o
t
h
i
n
g

-
>
N
o
t
h
i
n
g

J
u
s
t

n
1
-
>

c
a
s
e

s
a
f
e
E
v
a
l

e
2
o
f

N
o
t
h
i
n
g

-
>
N
o
t
h
i
n
g

J
u
s
t
n
2

-
>

i
f

n
2
=
=
0

t
h
e
n

N
o
t
h
i
n
g

e
l
s
e

J
u
s
t

(
n
1
‘
d
i
v
‘

n
2
)
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A
ny

C
om

m
on

P
attern?

C
learly

a
lotofcode

duplication!
C

an
w

e
factor

outa
com

m
on

pattern?

W
e

note:
•

S
equencing

ofevaluations
(or

com
putations

).
•

Ifone
evaluation

fails,failoverall.
•

O
therw

ise,m
ake

resultavailable
to

follow
ing

evaluations.
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S
equencing

E
valuations

e
v
a
l
S
e
q

:
:
M
a
y
b
e

I
n
t
e
g
e
r

-
>

(
I
n
t
e
g
e
r

-
>
M
a
y
b
e

I
n
t
e
g
e
r
)

-
>

M
a
y
b
e
I
n
t
e
g
e
r

e
v
a
l
S
e
q

m
a
f

=

c
a
s
e
m
a
o
f

N
o
t
h
i
n
g

-
>
N
o
t
h
i
n
g

J
u
s
t

a
-
>
f
a
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E
xercise

1:R
efactorings

a
f
e
E
v
a
l

R
ew

rite
s
a
f
e
E
v
a
l

,case
A
d
d

,using
e
v
a
l
S
e
q

:
s
a
f
e
E
v
a
l

(
A
d
d

e
1
e
2
)
=

c
a
s
e

s
a
f
e
E
v
a
l

e
1

o
f

N
o
t
h
i
n
g

-
>
N
o
t
h
i
n
g

J
u
s
t

n
1

-
>

c
a
s
e

s
a
f
e
E
v
a
l

e
2

o
f

N
o
t
h
i
n
g

-
>
N
o
t
h
i
n
g

J
u
s
t

n
2

-
>

J
u
s
t
(
n
1

+
n
2
)

e
v
a
l
S
e
q

m
a
f

=

c
a
s
e

m
a

o
f

N
o
t
h
i
n
g

-
>
N
o
t
h
i
n
g

J
u
s
t

a
-
>

f
a

M
G

S
2011:

F
U

N
Lecture

3
–

p.23/52

E
xercise

1:S
olution

s
a
f
e
E
v
a
l

:
:
E
x
p

-
>
M
a
y
b
e

I
n
t
e
g
e
r

s
a
f
e
E
v
a
l

(
A
d
d

e
1
e
2
)
=

e
v
a
l
S
e
q
(
s
a
f
e
E
v
a
l

e
1
)

(
\
n
1

-
>
e
v
a
l
S
e
q

(
s
a
f
e
E
v
a
l

e
2
)

(
\
n
2

-
>
J
u
s
t

(
n
1
+
n
2
)
)
)

ors
a
f
e
E
v
a
l

:
:
E
x
p

-
>
M
a
y
b
e

I
n
t
e
g
e
r

s
a
f
e
E
v
a
l

(
A
d
d

e
1
e
2
)
=

s
a
f
e
E
v
a
l

e
1
‘
e
v
a
l
S
e
q
‘

(
\
n
1

-
>

s
a
f
e
E
v
a
l

e
2
‘
e
v
a
l
S
e
q
‘

(
\
n
2

-
>

J
u
s
t
(
n
1

+
n
2
)
)
)
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A
side:S

cope
R

ules
ofλ-abstractions

T
he

scope
rules

of
λ-abstractions

are
such

that
parentheses

can
be

om
itted:

s
a
f
e
E
v
a
l

:
:
E
x
p

-
>
M
a
y
b
e

I
n
t
e
g
e
r

.
.
.

s
a
f
e
E
v
a
l

(
A
d
d

e
1
e
2
)
=

s
a
f
e
E
v
a
l

e
1
‘
e
v
a
l
S
e
q
‘

\
n
1

-
>

s
a
f
e
E
v
a
l

e
2
‘
e
v
a
l
S
e
q
‘

\
n
2

-
>

J
u
s
t
(
n
1

+
n
2
)

.
.
.
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R
efactored

S
afe

E
valuator

(1)

s
a
f
e
E
v
a
l

:
:
E
x
p

-
>
M
a
y
b
e

I
n
t
e
g
e
r

s
a
f
e
E
v
a
l

(
L
i
t

n
)
=
J
u
s
t

n

s
a
f
e
E
v
a
l

(
A
d
d

e
1
e
2
)
=

s
a
f
e
E
v
a
l

e
1
‘
e
v
a
l
S
e
q
‘

\
n
1

-
>

s
a
f
e
E
v
a
l

e
2
‘
e
v
a
l
S
e
q
‘

\
n
2

-
>

J
u
s
t
(
n
1

+
n
2
)

s
a
f
e
E
v
a
l

(
S
u
b

e
1
e
2
)
=

s
a
f
e
E
v
a
l

e
1
‘
e
v
a
l
S
e
q
‘

\
n
1

-
>

s
a
f
e
E
v
a
l

e
2
‘
e
v
a
l
S
e
q
‘

\
n
2

-
>

J
u
s
t
(
n
1

-
n
2
)
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R
efactored

S
afe

E
valuator

(2)

s
a
f
e
E
v
a
l

(
M
u
l

e
1
e
2
)
=

s
a
f
e
E
v
a
l

e
1
‘
e
v
a
l
S
e
q
‘

\
n
1

-
>

s
a
f
e
E
v
a
l

e
2
‘
e
v
a
l
S
e
q
‘

\
n
2

-
>

J
u
s
t
(
n
1

*
n
2
)

s
a
f
e
E
v
a
l

(
D
i
v

e
1
e
2
)
=

s
a
f
e
E
v
a
l

e
1
‘
e
v
a
l
S
e
q
‘

\
n
1

-
>

s
a
f
e
E
v
a
l

e
2
‘
e
v
a
l
S
e
q
‘

\
n
2

-
>

i
f
n
2
=
=

0

t
h
e
n
N
o
t
h
i
n
g

e
l
s
e
J
u
s
t

(
n
1
‘
d
i
v
‘

n
2
)
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Inlining
e
v
a
l
S
e
q

(1)

s
a
f
e
E
v
a
l

(
A
d
d

e
1
e
2
)
=

s
a
f
e
E
v
a
l

e
1

‘
e
v
a
l
S
e
q
‘

\
n
1
-
>

s
a
f
e
E
v
a
l

e
2

‘
e
v
a
l
S
e
q
‘

\
n
2
-
>

J
u
s
t

(
n
1
+

n
2
)

=s
a
f
e
E
v
a
l

(
A
d
d

e
1
e
2
)
=

c
a
s
e

(
s
a
f
e
E
v
a
l

e
1
)
o
f

N
o
t
h
i
n
g
-
>

N
o
t
h
i
n
g

J
u
s
t
a
-
>

(
\
n
1
-
>

s
a
f
e
E
v
a
l

e
2
.
.
.
)

a

M
G

S
2011:

F
U

N
Lecture

3
–

p.28/52



Inlining
e
v
a
l
S
e
q

(2)
=s
a
f
e
E
v
a
l

(
A
d
d
e
1

e
2
)
=

c
a
s
e

(
s
a
f
e
E
v
a
l

e
1
)
o
f

N
o
t
h
i
n
g

-
>

N
o
t
h
i
n
g

J
u
s
t

n
1
-
>

s
a
f
e
E
v
a
l

e
2
‘
e
v
a
l
S
e
q
‘

(
\
n
2

-
>
.
.
.
)

=s
a
f
e
E
v
a
l

(
A
d
d
e
1

e
2
)
=

c
a
s
e

(
s
a
f
e
E
v
a
l

e
1
)
o
f

N
o
t
h
i
n
g

-
>

N
o
t
h
i
n
g

J
u
s
t

n
1
-
>

c
a
s
e
s
a
f
e
E
v
a
l

e
2

o
f

N
o
t
h
i
n
g

-
>
N
o
t
h
i
n
g

J
u
s
t
a

-
>
(
\
n
2

-
>
.
.
.
)
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Inlining
e
v
a
l
S
e
q

(3)

=s
a
f
e
E
v
a
l

(
A
d
d

e
1
e
2
)
=

c
a
s
e

(
s
a
f
e
E
v
a
l

e
1
)
o
f

N
o
t
h
i
n
g
-
>

N
o
t
h
i
n
g

J
u
s
t
n
1
-
>

c
a
s
e
s
a
f
e
E
v
a
l

e
2

o
f

N
o
t
h
i
n
g

-
>
N
o
t
h
i
n
g

J
u
s
t

n
2
-
>
(
J
u
s
t

n
1
+

n
2
)

G
ood

excercise:verify
the

other
cases.
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M
a
y
b
e

V
iew

ed
as

a
C

om
putation

(1)

•
C

onsider
a

value
oftype

M
a
y
b
e
a

as
denoting

a
com

putation
ofa

value
oftype

a
thatm

ay
fail.

•
W

hen
sequencing

possibly
failing

com
putations,a

naturalchoice
is

to
fail

overallonce
a

subcom
putation

fails.
•

I.e.failure
is

an
effect

,im
plicitly

affecting
subsequentcom

putations.
•

Let’s
generalize

and
adoptnam

es
reflecting

our
intentions.
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M
a
y
b
e

V
iew

ed
as

a
C

om
putation

(2)

S
uccessfulcom

putation
ofa

value:

m
b
R
e
t
u
r
n

:
:
a

-
>
M
a
y
b
e

a

m
b
R
e
t
u
r
n

=
J
u
s
t

S
equencing

ofpossibly
failing

com
putations:

m
b
S
e
q

:
:
M
a
y
b
e

a
-
>
(
a

-
>
M
a
y
b
e

b
)
-
>
M
a
y
b
e

b

m
b
S
e
q

m
a
f
=

c
a
s
e
m
a
o
f

N
o
t
h
i
n
g

-
>
N
o
t
h
i
n
g

J
u
s
t

a
-
>
f
a
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M
a
y
b
e

V
iew

ed
as

a
C

om
putation

(3)

Failing
com

putation:

m
b
F
a
i
l

:
:
M
a
y
b
e

a

m
b
F
a
i
l

=
N
o
t
h
i
n
g

M
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T
he

S
afe

E
valuator

R
evisited

s
a
f
e
E
v
a
l

:
:
E
x
p

-
>
M
a
y
b
e

I
n
t
e
g
e
r

s
a
f
e
E
v
a
l

(
L
i
t

n
)
=
m
b
R
e
t
u
r
n

n

s
a
f
e
E
v
a
l

(
A
d
d

e
1
e
2
)
=

s
a
f
e
E
v
a
l

e
1
‘
m
b
S
e
q
‘

\
n
1
-
>

s
a
f
e
E
v
a
l

e
2
‘
m
b
S
e
q
‘

\
n
2
-
>

m
b
R
e
t
u
r
n

(
n
1
+
n
2
)

.
.
.

s
a
f
e
E
v
a
l

(
D
i
v

e
1
e
2
)
=

s
a
f
e
E
v
a
l

e
1
‘
m
b
S
e
q
‘

\
n
1
-
>

s
a
f
e
E
v
a
l

e
2
‘
m
b
S
e
q
‘

\
n
2
-
>

i
f
n
2
=
=

0
t
h
e
n
m
b
F
a
i
l

e
l
s
e
m
b
R
e
t
u
r
n

(
n
1

‘
d
i
v
‘
n
2
)
)
)
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E
xam

ple
2:N

um
bering

Trees

d
a
t
a

T
r
e
e
a
=

L
e
a
f
a
|

N
o
d
e
(
T
r
e
e

a
)
(
T
r
e
e

a
)

n
u
m
b
e
r
T
r
e
e

:
:

T
r
e
e
a
-
>

T
r
e
e
I
n
t

n
u
m
b
e
r
T
r
e
e

t
=
f
s
t
(
n
t
A
u
x

t
0
)

w
h
e
r
en
t
A
u
x

:
:
T
r
e
e

a
-
>
I
n
t

-
>
(
T
r
e
e

I
n
t
,
I
n
t
)

n
t
A
u
x

(
L
e
a
f
_
)

n
=

(
L
e
a
f
n
,

n
+
1
)

n
t
A
u
x

(
N
o
d
e
t
1

t
2
)
n
=

l
e
t

(
t
1
’
,

n
’
)

=
n
t
A
u
x

t
1
n

i
n

l
e
t
(
t
2
’
,

n
’
’
)

=
n
t
A
u
x
t
2

n
’

i
n
(
N
o
d
e

t
1
’
t
2
’
,

n
’
’
)
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O
bservations

•
R

epetitive
pattern:threading

a
counter

through
a

sequence
oftree

num
bering

com
putations

.
•

Itis
very

easy
to

pass
on

the
w

rong
version

of
the

counter!

C
an

w
e

do
better?
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S
tatefulC

om
putations

(1)

•
A

statefulcom
putation

consum
es

a
state

and
returns

a
resultalong

w
ith

a
possibly

updated
state.

•
T

he
follow

ing
type

synonym
captures

this
idea:
t
y
p
e
S
a

=
I
n
t
-
>
(
a
,
I
n
t
)

(O
nly

I
n
t

state
for

the
sake

ofsim
plicity.)

•
A

value
(function)

oftype
S
a

can
now

be
view

ed
as

denoting
a

statefulcom
putation

com
puting

a
value

oftype
a

.
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S
tatefulC

om
putations

(2)

•
W

hen
sequencing

statefulcom
putations,the

resulting
state

should
be

passed
on

to
the

nextcom
putation.

•
I.e.state

updating
is

an
effect

,im
plicitly

affecting
subsequentcom

putations.
(A

s
w

e
w

ould
expect.)
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S
tatefulC

om
putations

(3)

C
om

putation
ofa

value
w

ithoutchanging
the

state
(F

or
ref.:

S
a

=
I
n
t
-
>
(
a
,
I
n
t
)

):

s
R
e
t
u
r
n

:
:
a

-
>
S
a

s
R
e
t
u
r
n

a
=
\
n

-
>
(
a
,

n
)

S
equencing

ofstatefulcom
putations:

s
S
e
q

:
:
S
a
-
>

(
a
-
>
S

b
)
-
>
S

b

s
S
e
q

s
a
f
=
\
n

-
>

l
e
t
(
a
,
n
’
)

=
s
a
n

i
n
f
a
n
’
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S
tatefulC

om
putations

(4)

R
eading

and
increm

enting
the

state
(F

or
ref.:

S
a

=
I
n
t
-
>
(
a
,
I
n
t
)

):

s
I
n
c

:
:
S
I
n
t

s
I
n
c

=
\
n
-
>

(
n
,
n
+
1
)
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N
um

bering
trees

revisited
d
a
t
a

T
r
e
e
a
=

L
e
a
f
a
|

N
o
d
e
(
T
r
e
e

a
)
(
T
r
e
e

a
)

n
u
m
b
e
r
T
r
e
e

:
:

T
r
e
e
a
-
>

T
r
e
e
I
n
t

n
u
m
b
e
r
T
r
e
e

t
=
f
s
t
(
n
t
A
u
x

t
0
)

w
h
e
r
en
t
A
u
x

:
:
T
r
e
e

a
-
>
S
(
T
r
e
e

I
n
t
)

n
t
A
u
x

(
L
e
a
f
_
)

=

s
I
n
c

‘
s
S
e
q
‘

\
n
-
>

s
R
e
t
u
r
n
(
L
e
a
f

n
)

n
t
A
u
x

(
N
o
d
e
t
1

t
2
)
=

n
t
A
u
x

t
1
‘
s
S
e
q
‘

\
t
1
’

-
>

n
t
A
u
x

t
2
‘
s
S
e
q
‘

\
t
2
’

-
>

s
R
e
t
u
r
n

(
N
o
d
e

t
1
’

t
2
’
)
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O
bservations

•
T

he
“plum

bing”
has

been
captured

by
the

abstractions.
•

In
particular:

-
counter

no
longer

m
anipulated

directly
-

no
longer

any
risk

of“passing
on”

the
w

rong
version

ofthe
counter!
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C
om

parison
ofthe

exam
ples

•
B

oth
exam

ples
characterized

by
sequencing

ofeffectfulcom
putations.

•
B

oth
exam

ples
could

be
neatly

structured
by

introducing:
-

A
type

denoting
com

putations
-

A
function

constructing
an

effect-free
com

putation
ofa

value
-

A
function

constructing
a

com
putation

by
sequencing

com
putations

•
In

fact,both
exam

ples
are

instances
ofthe

generalnotion
ofa

M
O

N
A

D
.
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M
onads

in
F

unctionalP
rogram

m
ing

A
m

onad
is

represented
by:

•
A

type
constructor

M
:
:
*
-
>
*

M
T

represents
com

putations
ofa

value
oftype

T
.

•
A

polym
orphic

function
r
e
t
u
r
n
:
:
a
-
>
M
a

for
lifting

a
value

to
a

com
putation.

•
A

polym
orphic

function
(
>
>
=
)
:
:
M
a
-
>
(
a
-
>
M
b
)
-
>
M
b

for
sequencing

com
putations.
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E
xercise

2:j
o
i
n

and
f
m
a
p

E
quivalently,the

notion
ofa

m
onad

can
be

captured
through

the
follow

ing
functions:

r
e
t
u
r
n
:
:
a

-
>
M
a

j
o
i
n
:
:
(
M
(
M
a
)
)
-
>
M
a

f
m
a
p
:
:
(
a
-
>
b
)
-
>
(
M
a

-
>
M
b
)

j
o
i
n

“flattens”
a

com
putation,

f
m
a
p

“lifts”
a

function
to

m
ap

com
putations

to
com

putations.

D
efine

j
o
i
n

and
f
m
a
p

in
term

s
of
>
>
=

(and
r
e
t
u
r
n

),and
>
>
=

in
term

s
of
j
o
i
n

and
f
m
a
p

.

(
>
>
=
)
:
:
M
a
-
>
(
a
-
>
M
b
)
-
>
M
b

M
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E
xercise

2:S
olution

j
o
i
n

:
:
M
(
M

a
)
-
>
M
a

j
o
i
n

m
m
=
m
m

>
>
=
i
d

f
m
a
p

:
:
(
a
-
>

b
)
-
>
M

a
-
>
M
b

f
m
a
p

f
m
=
m

>
>
=
\
a
-
>

r
e
t
u
r
n

(
f
a
)

or:
f
m
a
p

:
:
(
a
-
>

b
)
-
>
M

a
-
>
M
b

f
m
a
p

f
m
=
m

>
>
=
r
e
t
u
r
n

.
f

(
>
>
=
)

:
:
M
a

-
>
(
a
-
>

M
b
)
-
>

M
b

m
>
>
=

f
=
j
o
i
n

(
f
m
a
p
f

m
)
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M
onad

law
s

A
dditionally,the

follow
ing

law
s

m
ustbe

satisfied:

r
e
t
u
r
n

x
>
>
=

f
=

f
x

m
>
>
=
r
e
t
u
r
n

=
m

(m
>
>
=

f
)
>
>
=

g
=

m
>
>
=

(λ
x
→

f
x
>
>
=

g
)

I.e.,
r
e
t
u
r
n

is
the

rightand
leftidentity

for
>
>
=

,
and

>
>
=

is
associative.
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E
xercise

3:T
he

Identity
M

onad

T
he

Identity
M

onad
can

be
understood

as
representing

effect-free
com

putations:

t
y
p
e

I
a
=
a

1.
P

rovide
suitable

definitions
of
r
e
t
u
r
n

and
>
>
=

.

2.
V

erify
thatthe

m
onad

law
s

hold
for

your
definitions.
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E
xercise

3:S
olution

r
e
t
u
r
n

:
:
a
-
>

I
a

r
e
t
u
r
n

=
i
d

(
>
>
=
)

:
:
I
a

-
>
(
a
-
>

I
b
)
-
>

I
b

m
>
>
=

f
=
f
m

-
-
o
r
:

(
>
>
=
)

=
f
l
i
p
(
$
)

S
im

ple
calculations

verify
the

law
s,e.g.:

r
e
t
u
r
n

x
>
>
=

f
=

i
d

x
>
>
=

f

=
x
>
>
=

f

=
f

x

M
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M
onads

in
C

ategory
T

heory
(1)

T
he

notion
ofa

m
onad

originated
in

C
ategory

T
heory.T

here
are

severalequivalentdefinitions
(B

enton,H
ughes,M

oggi2000):
•

K
leislitriple/triple

in
extension

form
:

M
ost

closely
related

to
the

>
>
=

version:
A

K
lesilitriple

over
a

category
C

is
a

triple
(T

,η
,_

∗),w
here

T
:
|C
|
→

|C
|,

η
A

:
A

→
T

A
for

A
∈
|C
|,

f
∗

:
T

A
→

T
B

for
f

:
A

→
T

B
.

(A
dditionally,som

e
law

s
m

ustbe
satisfied.)
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M
onads

in
C

ategory
T

heory
(2)

•
M

onad/triple
in

m
onoid

form
:

M
ore

akin
to

the
j
o
i
n

/f
m
a
p

version:
A

m
onad

over
a

category
C

is
a

triple
(T

,η
,µ

),w
here

T
:
C
→

C
is

a
functor,

η
:
id

C →̇
T

and
µ

:
T

2→̇
T

are
natural

transform
ations.

(A
dditionally,som

e
com

m
uting

diagram
s

m
ustbe

satisfied.)
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R
eading
•

P
hilip

W
adler.T

he
E

ssence
ofF

unctional
P

rogram
m

ing.P
roceedings

ofthe
19th

A
C

M
S

ym
posium

on
P

rinciples
ofP

rogram
m

ing
Languages

(P
O

P
L’92),1992.

•
N

ick
B

enton,John
H

ughes,E
ugenio

M
oggi.M

onads
and

E
ffects.In

InternationalS
um

m
er

S
choolon

A
pplied

S
em

antics
2000,C

am
inha,P

ortugal,2000.

•
A

llA
boutM

onads.
h
t
t
p
:
/
/
w
w
w
.
h
a
s
k
e
l
l
.
o
r
g
/
a
l
l
_
a
b
o
u
t
_
m
o
n
a
d
s
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M
G

S
2011:F

U
N

Lecture
4

M
ore

aboutM
onads

H
enrik

N
ilsson

U
niversity

ofN
ottingham

,U
K

M
G

S
2011:F

U
N

Lecture
4

–
p.1/41

T
his

Lecture

•
M

onads
in

H
askell

•
S

om
e

standard
m

onads
•

C
om

bining
effects:m

onad
transform

ersM
G

S
2011:F

U
N

Lecture
4

–
p.2/41



M
onads

in
H

askell

In
H

askell,the
notion

ofa
m

onad
is

captured
by

a
Type

C
lass

:

c
l
a
s
s

M
o
n
a
d
m

w
h
e
r
e

r
e
t
u
r
n
:
:

a
-
>
m
a

(
>
>
=
)

:
:

m
a
-
>
(
a

-
>
m
b
)

-
>
m
b

A
llow

s
nam

es
ofthe

com
m

on
functions

to
be

overloaded
and

sharing
ofderived

definitions.

M
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T
he

M
a
y
b
e

M
onad

in
H

askell

i
n
s
t
a
n
c
e

M
o
n
a
d

M
a
y
b
e
w
h
e
r
e

-
-
r
e
t
u
r
n

:
:
a
-
>

M
a
y
b
e
a

r
e
t
u
r
n
=

J
u
s
t

-
-
(
>
>
=
)

:
:
M
a
y
b
e

a
-
>
(
a

-
>
M
a
y
b
e

b
)

-
-

-
>
M
a
y
b
e

b

N
o
t
h
i
n
g

>
>
=
_
=
N
o
t
h
i
n
g

(
J
u
s
t
x
)

>
>
=
f
=
f

x
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E
xercise

1:A
S

tate
M

onad
in

H
askell

H
askell98

does
notperm

ittype
synonym

s
to

be
instances

ofclasses.H
ence

w
e

have
to

define
a

new
type:

n
e
w
t
y
p
e

S
a
=

S
(
I
n
t
-
>

(
a
,
I
n
t
)
)

u
n
S

:
:
S
a
-
>

(
I
n
t
-
>

(
a
,
I
n
t
)
)

u
n
S

(
S
f
)
=
f

P
rovide

a
M
o
n
a
d

instance
for

S
.

M
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E
xercise

1:S
olution

i
n
s
t
a
n
c
e

M
o
n
a
d

S
w
h
e
r
e

r
e
t
u
r
n
a

=
S
(
\
s
-
>

(
a
,
s
)
)

m
>
>
=
f
=

S
$
\
s
-
>

l
e
t
(
a
,

s
’
)
=

u
n
S
m
s

i
n
u
n
S

(
f
a
)
s
’

M
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M
onad-specific

O
perations

(1)

To
be

useful,m
onads

need
to

be
equipped

w
ith

additionaloperations
specific

to
the

effects
in

question.F
or

exam
ple:

f
a
i
l

:
:
S
t
r
i
n
g

-
>
M
a
y
b
e

a

f
a
i
l

s
=
N
o
t
h
i
n
g

c
a
t
c
h

:
:
M
a
y
b
e

a
-
>
M
a
y
b
e

a
-
>

M
a
y
b
e
a

m
1
‘
c
a
t
c
h
‘

m
2

=

c
a
s
e
m
1
o
f

J
u
s
t

_
-
>
m
1

N
o
t
h
i
n
g

-
>
m
2

M
G
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2011:F
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M
onad-specific

O
perations

(2)

Typicaloperations
on

a
state

m
onad:

s
e
t

:
:
I
n
t
-
>

S
(
)

s
e
t

a
=
S
(
\
_

-
>
(
(
)
,

a
)
)

g
e
t

:
:
S
I
n
t

g
e
t

=
S
(
\
s
-
>

(
s
,
s
)
)

M
oreover,need

to
“run”

a
com

putation.E
.g.:

r
u
n
S

:
:
S
a
-
>

a

r
u
n
S

m
=
f
s
t

(
u
n
S
m
0
)
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G
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T
he

d
o

-notation
(1)

H
askellprovides

convenientsyntax
for

program
m

ing
w

ith
m

onads:

d
o

a
<
-

e
x
p

1

b
<
-

e
x
p

2

r
e
t
u
r
n

e
x
p
3

is
syntactic

sugar
for

e
x
p

1
>
>
=
\
a

-
>

e
x
p

2
>
>
=
\
b

-
>

r
e
t
u
r
n

e
x
p

3
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T
he

d
o

-notation
(2)

C
om

putations
can

be
done

solely
for

effect,
ignoring

the
com

puted
value:

d
o

e
x
p

1

e
x
p

2

r
e
t
u
r
n

e
x
p
3

is
syntactic

sugar
for

e
x
p

1
>
>
=
\
_

-
>

e
x
p

2
>
>
=
\
_

-
>

r
e
t
u
r
n

e
x
p

3

M
G

S
2011:

F
U

N
Lecture

4
–

p.10/41



T
he

d
o

-notation
(3)

A
l
e
t

-constructis
also

provided:

d
o

l
e
t
a
=

e
x
p

1

b
=

e
x
p

2

r
e
t
u
r
n

e
x
p
3

is
equivalentto

d
o

a
<
-
r
e
t
u
r
n

e
x
p

1

b
<
-
r
e
t
u
r
n

e
x
p

2

r
e
t
u
r
n

e
x
p
3

M
G
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N
um

bering
Trees

in
d
o

-notation

n
u
m
b
e
r
T
r
e
e

:
:

T
r
e
e
a
-
>

T
r
e
e
I
n
t

n
u
m
b
e
r
T
r
e
e

t
=
r
u
n
S
(
n
t
A
u
x

t
)

w
h
e
r
en
t
A
u
x

:
:
T
r
e
e

a
-
>
S
(
T
r
e
e

I
n
t
)

n
t
A
u
x

(
L
e
a
f
_
)

=
d
o

n
<
-
g
e
t

s
e
t

(
n
+
1
)

r
e
t
u
r
n

(
L
e
a
f

n
)

n
t
A
u
x

(
N
o
d
e
t
1

t
2
)
=
d
o

t
1
’

<
-
n
t
A
u
x

t
1

t
2
’

<
-
n
t
A
u
x

t
2

r
e
t
u
r
n

(
N
o
d
e

t
1
’
t
2
’
)
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T
he

C
om

piler
F

ragm
entR

evisited
(1)

G
iven

a
suitable

“D
iagnostics”

m
onad

D
that

collects
error

m
essages,

e
n
t
e
r
V
a
r

can
be

turned
from

this:

e
n
t
e
r
V
a
r

:
:
I
d

-
>
I
n
t

-
>
T
y
p
e

-
>
E
n
v

-
>

E
i
t
h
e
r

E
n
v
E
r
r
o
r
M
g
s

into
this:

e
n
t
e
r
V
a
r
D

:
:

I
d
-
>
I
n
t

-
>
T
y
p
e

-
>
E
n
v

-
>
D
E
n
v

and
then

i
d
e
n
t
D
e
f
s

from
this

...
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T
he

C
om

piler
F

ragm
entR

evisited
(2)

i
d
e
n
t
D
e
f
s

l
e
n
v

[
]
=
(
[
]
,

e
n
v
,

[
]
)

i
d
e
n
t
D
e
f
s

l
e
n
v

(
(
i
,
t
,
e
)

:
d
s
)

=

(
(
i
,
t
,
e
’
)

:
d
s
’
,
e
n
v
’
’
,

m
s
1
+
+
m
s
2
+
+
m
s
3
)

w
h
e
r
e

(
e
’
,
m
s
1
)

=
i
d
e
n
t
A
u
x

l
e
n
v

e

(
e
n
v
’
,
m
s
2
)

=

c
a
s
e
e
n
t
e
r
V
a
r

i
l
t
e
n
v

o
f

L
e
f
t

e
n
v
’
-
>

(
e
n
v
’
,

[
]
)

R
i
g
h
t

m
-
>

(
e
n
v
,

[
m
]
)

(
d
s
’
,
e
n
v
’
’
,

m
s
3
)

=

i
d
e
n
t
D
e
f
s

l
e
n
v
’

d
s
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T
he

C
om

piler
F

ragm
entR

evisited
(3)

into
this:

i
d
e
n
t
D
e
f
s
D

l
e
n
v
[
]
=

r
e
t
u
r
n
(
[
]
,

e
n
v
)

i
d
e
n
t
D
e
f
s
D

l
e
n
v
(
(
i
,
t
,
e
)

:
d
s
)

=
d
o

e
’

<
-
i
d
e
n
t
A
u
x
D

l
e
n
v
e

e
n
v
’

<
-
e
n
t
e
r
V
a
r
D

i
l
t
e
n
v

(
d
s
’
,
e
n
v
’
’
)

<
-
i
d
e
n
t
D
e
f
s
D

l
e
n
v
’
d
s

r
e
t
u
r
n
(
(
i
,
t
,
e
’
)

:
d
s
’
,
e
n
v
’
’
)

(S
uffix

D
justto

rem
ind

us
the

types
have

changed.)
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T
he

C
om

piler
F

ragm
entR

evisited
(4)

C
om

pare
w

ith
the

“core”
identified

earlier!

i
d
e
n
t
D
e
f
s

l
e
n
v

[
]
=
(
[
]
,

e
n
v
)

i
d
e
n
t
D
e
f
s

l
e
n
v

(
(
i
,
t
,
e
)

:
d
s
)

=

(
(
i
,
t
,
e
’
)

:
d
s
’
,
e
n
v
’
’
)

w
h
e
r
e

e
’

=
i
d
e
n
t
A
u
x

l
e
n
v
e

e
n
v
’

=
e
n
t
e
r
V
a
r

i
l
t
e
n
v

(
d
s
’
,
e
n
v
’
’
)

=
i
d
e
n
t
D
e
f
s

l
e
n
v
’
d
s

T
he

m
onadic

version
is

very
close

to
ideal,

w
ithoutsacrificing

functionality,clarity,or
pureness!
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T
he

ListM
onad

C
om

putation
w

ith
m

any
possible

results,
“nondeterm

inism
”:

i
n
s
t
a
n
c
e

M
o
n
a
d

[
]
w
h
e
r
e

r
e
t
u
r
n
a

=
[
a
]

m
>
>
=
f

=
c
o
n
c
a
t

(
m
a
p
f
m
)

f
a
i
l
s

=
[
]

E
xam

ple:

x
<
-
[
1
,
2
]

y
<
-
[
’
a
’
,

’
b
’
]

r
e
t
u
r
n

(
x
,
y
)

R
esult:

[
(
1
,
’
a
’
)
,
(
1
,
’
b
’
)
,

(
2
,
’
a
’
)
,
(
2
,
’
b
’
)
]
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T
he

R
eader

M
onad

C
om

putation
in

an
environm

ent:

i
n
s
t
a
n
c
e

M
o
n
a
d

(
(
-
>
)
e
)

w
h
e
r
e

r
e
t
u
r
n
a

=
c
o
n
s
t
a

m
>
>
=
f

=
\
e
-
>
f

(
m
e
)
e

g
e
t
E
n
v

:
:
(
(
-
>
)

e
)
e

g
e
t
E
n
v

=
i
d
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T
he

H
askellIO

M
onad

In
H

askell,IO
is

handled
through

the
IO

m
onad.

IO
is

abstract
!C

onceptually:

n
e
w
t
y
p
e

I
O
a

=
I
O
(
W
o
r
l
d

-
>
(
a
,

W
o
r
l
d
)
)

S
om

e
operations:

p
u
t
C
h
a
r

:
:

C
h
a
r
-
>

I
O
(
)

p
u
t
S
t
r

:
:

S
t
r
i
n
g

-
>
I
O
(
)

p
u
t
S
t
r
L
n

:
:

S
t
r
i
n
g

-
>
I
O
(
)

g
e
t
C
h
a
r

:
:

I
O
C
h
a
r

g
e
t
L
i
n
e

:
:

I
O
S
t
r
i
n
g

g
e
t
C
o
n
t
e
n
t
s

:
:

S
t
r
i
n
g
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M
onad

Transform
ers

(1)

W
hatifw

e
need

to
supportm

ore
than

one
type

ofeffect?

F
or

exam
ple:S

tate
and

E
rror/P

artiality?

W
e

could
im

plem
enta

suitable
m

onad
from

scratch:

n
e
w
t
y
p
e

S
E
s

a
=
S
E
(
s

-
>
M
a
y
b
e

(
a
,
s
)
)
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M
onad

Transform
ers

(2)

H
ow

ever:
•

N
otalw

ays
obvious

how
:e.g.,should

the
com

bination
ofstate

and
error

have
been

n
e
w
t
y
p
e

S
E
s
a
=

S
E
(
s
-
>

(
M
a
y
b
e

a
,
s
)
)

•
D

uplication
ofeffort:sim

ilar
patterns

related
to

specific
effects

are
going

to
be

repeated
over

and
over

in
the

various
com

binations.
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M
onad

Transform
ers

(3)

M
onad

Transform
ers

can
help:

•
A

m
onad

transform
er

transform
s

a
m

onad
by

adding
supportfor

an
additionaleffect.

•
A

library
ofm

onad
transform

ers
can

be
developed,each

adding
a

specific
effect

(state,error,...),allow
ing

the
program

m
er

to
m

ix
and

m
atch.

•
A

form
ofaspect-oriented

program
m

ing
.
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M
onad

Transform
ers

in
H

askell(1)

•
A

m
onad

transform
er

m
aps

m
onads

to
m

onads.R
epresented

by
a

type
constructor

T
ofthe

follow
ing

kind:
T
:
:
(
*
-
>
*
)
-
>
(
*
-
>
*
)

•
A

dditionally,a
m

onad
transform

er
adds

com
putationaleffects.A

m
apping

l
i
f
t

from
com

putations
in

the
underlying

m
onad

to
com

putations
in

the
transform

ed
m

onad
is

needed:
l
i
f
t
:
:
M
a
-
>
T
M
a

M
G

S
2011:

F
U

N
Lecture

4
–

p.23/41

M
onad

Transform
ers

in
H

askell(2)

•
T

hese
requirem

ents
are

captured
by

the
follow

ing
(m

ulti-param
eter)

type
class:

c
l
a
s
s
(
M
o
n
a
d

m
,

M
o
n
a
d
(
t

m
)
)

=
>

M
o
n
a
d
T
r
a
n
s
f
o
r
m
e
r

t
m
w
h
e
r
e

l
i
f
t

:
:
m
a

-
>
t
m
a
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C
lasses

for
S

pecific
E

ffects

A
m

onad
transform

er
adds

specific
effects

to
any

m
onad.T

hus
the

effect-specific
operations

needs
to

be
overloaded.F

or
exam

ple:

c
l
a
s
s

M
o
n
a
d
m

=
>
E
m
w
h
e
r
e

e
F
a
i
l
:
:

m
a

e
H
a
n
d
l
e
:
:

m
a
-
>

m
a
-
>
m

a

c
l
a
s
s

M
o
n
a
d
m

=
>
S
m
s

|
m
-
>

s
w
h
e
r
e

s
S
e
t
:
:
s

-
>
m
(
)

s
G
e
t
:
:
m

s
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T
he

Identity
M

onad

W
e

are
going

to
constructm

onads
by

successive
transform

ations
ofthe

identity
m

onad:

n
e
w
t
y
p
e

I
a
=

I
a

u
n
I

(
I
a
)
=
a

i
n
s
t
a
n
c
e

M
o
n
a
d

I
w
h
e
r
e

r
e
t
u
r
n
a

=
I
a

m
>
>
=
f
=

f
(
u
n
I
m
)

r
u
n
I

:
:
I
a
-
>

a

r
u
n
I

=
u
n
I
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T
he

E
rror

M
onad

Transform
er

(1)
n
e
w
t
y
p
e

E
T
m

a
=
E
T
(
m

(
M
a
y
b
e

a
)
)

u
n
E
T

(
E
T
m
)
=

m

A
ny

m
onad

transform
ed

by
E
T

is
a

m
onad:

i
n
s
t
a
n
c
e

M
o
n
a
d

m
=
>
M
o
n
a
d

(
E
T

m
)
w
h
e
r
e

r
e
t
u
r
n
a

=
E
T
(
r
e
t
u
r
n

(
J
u
s
t

a
)
)

m
>
>
=
f
=

E
T
$
d
o

m
a
<
-

u
n
E
T
m

c
a
s
e

m
a
o
f

N
o
t
h
i
n
g

-
>

r
e
t
u
r
n

N
o
t
h
i
n
g

J
u
s
t

a
-
>

u
n
E
T
(
f

a
)
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T
he

E
rror

M
onad

Transform
er

(2)
W

e
need

the
ability

to
run

transform
ed

m
onads:

r
u
n
E
T

:
:
M
o
n
a
d

m
=
>
E
T

m
a
-
>

m
a

r
u
n
E
T

e
t
m
=
d
o

m
a
<
-
u
n
E
T

e
t
m

c
a
s
e
m
a
o
f

J
u
s
t

a
-
>
r
e
t
u
r
n

a

N
o
t
h
i
n
g

-
>
e
r
r
o
r

"
S
h
o
u
l
d

n
o
t
h
a
p
p
e
n
"

E
T

is
a

m
onad

transform
er:

i
n
s
t
a
n
c
e

M
o
n
a
d

m
=
>

M
o
n
a
d
T
r
a
n
s
f
o
r
m
e
r

E
T
m

w
h
e
r
e

l
i
f
t
m
=

E
T
(
m
>
>
=

\
a
-
>
r
e
t
u
r
n

(
J
u
s
t

a
)
)
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T
he

E
rror

M
onad

Transform
er

(3)

A
ny

m
onad

transform
ed

by
E
T

is
an

instance
of
E

:

i
n
s
t
a
n
c
e

M
o
n
a
d

m
=
>
E

(
E
T
m
)
w
h
e
r
e

e
F
a
i
l
=
E
T

(
r
e
t
u
r
n

N
o
t
h
i
n
g
)

m
1
‘
e
H
a
n
d
l
e
‘

m
2
=

E
T
$
d
o

m
a
<
-

u
n
E
T
m
1

c
a
s
e

m
a
o
f

N
o
t
h
i
n
g

-
>

u
n
E
T
m
2

J
u
s
t

_
-
>

r
e
t
u
r
n

m
a
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T
he

E
rror

M
onad

Transform
er

(4)

A
state

m
onad

transform
ed

by
E
T

is
a

state
m

onad:

i
n
s
t
a
n
c
e

S
m

s
=
>
S
(
E
T

m
)
s
w
h
e
r
e

s
S
e
t
s
=

l
i
f
t
(
s
S
e
t

s
)

s
G
e
t
=
l
i
f
t

s
G
e
t
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E
xercise

2:R
unning

Transf.M
onads

Lete
x
2

=
e
F
a
i
l
‘
e
H
a
n
d
l
e
‘

r
e
t
u
r
n
1

1.
S

uggesta
possible

type
for

e
x
2

.
(A

ssum
e

1
:
:
I
n
t

.)

2.
G

iven
your

type,use
the

appropriate
com

bination
of“run

functions”
to

run
e
x
2

.
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E
xercise

2:S
olution

e
x
2

:
:
E
T
I
I
n
t

e
x
2

=
e
F
a
i
l
‘
e
H
a
n
d
l
e
‘

r
e
t
u
r
n
1

e
x
2
r
e
s
u
l
t

:
:

I
n
t

e
x
2
r
e
s
u
l
t

=
r
u
n
I

(
r
u
n
E
T

e
x
2
)
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T
he

S
tate

M
onad

Transform
er

(1)

n
e
w
t
y
p
e

S
T
s

m
a
=
S
T

(
s
-
>
m

(
a
,
s
)
)

u
n
S
T

(
S
T
m
)
=

m

A
ny

m
onad

transform
ed

by
S
T

is
a

m
onad:

i
n
s
t
a
n
c
e

M
o
n
a
d

m
=
>
M
o
n
a
d

(
S
T

s
m
)
w
h
e
r
e

r
e
t
u
r
n
a

=
S
T
(
\
s

-
>
r
e
t
u
r
n

(
a
,
s
)
)

m
>
>
=
f
=

S
T
$
\
s

-
>
d
o

(
a
,
s
’
)

<
-
u
n
S
T

m
s

u
n
S
T

(
f
a
)
s
’

M
G

S
2011:

F
U

N
Lecture

4
–

p.33/41

T
he

S
tate

M
onad

Transform
er

(2)

W
e

need
the

ability
to

run
transform

ed
m

onads:

r
u
n
S
T

:
:
M
o
n
a
d

m
=
>
S
T

s
m
a
-
>

s
-
>
m

a

r
u
n
S
T

s
t
f
s
0

=
d
o

(
a
,
_
)
<
-

u
n
S
T
s
t
f

s
0

r
e
t
u
r
n
a

S
T

is
a

m
onad

transform
er:

i
n
s
t
a
n
c
e

M
o
n
a
d

m
=
>

M
o
n
a
d
T
r
a
n
s
f
o
r
m
e
r

(
S
T

s
)
m
w
h
e
r
e

l
i
f
t
m
=

S
T
(
\
s
-
>

m
>
>
=
\
a

-
>

r
e
t
u
r
n

(
a
,
s
)
)
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T
he

S
tate

M
onad

Transform
er

(3)

A
ny

m
onad

transform
ed

by
S
T

is
an

instance
of
S

:

i
n
s
t
a
n
c
e

M
o
n
a
d

m
=
>
S

(
S
T
s
m
)

s
w
h
e
r
e

s
S
e
t
s
=

S
T
(
\
_
-
>

r
e
t
u
r
n

(
(
)
,
s
)
)

s
G
e
t

=
S
T
(
\
s
-
>

r
e
t
u
r
n

(
s
,
s
)
)

A
n

error
m

onad
transform

ed
by

S
T

is
an

error
m

onad:

i
n
s
t
a
n
c
e

E
m

=
>
E
(
S
T

s
m
)
w
h
e
r
e

e
F
a
i
l
=
l
i
f
t

e
F
a
i
l

m
1
‘
e
H
a
n
d
l
e
‘

m
2
=

S
T
$
\
s

-
>

u
n
S
T

m
1
s
‘
e
H
a
n
d
l
e
‘

u
n
S
T

m
2
s
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E
xercise

3:E
ffectO

rdering

C
onsider

the
code

fragm
ent

e
x
3
a

:
:
(
S
T
I
n
t

(
E
T
I
)
)

I
n
t

e
x
3
a

=
(
s
S
e
t

4
2
>
>
e
F
a
i
l
)

‘
e
H
a
n
d
l
e
‘

s
G
e
t

N
ote

thatthe
exactsam

e
code

fragm
entalso

can
be

typed
as

follow
s:

e
x
3
b

:
:
(
E
T
(
S
T

I
n
t
I
)
)

I
n
t

e
x
3
b

=
(
s
S
e
t

4
2
>
>
e
F
a
i
l
)

‘
e
H
a
n
d
l
e
‘

s
G
e
t

W
hatis

r
u
n
I

(
r
u
n
E
T
(
r
u
n
S
T

e
x
3
a

0
)
)

r
u
n
I

(
r
u
n
S
T
(
r
u
n
E
T

e
x
3
b
)

0
)
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E
xercise

3:S
olution

r
u
n
I
(
r
u
n
E
T
(
r
u
n
S
T
e
x
3
a
0
)
)

=
0

r
u
n
I
(
r
u
n
S
T
(
r
u
n
E
T
e
x
3
b
)
0
)

=
4
2

W
hy?

B
ecause:

S
T
s
(
E
T
I
)
a

∼=
s
-
>
(
E
T
I
)
(
a
,
s
)

∼=
s
-
>
I
(
M
a
y
b
e
(
a
,
s
)
)

∼=
s
-
>
M
a
y
b
e
(
a
,
s
)

E
T
(
S
T
s
I
)
a

∼=
(
S
T
s

I
)
(
M
a
y
b
e
a
)

∼=
s
-
>
I
(
M
a
y
b
e
a
,
s
)

∼=
s
-
>
(
M
a
y
b
e
a
,
s
)
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E
xercise

4:A
lternative

S
T

?

To
think

about.

C
ould

S
T

have
been

defined
in

som
e

other
w

ay,
e.g.n

e
w
t
y
p
e

S
T
s

m
a
=
S
T

(
m
(
s
-
>

(
a
,
s
)
)
)

or
perhaps

n
e
w
t
y
p
e

S
T
s

m
a
=
S
T

(
s
-
>
(
m

a
,
s
)
)
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P
roblem

s
w

ith
M

onad
Transform

ers

•
W

ith
one

transform
er

for
each

possible
effect,

w
e

geta
lotofcom

binations:the
num

ber
grow

s
quadratically;each

has
to

be
instantiated

explicitly.
•

Jaskelioff(2008,2009)
has

proposed
a

possible,m
ore

extensible
alternative.
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R
eading

(1)

•
N

ick
B

enton,John
H

ughes,E
ugenio

M
oggi.M

onads
and

E
ffects.In

InternationalS
um

m
er

S
choolon

A
pplied

S
em

antics
2000,C

am
inha,P

ortugal,2000.

•
S

heng
Liang,P

aulH
udak,M

ark
Jones.M

onad
Transform

ers
and

M
odular

Interpreters.In
P

roceedings
ofthe

22nd
A

C
M

S
ym

posium
on

P
rinciples

of
P

rogram
m

ing
Languages

(P
O

P
L’95),January

1995,
S

an
Francisco,C

alifornia
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R
eading

(2)

•
M

auro
Jaskelioff.M

onatron:A
n

E
xtensible

M
onad

Transform
er

Library.In
Im

plem
entation

ofF
unctional

Languages
(IF

L’08),2008.

•
M

auro
Jaskelioff.M

odular
M

onad
Transform

ers.In
E

uropean
S

ym
posium

on
P

rogram
m

ing
(E

S
O

P,09),
2009.
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M
G

S
2011:F

U
N

Lecture
5

C
oncurrency

H
enrik

N
ilsson

U
niversity

ofN
ottingham

,U
K

M
G

S
2011:F

U
N

Lecture
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–
p.1/36

T
his

Lecture

•
A

concurrency
m

onad
(adapted

from
C

laessen
(1999))

•
B

asic
concurrentprogram

m
ing

in
H

askell
•

S
oftw

are
TransactionalM

em
ory

(the
S

T
M

m
onad)
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A
C

oncurrency
M

onad
(1)

A
T
h
r
e
a
d

represents
a

process:a
stream

of
prim

itive
atom

ic
operations:

d
a
t
a
T
h
r
e
a
d
=
P
r
i
n
t
C
h
a
r
T
h
r
e
a
d

|
F
o
r
k
T
h
r
e
a
d
T
h
r
e
a
d

|
E
n
d

N
ote

thata
T
h
r
e
a
d

represents
the

entire
rest

of
a

com
putation.

M
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A
C

oncurrency
M

onad
(2)

Introduce
a

m
onad

representing
“interleavable

com
putations”.A

tthis
stage,this

am
ounts

to
little

m
ore

than
a

convenientw
ay

to
constructthreads

by
sequentialcom

position.

H
ow

can
T
h
r
e
a
d

s
be

constructed
sequentially?

T
he

only
w

ay
is

to
param

eterize
thread

prefixes
on

the
restofthe

T
h
r
e
a
d

.T
his

leads
directly

to
continuations

.
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A
C

oncurrency
M

onad
(3)

n
e
w
t
y
p
e

C
M
a

=
C
M
(
(
a

-
>
T
h
r
e
a
d
)

-
>
T
h
r
e
a
d
)

f
r
o
m
C
M

:
:
C
M

a
-
>
(
(
a

-
>
T
h
r
e
a
d
)

-
>
T
h
r
e
a
d
)

f
r
o
m
C
M

(
C
M
x
)

=
x

t
h
r
e
a
d

:
:
C
M

a
-
>
T
h
r
e
a
d

t
h
r
e
a
d

m
=
f
r
o
m
C
M

m
(
c
o
n
s
t

E
n
d
)

i
n
s
t
a
n
c
e

M
o
n
a
d

C
M
w
h
e
r
e

r
e
t
u
r
n
x

=
C
M
(
\
k

-
>
k
x
)

m
>
>
=
f

=
C
M
$
\
k

-
>

f
r
o
m
C
M

m
(
\
x

-
>
f
r
o
m
C
M

(
f
x
)
k
)
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A
C

oncurrency
M

onad
(4)

A
tom

ic
operations:

c
P
r
i
n
t

:
:
C
h
a
r

-
>
C
M
(
)

c
P
r
i
n
t

c
=
C
M

(
\
k
-
>
P
r
i
n
t

c
(
k

(
)
)
)

c
F
o
r
k

:
:
C
M
a

-
>
C
M
(
)

c
F
o
r
k

m
=
C
M

(
\
k
-
>
F
o
r
k

(
t
h
r
e
a
d

m
)
(
k

(
)
)
)

c
E
n
d

:
:
C
M
a

c
E
n
d

=
C
M
(
\
_

-
>
E
n
d
)
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R
unning

a
C

oncurrentC
om

putation
(1)

R
unning

a
com

putation:

t
y
p
e

O
u
t
p
u
t
=

[
C
h
a
r
]

t
y
p
e

T
h
r
e
a
d
Q
u
e
u
e

=
[
T
h
r
e
a
d
]

t
y
p
e

S
t
a
t
e
=

(
O
u
t
p
u
t
,

T
h
r
e
a
d
Q
u
e
u
e
)

r
u
n
C
M

:
:
C
M
a

-
>
O
u
t
p
u
t

r
u
n
C
M

m
=
r
u
n
H
l
p

(
"
"
,

[
]
)
(
t
h
r
e
a
d

m
)

w
h
e
r
er
u
n
H
l
p

s
t
=

c
a
s
e

d
i
s
p
a
t
c
h

s
t

o
f

L
e
f
t
(
s
’
,

t
)
-
>

r
u
n
H
l
p

s
’
t

R
i
g
h
t

o
-
>

o
M

G
S

2011:F
U

N
Lecture

5
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R
unning

a
C

oncurrentC
om

putation
(2)

D
ispatch

on
the

operation
ofthe

currently
running

T
h
r
e
a
d

.T
hen

callthe
scheduler.

d
i
s
p
a
t
c
h

:
:
S
t
a
t
e

-
>
T
h
r
e
a
d

-
>

E
i
t
h
e
r

(
S
t
a
t
e
,

T
h
r
e
a
d
)
O
u
t
p
u
t

d
i
s
p
a
t
c
h

(
o
,

r
q
)
(
P
r
i
n
t

c
t
)
=

s
c
h
e
d
u
l
e

(
o
+
+
[
c
]
,

r
q
+
+

[
t
]
)

d
i
s
p
a
t
c
h

(
o
,

r
q
)
(
F
o
r
k

t
1
t
2
)

=

s
c
h
e
d
u
l
e

(
o
,
r
q
+
+

[
t
1
,
t
2
]
)

d
i
s
p
a
t
c
h

(
o
,

r
q
)
E
n
d
=

s
c
h
e
d
u
l
e

(
o
,
r
q
)
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R
unning

a
C

oncurrentC
om

putation
(3)

S
elects

next
T
h
r
e
a
d

to
run,ifany.

s
c
h
e
d
u
l
e

:
:
S
t
a
t
e

-
>
E
i
t
h
e
r

(
S
t
a
t
e
,

T
h
r
e
a
d
)

O
u
t
p
u
t

s
c
h
e
d
u
l
e

(
o
,

[
]
)

=
R
i
g
h
t

o

s
c
h
e
d
u
l
e

(
o
,

t
:
t
s
)
=
L
e
f
t

(
(
o
,

t
s
)
,
t
)

M
G
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E
xam

ple:C
oncurrentP

rocesses

p
1
:
:

C
M
(
)

p
2
:
:

C
M
(
)

p
3
:
:

C
M
(
)

p
1
=

d
o

p
2
=

d
o

p
3
=
d
o

c
P
r
i
n
t
’
a
’

c
P
r
i
n
t

’
1
’

c
F
o
r
k

p
1

c
P
r
i
n
t
’
b
’

c
P
r
i
n
t

’
2
’

c
P
r
i
n
t

’
A
’

.
.
.

.
.
.

c
F
o
r
k

p
2

c
P
r
i
n
t
’
j
’

c
P
r
i
n
t

’
0
’

c
P
r
i
n
t

’
B
’

m
a
i
n

=
p
r
i
n
t

(
r
u
n
C
M
p
3
)

R
esult:

a
A
b
c
1
B
d
2
e
3
f
4
g
5
h
6
i
7
j
8
9
0

N
ote:

A
s

itstands,the
outputis

only
m

ade
available

after
all

threads
have

term
inated.)
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Increm
entalO

utput
Increm

entaloutput:
r
u
n
C
M

:
:

C
M

a
-
>

O
u
t
p
u
t

r
u
n
C
M

m
=
d
i
s
p
a
t
c
h

[
]

(
t
h
r
e
a
d

m
)

d
i
s
p
a
t
c
h

:
:

T
h
r
e
a
d
Q
u
e
u
e

-
>

T
h
r
e
a
d

-
>

O
u
t
p
u
t

d
i
s
p
a
t
c
h

r
q

(
P
r
i
n
t

c
t
)

=
c

:
s
c
h
e
d
u
l
e

(
r
q

+
+

[
t
]
)

d
i
s
p
a
t
c
h

r
q

(
F
o
r
k

t
1

t
2
)

=
s
c
h
e
d
u
l
e

(
r
q

+
+

[
t
1
,

t
2
]
)

d
i
s
p
a
t
c
h

r
q

E
n
d

=
s
c
h
e
d
u
l
e

r
q

s
c
h
e
d
u
l
e

:
:

T
h
r
e
a
d
Q
u
e
u
e

-
>

O
u
t
p
u
t

s
c
h
e
d
u
l
e

[
]

=
[
]

s
c
h
e
d
u
l
e

(
t
:
t
s
)

=
d
i
s
p
a
t
c
h

t
s

t
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E
xam

ple:C
oncurrentprocesses

2

p
1
:
:

C
M
(
)

p
2
:
:

C
M
(
)

p
3
:
:

C
M
(
)

p
1
=

d
o

p
2
=

d
o

p
3
=
d
o

c
P
r
i
n
t
’
a
’

c
P
r
i
n
t

’
1
’

c
F
o
r
k

p
1

c
P
r
i
n
t
’
b
’

u
n
d
e
f
i
n
e
d

c
P
r
i
n
t

’
A
’

.
.
.

.
.
.

c
F
o
r
k

p
2

c
P
r
i
n
t
’
j
’

c
P
r
i
n
t

’
0
’

c
P
r
i
n
t

’
B
’

m
a
i
n

=
p
r
i
n
t

(
r
u
n
C
M
p
3
)

R
esult:

a
A
b
c
1
B
d
*
*
*
E
x
c
e
p
t
i
o
n
:

P
r
e
l
u
d
e
.
u
n
d
e
f
i
n
e
d

M
G

S
2011:

F
U

N
Lecture

5
–

p.12/36



A
ny

U
se?

•
A

num
ber

oflibraries
and

em
bedded

langauges
use

sim
ilar

ideas,e.g.
-

F
udgets

-
Yam

pa
-

F
R

P
in

general
•

S
tudying

sem
antics

ofconcurrentprogram
s.

•
A

id
for

testing,debugging,and
reasoning

aboutconcurrentprogram
s.

M
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C
oncurrentP

rogram
m

ing
in

H
askell

P
rim

itives
for

concurrentprogram
m

ing
provided

as
operations

ofthe
IO

m
onad

(or
“sin

bin”
:-).

T
hey

are
in

the
m

odule
C
o
n
t
r
o
l
.
C
o
n
c
u
r
r
e
n
t

.
E

xcerpts:

f
o
r
k
I
O

:
:
I
O
(
)

-
>
I
O
T
h
r
e
a
d
I
d

k
i
l
l
T
h
r
e
a
d

:
:
T
h
r
e
a
d
I
d

-
>
I
O

(
)

t
h
r
e
a
d
D
e
l
a
y

:
:
I
n
t
-
>

I
O
(
)

n
e
w
M
V
a
r

:
:
a
-
>
I
O

(
M
V
a
r

a
)

n
e
w
E
m
p
t
y
M
V
a
r

:
:
I
O
(
M
V
a
r

a
)

p
u
t
M
V
a
r

:
:
M
V
a
r
a

-
>
a
-
>

I
O
(
)

t
a
k
e
M
V
a
r

:
:
M
V
a
r
a

-
>
I
O
a
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M
V
a
r

s

•
T

he
fundam

entalsynchronisation
m

echanism
is

the
M
V
a
r

(“em
-var”).

•
A

n
M
V
a
r

is
a

“one-item
box”

thatm
ay

be
em

pty
or

full.
•

R
eading

(t
a
k
e
M
V
a
r

)
and

w
riting

(p
u
t
M
V
a
r

)
are

atom
ic

operations:
-

W
riting

to
an

em
pty

M
V
a
r

m
akes

itfull.
-

W
riting

to
a

fullM
V
a
r

blocks.
-

R
eading

from
an

em
pty

M
V
a
r

blocks.
-

R
eading

from
a

fullM
V
a
r

m
akes

item
pty.
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E
xam

ple:B
asic

S
ynchronization

(1)

m
o
d
u
l
e

M
a
i
n
w
h
e
r
e

i
m
p
o
r
t

C
o
n
t
r
o
l
.
C
o
n
c
u
r
r
e
n
t

c
o
u
n
t
F
r
o
m
T
o

:
:

I
n
t
-
>

I
n
t
-
>
I
O

(
)

c
o
u
n
t
F
r
o
m
T
o

m
n

|
m
>
n

=
r
e
t
u
r
n

(
)

|
o
t
h
e
r
w
i
s
e

=
d
o

p
u
t
S
t
r
L
n

(
s
h
o
w

m
)

c
o
u
n
t
F
r
o
m
T
o

(
m
+
1
)

n
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E
xam

ple:B
asic

S
ynchronization

(2)

m
a
i
n

=
d
o

s
t
a
r
t
<
-

n
e
w
E
m
p
t
y
M
V
a
r

d
o
n
e

<
-

n
e
w
E
m
p
t
y
M
V
a
r

f
o
r
k
I
O
$

d
o

t
a
k
e
M
V
a
r

s
t
a
r
t

c
o
u
n
t
F
r
o
m
T
o

1
1
0

p
u
t
M
V
a
r

d
o
n
e
(
)

p
u
t
S
t
r
L
n

"
G
o
!
"

p
u
t
M
V
a
r
s
t
a
r
t

(
)

t
a
k
e
M
V
a
r

d
o
n
e

(
c
o
u
n
t
F
r
o
m
T
o

1
1
2
0
)

p
u
t
S
t
r
L
n

"
D
o
n
e
!
"
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E
xam

ple:U
nbounded

B
uffer

(1)

m
o
d
u
l
e

M
a
i
n
w
h
e
r
e

i
m
p
o
r
t

C
o
n
t
r
o
l
.
M
o
n
a
d

(
w
h
e
n
)

i
m
p
o
r
t

C
o
n
t
r
o
l
.
C
o
n
c
u
r
r
e
n
t

n
e
w
t
y
p
e

B
u
f
f
e
r

a
=

B
u
f
f
e
r
(
M
V
a
r

(
E
i
t
h
e
r

[
a
]
(
I
n
t
,

M
V
a
r

a
)
)
)

n
e
w
B
u
f
f
e
r

:
:

I
O
(
B
u
f
f
e
r

a
)

n
e
w
B
u
f
f
e
r

=
d
o

b
<
-
n
e
w
M
V
a
r

(
L
e
f
t

[
]
)

r
e
t
u
r
n
(
B
u
f
f
e
r

b
)
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E
xam

ple:U
nbounded

B
uffer

(2)

r
e
a
d
B
u
f
f
e
r

:
:

B
u
f
f
e
r
a

-
>
I
O
a

r
e
a
d
B
u
f
f
e
r

(
B
u
f
f
e
r

b
)

=
d
o

b
c
<
-
t
a
k
e
M
V
a
r

b
c
a
s
e
b
c
o
f

L
e
f
t

(
x
:
x
s
)

-
>
d
o

p
u
t
M
V
a
r

b
(
L
e
f
t
x
s
)

r
e
t
u
r
n

x
L
e
f
t

[
]

-
>
d
o

w
<
-
n
e
w
E
m
p
t
y
M
V
a
r

p
u
t
M
V
a
r

b
(
R
i
g
h
t
(
1
,
w
)
)

t
a
k
e
M
V
a
r

w
R
i
g
h
t

(
n
,
w
)

-
>
d
o

p
u
t
M
V
a
r

b
(
R
i
g
h
t
(
n

+
1
,
w
)
)

t
a
k
e
M
V
a
r

w
M

G
S
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F
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E
xam

ple:U
nbounded

B
uffer

(3)

w
r
i
t
e
B
u
f
f
e
r

:
:

B
u
f
f
e
r

a
-
>
a
-
>

I
O
(
)

w
r
i
t
e
B
u
f
f
e
r

(
B
u
f
f
e
r

b
)

x
=
d
o

b
c
<
-
t
a
k
e
M
V
a
r

b

c
a
s
e
b
c
o
f

L
e
f
t

x
s
-
>

p
u
t
M
V
a
r

b
(
L
e
f
t
(
x
s

+
+
[
x
]
)
)

R
i
g
h
t

(
n
,
w
)
-
>

d
o

p
u
t
M
V
a
r

w
x

i
f

n
>
1
t
h
e
n

p
u
t
M
V
a
r

b
(
R
i
g
h
t

(
n
-
1
,

w
)
)

e
l
s
ep
u
t
M
V
a
r

b
(
L
e
f
t

[
]
)
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E
xam

ple:U
nbounded

B
uffer

(4)

T
he

buffer
can

now
be

used
as

a
channelof

com
m

unication
betw

een
a

setof“w
riters”

and
a

setof“readers”.E
.g.

m
a
i
n

=
d
o

b
<
-
n
e
w
B
u
f
f
e
r

f
o
r
k
I
O
(
w
r
i
t
e
r

b
)

f
o
r
k
I
O
(
w
r
i
t
e
r

b
)

f
o
r
k
I
O
(
r
e
a
d
e
r

b
)

f
o
r
k
I
O
(
r
e
a
d
e
r

b
)

.
.
.
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E
xam

ple:U
nbounded

B
uffer

(5)

r
e
a
d
e
r

:
:
B
u
f
f
e
r

I
n
t
-
>

I
O
(
)

r
e
a
d
e
r

n
b
=

r
L
o
o
p

w
h
e
r
er
L
o
o
p

=
d
o

x
<
-
r
e
a
d
B
u
f
f
e
r

b

w
h
e
n

(
x
>

0
)
$
d
o

p
u
t
S
t
r
L
n

(
n
+
+

"
:
"
+
+

s
h
o
w
x
)

r
L
o
o
p
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C
om

positionality?
(1)

S
uppose

w
e

w
ould

like
to

read
tw

o
consecutive

elem
ents

from
a

buffer
b

?

T
hatis,sequentialcom

position
.

W
ould

the
follow

ing
w

ork?

x
1
<
-

r
e
a
d
B
u
f
f
e
r

b

x
2
<
-

r
e
a
d
B
u
f
f
e
r

b
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C
om

positionality?
(2)

W
hataboutthis?

m
u
t
e
x

<
-
n
e
w
M
V
a
r

(
)

.
.
.

t
a
k
e
M
V
a
r

m
u
t
e
x

x
1
<
-

r
e
a
d
B
u
f
f
e
r

b

x
2
<
-

r
e
a
d
B
u
f
f
e
r

b

p
u
t
M
V
a
r

m
u
t
e
x

(
)
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C
om

positionality?
(3)

S
uppose

w
e

w
ould

like
to

read
from

one
oftw

o
buffers.

T
hatis,com

posing
alternatives

.

H
m

m
m

.H
ow

do
w

e
even

begin?

•
N

o
w

ay
to

attem
ptreading

a
buffer

w
ithout

risking
blocking.

•
W

e
have

to
change

or
enrich

the
buffer

im
plem

entation.E
.g.add

a
t
r
y
R
e
a
d
B
u
f
f
e
r

operation,and
then

repeatedly
pollthe

tw
o

buffers
in

a
tightloop.N

otso
good!
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S
oftw

are
TransactionalM

em
ory

(1)

•
O

perations
on

shared
m

utable
variables

grouped
into

transactions
.

•
A

transaction
either

succeeds
or

fails
in

its
entirety

.I.e.,atom
ic

w
.r.t.other

transactions.
•

Failed
transactions

are
autom

atically
retried

untilthey
succeed.

•
Transaction

logs
,w

hich
records

reading
and

w
riting

ofshared
variables,m

aintained
to

enable
transactions

to
be

validated,partial
transactions

to
be

rolled
back,and

to
determ

ine
w

hen
w

orth
trying

a
transaction

again.
M

G
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S
oftw

are
TransactionalM

em
ory

(2)

•
N

o
locks!

(A
tthe

application
level.)
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S
T

M
and

P
ure

D
eclarative

Languages
•

S
T

M
perfectm

atch
for

purely
declarative

languages
:

-
reading

and
w

riting
ofshared

m
utable

variables
explicitand

relatively
rare;

-
m

ostcom
putations

are
pure

and
need

not
be

logged.
•

D
isciplined

use
ofeffects

through
m

onads
a

huge
payoff:easy

to
ensure

thatonly
effects

thatcan
be

undone
can

go
inside

a
transaction.

(Im
agine

the
havoc

arbitrary
I/O

actions
could

cause
if

partoftransaction:H
ow

to
undo?

W
hatifretried?)
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T
he

S
T
M

m
onad

T
he

softw
are

transactionalm
em

ory
abstraction

provided
by

a
m

onad
S
T
M

.D
istinctfrom

IO
!

D
efined

in
C
o
n
t
r
o
l
.
C
o
n
c
u
r
r
e
n
t
.
S
T
M

.

E
xcerpts:

n
e
w
T
V
a
r

:
:

a
-
>
S
T
M

(
T
V
a
r
a
)

w
r
i
t
e
T
V
a
r

:
:

T
V
a
r
a
-
>

a
-
>
S
T
M

(
)

r
e
a
d
T
V
a
r

:
:

T
V
a
r
a
-
>

S
T
M
a

r
e
t
r
y

:
:

S
T
M
a

a
t
o
m
i
c
a
l
l
y

:
:

S
T
M
a
-
>

I
O
a
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E
xam

ple:B
uffer

R
evisited

(1)

Letus
rew

rite
the

unbounded
buffer

using
the

S
T

M
m

onad:
m
o
d
u
l
e

M
a
i
n
w
h
e
r
e

i
m
p
o
r
t

C
o
n
t
r
o
l
.
M
o
n
a
d

(
w
h
e
n
)

i
m
p
o
r
t

C
o
n
t
r
o
l
.
C
o
n
c
u
r
r
e
n
t

i
m
p
o
r
t

C
o
n
t
r
o
l
.
C
o
n
c
u
r
r
e
n
t
.
S
T
M

n
e
w
t
y
p
e

B
u
f
f
e
r

a
=
B
u
f
f
e
r

(
T
V
a
r

[
a
]
)

n
e
w
B
u
f
f
e
r

:
:

S
T
M
(
B
u
f
f
e
r

a
)

n
e
w
B
u
f
f
e
r

=
d
o

b
<
-
n
e
w
T
V
a
r

[
]

r
e
t
u
r
n
(
B
u
f
f
e
r

b
)
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E
xam

ple:B
uffer

R
evisited

(2)

r
e
a
d
B
u
f
f
e
r

:
:

B
u
f
f
e
r
a

-
>
S
T
M

a
r
e
a
d
B
u
f
f
e
r

(
B
u
f
f
e
r

b
)

=
d
o

x
s
<
-
r
e
a
d
T
V
a
r

b
c
a
s
e
x
s
o
f

[
]

-
>
r
e
t
r
y

(
x
:

x
s
’
)
-
>
d
o

w
r
i
t
e
T
V
a
r

b
x
s
’

r
e
t
u
r
n

x

w
r
i
t
e
B
u
f
f
e
r

:
:

B
u
f
f
e
r

a
-
>
a
-
>

S
T
M
(
)

w
r
i
t
e
B
u
f
f
e
r

(
B
u
f
f
e
r

b
)

x
=
d
o

x
s
<
-
r
e
a
d
T
V
a
r

b
w
r
i
t
e
T
V
a
r

b
(
x
s
+
+

[
x
]
)
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E
xam

ple:B
uffer

R
evisited

(3)

T
he

m
ain

program
and

code
for

readers
and

w
riters

can
rem

ain
unchanged,exceptthatS

T
M

operations
m

ustbe
carried

out atom
ically

:
m
a
i
n

=
d
o

b
<
-
a
t
o
m
i
c
a
l
l
y

n
e
w
B
u
f
f
e
r

f
o
r
k
I
O
(
w
r
i
t
e
r

b
)

f
o
r
k
I
O
(
w
r
i
t
e
r

b
)

f
o
r
k
I
O
(
r
e
a
d
e
r

b
)

f
o
r
k
I
O
(
r
e
a
d
e
r

b
)

.
.
.
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E
xam

ple:B
uffer

R
evisited

(4)

r
e
a
d
e
r

:
:
B
u
f
f
e
r

I
n
t
-
>

I
O
(
)

r
e
a
d
e
r

n
b
=

r
L
o
o
p

w
h
e
r
er
L
o
o
p

=
d
o

x
<
-
a
t
o
m
i
c
a
l
l
y

(
r
e
a
d
B
u
f
f
e
r

b
)

w
h
e
n

(
x
>

0
)
$
d
o

p
u
t
S
t
r
L
n

(
n
+
+

"
:
"
+
+

s
h
o
w
x
)

r
L
o
o
p
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C
om

position
(1)

S
T
M

operations
can

be
robustly

com
posed

.
T

hat’s
the

reason
for

m
aking

r
e
a
d
B
u
f
f
e
r

and
w
r
i
t
e
B
u
f
f
e
r
S
T
M

operations,and
leaving

itto
clientcode

to
decide

the
scope

ofatom
ic

blocks.

E
xam

ple,sequentialcom
position:reading

tw
o

consecutive
elem

ents
from

a
buffer

b
:

a
t
o
m
i
c
a
l
l
y

$
d
o

x
1
<
-
r
e
a
d
B
u
f
f
e
r

b

x
2
<
-
r
e
a
d
B
u
f
f
e
r

b

.
.
.
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C
om

position
(2)

E
xam

ple,com
posing

alternatives:reading
from

one
oftw

o
buffers

b
1

and
b
2

:

x
<
-

a
t
o
m
i
c
a
l
l
y

$

r
e
a
d
B
u
f
f
e
r

b
1

‘
o
r
E
l
s
e
‘

r
e
a
d
B
u
f
f
e
r

b
2

T
he

buffer
operations

thus
com

poses
nicely.N

o
need

to
change

the
im

plem
entation

ofany
ofthe

operations!
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R
eading
•

K
oen

C
laessen.A

P
oor

M
an’s

C
oncurrency

M
onad.

JournalofF
unctionalP

rogram
m

ing,9(3),1999.

•
W

outer
S

w
ierstra

and
T

horsten
A

ltenkirch.B
eauty

in
the

B
east:A

F
unctionalS

em
antics

for
the

A
w

kw
ard

S
quad.In

P
roceedings

ofH
askell’07,2007.

•
T

im
H

arris,S
im

on
M

arlow
,S

im
on

P
eyton

Jones,
M

aurice
H

erlihy.C
om

posable
M

em
ory

Transactions.In
P

roceedings
ofP

P
oP

P
’05,2005

•
S

im
on

P
eyton

Jones.B
eautifulC

oncurrency.C
hapter

from
B

eautifulC
ode,ed.G

reg
W

ilson,O
’R

eilly
2007.
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